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Preface

In the recent decade, there has been growing interest in the numerical treatment of
high-dimensional problems. It is well known that classical numerical discretization
schemes fail in more than three or four dimensions due to the curse of dimension-
ality. The technique of sparse grids allows to overcome this problem to some extent
under suitable regularity assumptions. This discretization approach is obtained from
a multi-scale basis by a tensor product construction and subsequent truncation of the
resulting multiresolution series expansion.

Hans-Joachim Bungartz, Jochen Garcke, Michael Griebel, and Markus Hegland
organized a workshop specifically to strengthen the research on the mathematical
understanding and analysis of sparse grid discretization. Particular focus was given
to aspects arising from applications. More than 40 researchers from four different
continents attended the workshop in Bonn, Germany, from May 16-20, 2011.

This volume of LNCSE now comprises selected contributions from attendees of
the workshop. The contents range from numerical analysis and stochastic partial
differential equations to applications in data analysis, finance, and physics.

The workshop was hosted by the Institut fiir Numerische Simulation and the
Hausdorff Research Institute for Mathematics (HIM) of the Rheinische Friedrich-
Wilhelms-Universitit Bonn as part of the Trimester Program Analysis and Numerics
for High Dimensional Problems. Financial support of the HIM is kindly acknowl-
edged. We especially thank Christian Rieger for his efforts and enthusiasm in the
local organization of the workshop and the staff of the HIM for their assistance.

Bonn, Germany Jochen Garcke
Michael Griebel
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An Adaptive Sparse Grid Approach for Time
Series Prediction

Bastian Bohn and Michael Griebel

Abstract A real valued, deterministic and stationary time series can be embedded
in a—sometimes high-dimensional—real vector space. This leads to a one-to-one
relationship between the embedded, time dependent vectors in R? and the states
of the underlying, unknown dynamical system that determines the time series. The
embedded data points are located on an m-dimensional manifold (or even fractal)
called attractor of the time series. Takens’ theorem then states that an upper bound
for the embedding dimension d can be givenby d < 2m + 1.

The task of predicting future values thus becomes, together with an estimate on
the manifold dimension m, a scattered data regression problem in d dimensions. In
contrast to most of the common regression algorithms like support vector machines
(SVMs) or neural networks, which follow a data-based approach, we employ in
this paper a sparse grid-based discretization technique. This allows us to efficiently
handle huge amounts of training data in moderate dimensions. Extensions of the
basic method lead to space- and dimension-adaptive sparse grid algorithms. They
become useful if the attractor is only located in a small part of the embedding space
or if its dimension was chosen too large.

We discuss the basic features of our sparse grid prediction method and give the
results of numerical experiments for time series with both, synthetic data and real
life data.

B. Bohn (X)) - M. Griebel
Institute for Numerical Simulation, University of Bonn, 53115, Bonn, Germany
e-mail: bohn@ins.uni-bonn.de; griebel @ins.uni-bonn.de

J. Garcke and M. Griebel (eds.), Sparse Grids and Applications, Lecture Notes 1
in Computational Science and Engineering 88, DOI 10.1007/978-3-642-31703-3_1,
© Springer-Verlag Berlin Heidelberg 2013



2 B. Bohn and M. Griebel
1 Introduction and Problem Formulation

One of the most important tasks in the field of data analysis is the prediction of
future values from a given time series of data. In our setting, a time series (s ] )jo | 1s

an ordered set of real values. The task of forecasting can now be formulated as:
Given the values s1, ..., sy, predict sy 41!

To tackle the forecasting problem, we assume that the values s; stem from an
underlying stationary process which evolves in time. The aim is then to reconstruct
the domain of this process as good as possible from the data s;,...,sy and to
use this reconstruction for the prediction of the value sy4;. To this end, let M,
represent the phase space of the underlying system, let ¢ : My — M, denote the
corresponding equations of motion and let 0 : My — R be an observable which
defines a time series by

()72, = (067 )72, M)
where X € My is an arbitrary initial condition of the process and

¢/ =¢opo..0¢.

J times

In practice Mo, ¢ and o are of course not known, but only the values s; of the time
series are given. To tackle the forecasting problem, we need to find a connection
between the past values of the time series and the next one.

Takens’ theorem [2, 25] provides the theoretical background to construct algo-
rithms for this purpose. Assuming that a given equidistant time series consists of
measurements, i.e. evaluations of the observable o, of an m-dimensional process
which follows some deterministic equation of motion ¢, there is the possibility to
find a regular m-dimensional submanifold U of R*"*! which is diffeomorphic to
the phase space M, of the underlying system. The most common construction of
such a submanifold works via delay embedding. In this case the time-dependent
observations s; are themselves used as coordinates to represent U C R*"+1
Here, since an element x € U corresponds to one specific point in phase space,
the dynamics of the process and thus the evolution of the time series itself are
completely determined by x and the forecasting problem translates into an ordinary
regression-like task in R>"*!, For an overview of the delay embedding scheme and
different approaches to time series analysis see [21].

In this paper we use a regularized least squares approach to find an adequate
approximation to the solution of the prediction problem. In combination with
a FEM-like grid discretization this leads to a non-data-based approach whose
computational costs grow only linearly in the number of elements of the given
time series. Then, in contrast to most data-based techniques like support vector
machines or standard neural networks using radial basis functions, this approach
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is able to handle huge time series. But, if d = 2m + 1 denotes the dimension of
the ambient space and 2’ is the number of grid points in one direction, the number
of points in a conventionally discretized ambient space would grow like O (Z’fd).
Thus, this naive approach suffers from the curse of dimensionality which restricts
the application of a conventional discretization to low-dimensional, i.e. to one-, two-
or three-dimensional spaces.

To circumvent this problem the sparse grid discretization [1] is used in this paper.
A first approach for the prediction of financial time series with sparse grids has been
presented in [8]. For regular sparse grids, the number of grid points increases only
like O(2' - t971), i.e. the curse of dimensionality is now just present with respect to
the term 7. This way, we are able to efficiently deal with huge amounts of data in
moderate dimensions up to about d = 10. Moreover, for most time series the high-
dimensional data does not fill the whole space. The process obtained by using the
delay embedding method then visits only a small fraction of the whole discretized
area. This observation justifies a space-adaptive sparse grid [13] discretization
which resolves the trajectory of the process. Finally, an ANOVA-like approach
leads to dimension-adaptive sparse grids [10, 17] that are useful if our a priori
choice of d is too large.

Thus, we will introduce two different adaptive algorithms in this paper: The
space-adaptive algorithm locally adapts to features of the prediction function
whereas the dimension-adaptive algorithm refines by employing subspaces which
are relevant for an efficient representation of the prediction function in its ANOVA-
decomposition.

In summary, each of our algorithms processes the following steps:

1. Estimation of the dimension m of the underlying process

2. Rewriting the forecasting problem as a regression problem in R? with d =
2m+1

3. Approximating the solution of the regression problem in a discretized (regular,
space-adaptive or dimension-adaptive) sparse grid space

4. Predicting the value sy4; by point evaluation of the computed sparse grid
function at (sy—2p, . . . ,SN)T

Altogether, we obtain a new class of algorithms for the prediction of time series
data which scale only linearly with the length of the given time series, i.e. the
amount of data points, but still allow us to use reasonably large window sizes for the
delay embedding due to our sparse grid approach. The new methods give excellent
prediction results with manageable computational costs.

The remainder of this paper is organized as follows: In Sect. 1, we describe the
delay embedding scheme and review some crucial issues concerning the application
of Takens’ theorem. In Sect.2, we show how the forecasting problem can be
rewritten as a regression problem. We also derive the regularized least squares
functional which determines our predictor function. In Sect. 3, we deal with the
regular sparse grid approximation. We deduce the associated linear system and solve
it using a preconditioned CG-algorithm. Then, we introduce and discuss space- and
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dimension-adaptive sparse grid algorithms. In Sect.4, we give the results of
numerical experiments which illustrate the favorable properties of our new methods.

2 Takens’ Theorem and the Delay Embedding Scheme

We now provide the essential theory concerning Takens’ theorem [25] and give a
hint to some modifications from [2].
For an arbitrary d € N we can create vectors

. T d
t; = (Sj—d+1.Sj—d42.---.5j-1.5;) €RY, j>d

following the so-called delay embedding scheme. Each vector consists of d
consecutive past time series values. A connection between these delay vectors and
the unknown evolution of the process in the phase space is established by the
following theorem:

Theorem 1. Let My be a compact m-dimensional C>-manifold, let ¢ : My — M,
denote a C*-diffeomorphism and let o € C? (Mo, R). Then, Ppo) - Mo — R2m+1
defined by

Pipo) X = (0(x),0(d (x),0(¢>(®),....0(¢*" (x))) 2

is generically' an embedding.

This is Takens’ theorem for discrete time series, see [19,25]. The embedding p, ,)
establishes a one-to-one connection between a state in the phase space M, and a
(2m + 1)-dimensional delay vector constructed by (2). It can formally be inverted
and we obtain

¢ (%0) = Py ((0 (677" (%0)) 0 (¢ 7" (%)) ... 0 (¢7 (x0))))
= Ppoy (8 -2m-Sj2mr1.-..55))
t

= p(_zﬁl,o) ( J)

"Here, “generically” means the following:

IfX, :={xeM|¢ (x) = x} fulfills |X;| < oo for all [ < 2m and if the Jacobian matrix
(D¢l)X of ¢l at x has pairwise distinct eigenvalues for all / < 2m,x € X;, then the set of all
0 € C?(My, R) for which the embedding property of Theorem 1 does not hold is a null set. As
C? (My, R) is an infinite dimensional vector space, the term “null set” may not be straightforward.
It should be understood in the way that every set Y D {0 € C*(My,R) | p (9.0) is an embedding }

is prevalent.
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forall j > d witht; € R?" ! and thus d = 2m + 1. Applying 0 o ! on both
sides we obtain

0 (¢ x0) = 0 (62" (ngly (1)) - 3)
This means that the value s;41 = o (¢/ ™! (xo)) is completely determined by the
previous 2m+1 values s o, . . . , s;.> Note that not necessarily all of the preceding

2m + 1 values are essential to specify the current one, but Theorem 1 states that
2m + 1 values are always sufficient to do so. Note furthermore that not only the
next but all following values are determined by 2m + 1 consecutive time series
values. To see this one can just recursively follow the scheme in (3). Thus, if we
have for example an equidistant time series with a 1 min gap between successive
values but are interested in a 15 min forecast, we can still use 2m + 1 consecutive
values as input in our regression algorithm later on.?

Often, the equations of motion are described by a system of time-continuous
differential equations instead of a time-discrete mapping ¢ as in Theorem 1. To
this end, let V denote a vector field in C2 (My, TMy), let 0 € C? (Mo, R) and let
z: RT — M, fulfill the differential equation

< V. 20) = 2 @)
dt

for given zy € M,. We define ¢; (zy) := z(¢) as the flow of the vector field V. Now

¢. can be used in Theorem 1 instead of ¢ for an arbitrary 7 € R* and the time-

continuous setting is covered as well. For a thorough treatment of this case we refer

to [2,25].

A main requirement for Takens’ theorem is the compactness of the manifold
M, i.e. the domain of the process which contains all possible states. Sometimes
the dynamics tends to form a so-called “strange attractor”, which means that the
trajectories of the system do not form a manifold anymore but just a point set
A of non-integer dimension. In [2] it was shown that it is possible to generalize
Theorem 1 also to this case:

Theorem 2. Let A C My C R* where My is an open subset of R and A is

a compact subset of My which possesses box-counting dimension (Tlr\n(A) = m.
Furthermore, let ¢ : My — My be a C*-diffeomorphism and let 0 € C? (M,, R).
Then, for py ) : Mo — R+ defined as in (2), the properties

2All functions on the right hand side of (3) are at least twice differentiable. As M, is compact,
the concatenation of these functions lies in the standard Sobolev space Hz(p(w) (My)), where

P(p0)(Mo) C R2"+! denotes the image of M, under P(po)-

3 An alternative would be to simulate a time series with 15 min gaps by omitting intermediate
values which would lead to a considerable reduction of the number of points. This is however not
advantageous, as more points usually lead to better prediction results for the numerical algorithm.
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1. ps ) is one-to-one on A and

2. p(g.0) Is animmersion on each compact subset C of a smooth manifold contained
in A

generically* hold.

Here, |a | denotes the largest integer which is smaller or equalto a € R*.

In real world applications, the set A is not a priori known. But for the delay
embedding scheme to work we only need to know the box-counting dimension
(Tir\n(A) of the set A. Its estimation is an elaborate task by its own. To this end,
various approaches exist in the literature [22,23,26]. Here, we recommend using
the Grassberger-Procaccia algorithm [12] to estimate the correlation dimension m
as an approximation of the box-counting dimension m since this worked best in our
experiments. The delay length is then set to d = [2m + 1].

In summary we have a theory which provides us with a justification to use
delayed vectors like in (2) as input for a learning tool.

3 The Regression Problem and the Regularized Least
Squares Approach

In this section, we describe how the task of predicting a time series can be
recast into a higher-dimensional regression problem by means of delay embedding.
Furthermore, we motivate a specific regularized least squares approach.

We assume that we have an infinite time series (sj);il which is just an
observation of a deterministic process on an m-dimensional attractor, compare
Sect. 2. From now on, let d := |2m + 1] denote the embedding dimension used for

the delay scheme. We define
T ;
t; = (Sj—at1.Sj—d42, .- Sj—1,8;) €RY j>d, (5)

to be the j-th delay vector. Due to Takens’ theorem, there exists a & : RY — R,
with g ;== 00 ¢ o p(_d)lo), cf. (3), such that

A

g(tj) =sj4 forall j > d. (6)

N
If we assume that (sf)j=1

approximation g to ¢ with the help of N — d + 1 training patterns

is known a priori then our goal is to find a good

“Here “generically” means the following:

If X := {x € 4| ¢' (x) = x} fulfills dim (X;) < L forall / < [2m + 1] and if (Dg')_ has
pairwise distinct eigenvalues forall/ < [2m + 1],x € )21, then the set of all 0 € C2 (M, R) for
which the properties in Theorem 2 do not hold is a null set.



Sparse Grids for Time Series Prediction 7

(tj,sj+1) €ERI xR, j =d,...,N — 1. (7)

Thus, we now have to deal with a regression problem instead of the forecasting
problem. Our approach is to choose g € X C { f:R - R} as

g = argmin ey F (f)

where F : X — R™ U {oo} is a functional that expresses how good functions from
X approximate g. The function space X still has to be specified.

To this end, as we do not know any embedded points on which we want to
evaluate g afterwards, it is common to minimize the expectation of some Lebesgue
measurable cost function ¢ : R x R — RT U {co} with respect to the density
p :R? xR — [0, 1] of all possible input patterns. This leads to

F(f)=Eple(y, f(®)]

and thus gives
g = argmin ;e yE, [e (v, f(x))] = arg min < y /}R L C 00 f00) plxy) (@ dy).
X

Note here that we have to restrict X to contain only Lebesgue measurable functions
to make this term well-defined.

Since we have to cope with training patterns and do not know the exact density
P, we use the empirical density

N—1

1
P&y = 5 3 6,098, ()
j=d

instead of p. This results in the problem of finding the argument of the minimum of

A 1 N—1
F = [ et @xeay = g Ll f0).

(®)
Note that if we want to calculate the point evaluations f (t j), then the set of
admissible functions X has here to be restricted further to contain only functions
for which point evaluations are well defined.

We decided to use ¢ (a, b) := (a — b)?*. One can easily show that for this specific
cost function a minimizer of F maximizes the likelihood of the given input data
under the assumption of a Gaussian noise term being added to each exact time series
value, see e.g. Sect. 3.3 in [24].°

3Other cost functions can be used as well but these might lead to non-quadratic or even non-convex
minimization problems.
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The minimization of (8) for f € X still leads to an ill-posed problem and a
further restriction of the space of admissible functions is therefore needed. To this
end, Tikhonov proposed to add a constraint of the form ¥ ( f) < ¢ with an arbitrary
positive constant ¢ and a nonnegative functional ¥ : X — R™ which is strictly
convex on a certain subspace depending on the problem itself, see [27]. Using the
method of Lagrange multipliers we then obtain the new minimization problem

N—
g = argminy F(f) := argmin ;¢ Z (sj41. £(£)) + AW (f)
- €)
which is well-posed if A is positive. We will employ the Sobolev semi-norm
do dw |
() =11l = ag;l T ) (10)

since this perfectly fits after discretization to our basis functions as we will see later.
Here a = (ay,...,ay) denotes a multi index and |a|, := max;=;__4 |a;|. We will
use the function g € X defined in (9) as continuous approximation to ¢ from now
on.

Instead of our H! -semi-norm, a method using gradient penalties—which
corresponds to the H' semi-norm—was presented in [9] and error bounds were
provided for a discrete solution achieved by the so-called combination technique.
Note that some of these results rely on the assumption of independent and uniformly
distributed samples. Nevertheless, similar results can be given for our case under
the assumption of independently drawn samples according to the probability
distribution on the reconstructed attractor. The resulting errors then refer to the
attractor measure instead of the Lebesgue measure.

3.1 Minimization for an Arbitrary Basis

Now let {y;}72, be abasis of I' := {f € X | ¥(f) < c}. Our task is to find a
wi= (Wl,Wz,...)

with w; € R foreachi € N\ {0}, which minimizes

N—1 ) 2 oo 00
%d <SJ‘+1—ZW1'%' (tj)) A3 2 [ wiwe 20 (DM DM 1y

i=1k=1 laloo=1
(11
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ag a4 . . . . .
where D* = ddul dd o denotes a multivariate derivative. The corresponding
Xy Xd

function
o0
g(x) = Z Wi Yi(X)
i=1
then would give us the approximate prediction sy+; &~ g (ty) by point evaluation
atty. As (11)is a sum of strictly convex functions the argument g of the minimum

can be found by identifying the zeroes of 3 - F(f) forall/ € N\ {0}. For
n := (N — d)A this leads to the infinite system

me sz Z Vi + 1k (i 1) (12)

i=1

forall/ € N\ {0}, where h : I’ x I’ — R denotes the semi-definite bilinear form

his.ty= > (D*s. D), (o) -

laloo=1

3.2 Minimization for a Kernel Basis in a Reproducing Kernel
Hilbert Space

To derive a finite solution procedure, the following approach is standard in the
mathematical learning community. For the case ¥(f) = || f ||§1, with H being
a reproducing kernel Hilbert space, we can write g from (9) as a finite linear
combination of evaluations of the reproducing kernel k : RY x R? — R in the
points corresponding to the training patterns

g(x) = Zg] th

with some real-valued weights g;. This is known as the representer theorem for
reproducing kernel Hilbert spaces, see e.g. [24]. Analogous observations as above
result with the property (k (t;,-) . k (t;. ))H = k (t;,t;) in the finite system

N—1 N—-1 N—1
Zsj-i-lk (tj,t[) = Zgj (Zk (ti,tj)k(ti,t[) + ﬂk (tj,t[))
j=d

i=d
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forall/ € {d,...,N — 1}.1f the (k (t;,x))"

j=q Are linearly independent® this leads
to the linear system

s=(K+7Dg (13)
where K € RW—*X(N—=d) jq the kernel matrix with entries K, =k (ti,tj),
I € RV-Dx(N=d) ig the identity matrix and g = (gg4,....gnv—1) € RN,

S = (Sg+1, ... ,SN)T e RVN-4,
Note that for the case (10) we only regularized with a semi-norm of a reproducing
kernel Hilbert space but still get the representation

N—1

g®) =Y gk (t;.x) + go(x)

j=d

with a go : R? — R from the null space of ¥ and a certain kernel function k, see
[24].

One could now try to solve the linear system (13). The major problem of this
approach—besides the knowledge of an explicit formulation of the reproducing
kernel’—is the complexity with respect to the number of input patterns. The direct
solution of (13) would involve a number of operations of the order O (N 3) since
we have to deal with a full system matrix here. But even if one does not compute
the inverse of K + 7l directly and uses an appropriate iterative scheme instead, the
complexity for solving this system is at least O (N 2) because of the dense kernel
matrix K. Therefore, in the next section, we will consider the infinite system (12)
in the first place and resort to a further approximation of our prediction problem by
discretization.

4 Discretization via Sparse Grids

To find an approximate solution to (12) we restrict ourselves to a finite dimensional
subspace Iy := span{y,}f“'zl Cl:={feX|¥Y(f)=<c}forsome M € N.
For the naive full grid approach the curse of dimensionality then shows up in the
number of necessary grid points which grows exponentially with d. To deal with
this issue, we will employ the sparse grid discretization technique and its adaptive
enhancements here. To this end, we will assume that the domain of ¢ (and thus g)
is the d-dimensional hypercube

H, :=[0,1]%.

STf this is not the case we can choose a linearly independent subsystem and continue analogously.
7See [28] for several reproducing kernels and their corresponding Hilbert spaces.



Sparse Grids for Time Series Prediction 11

Note that this is not a restriction since the domain of the underlying original
process is compact (cf. Theorems 1 and 2). By rescaling the resulting domain of
the reconstructed process we always can obtain the domain [0, 1]¢.

4.1 Multilevel Hierarchical Bases and Regular Sparse Grids

First, we recall the construction of a full grid space using a piecewise linear
hierarchical basis and discuss its relation to a sparse grid space. Let the one-
dimensional hat function ¢ : R — [0, 1] be defined by

1—|x|, ifx e[-1,1
b= L1 [-1.1]
0 else

and let

$ri(x) = ¢(2" - x — i)l

for any /,i € N be a dilated and rescaled version of ¢ restricted to the interval
[0,1]. One can easily see that supp (¢r;) = ((i —1)27",G + 1)27") n [0,1].
The construction of a d-dimensional hat function is straightforward via the tensor
product

d
dix) = [ [ d1,4, ().

j=1

wherel = ([1,...,1ly) € N is the multivariate level and i = (i1,...,iq) € N4
denotes the multivariate position index. Furthermore, we define x;; = i - 271
where the multiplication has to be understood componentwise, ie. X; =

(xll,il, ... ,x/d,id)T with Xiji; =0 271 For a fixed 1 € N?, we then have with
2={x;|0=<i=<2}

the full grid of level 1. Here, the inequalities are to be understood componentwise
and 0 = (0, ...,0) is the null index. The space of piecewise d-linear functions on
the grid £2; is

Vi:=span{B} with By = {¢;|0=<i=<2"}.

B, is called nodal basis since the value of a function fi(x) = Y ¢ i<n fii - PLi(X) €
W1 on one of the grid points x; of £2; is given by the coefficient Nj € R that
corresponds to ¢ j.

Now, let

0<i; <1, ifl; =0

f Ni<iji<d'. (14
lfijlej—l,ijodd it1; >0 ora <j< (14)

Ilzz%ieNd
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Then, W} := span {qbl,i lie Il} is a hierarchical increment space (or detail space)
because of the property

d
W = span < B\ () Bi,
j=1

where e; denotes the j-th unit vector and By := @ foreach k = (ki, ..., ks) with
ki <Oforsome j =1,...,d. Thus we get

V= @ Wi = span {El}
k<l

with the hierarchical basis
gl = {¢k,i I iel k< l}

Now, we can define the space of piecewise d-linear functions on the regular
(isotropic) full grid

2= 20y = {Xi | [Kloo 2.0 € I}

of level t € N by

If

fi= Z ka,i¢k,i

[k|oo <t i€k

is the interpolant of ' € H? (Hy) in V; it holds that
1 = fill oy = 0 (27%). (15)

Next, we define the regular sparse grid of level ¢ by
20 = {xi | na(k) < t.i €} (16)

and the corresponding function space by

V= P W

keN?
ng(k)<t

where n4(0) := 0 and

ng(K) := |k[y —d + [{m |k, =0} + 1
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for every other k € N?. Here, |k|; := Z;l=1 |k ;| denotes the £ norm. This specific
definition of n, guarantees that the resolution of grids on the boundary is the same
as the resolution of grids in the interior of the domain.
If
fix) = Z Zak,i¢k,i(x) eV
keN? i€l
nq k)<t

is the interpolant of ' € H2, (H,) in V, it holds that

||f _ f;S”LZ(Hd) =0 (2—2ttd—1) )

Thus, compared to (15), the accuracy is only slightly worse by a factor 197!,
However, the number of points in the full grid is |§2;] = O (Z’d) and suffers
from the curse of dimensionality for large d whereas, in the sparse grid case,

= |2)| = O (2’ -td_l) holds and the exponential dependence of d now
only affects the level 7 instead of 2. For a thorough treatment of sparse grids,
approximation results and complexity issues we refer to [1] and the references
therein.

By solving (9) in the discrete space V> C I" we get (analogously to (12))

N-1
Z i1 (t) = Z Z Bui (t7) drm () + 00 (Pri. Prom)
j=d

kENd:nd(k)<t
mely

a7
forallle N : ny(I) <t andi € I,.
A preconditioned multilevel conjugate gradient (pCG) algorithm is used to solve
the linear system (17) iteratively. Here, for reasons of simplicity, we employ as
preconditioner the inverse of the diagonal of the system matrix of (17) after its
transformation to a prewavelet representation, see [15]. As we only need to imple-
ment matrix-vector-multiplications for the pCG algorithm, the system matrices are
not assembled explicitly. The hierarchical structure and the compact support of our
basis functions allow a fast application® of the first term in the brackets on the right
hand side of (17) in O (N 1d ) operations. Because of the product structure of
H!. an efficient implementation of the unidirectional principle can be employed
for the on-the-fly multiplication of the term corresponding to the bilinear form £,
see e.g. [4]. This needs O(M) operations. Thus, the costs of a single iteration of
the pCG algorithm are only O (N -t¢ + M) = O ((N -t +2') - t%~") operations.
For a detailed review of computational issues on the implementation of sparse grid
methods, grid traversal strategies and linear system solvers, we refer to [4]. See
Fig. 1 for two sparse grid examples.

8 Note that the use of the combination technique [16] even allows here for a slight improvement to
0 (N . td_l). In both cases, however, the constant in the O-notation grows exponentially with d .



14 B. Bohn and M. Griebel

b

[}

Fig. 1 Different sparse grid examples in two dimensions. (a) Regular sparse grid of level 5. (b)
Space-adaptive sparse grid

4.2 Space-Adaptive Sparse Grids

Since most attractors only fill a sparse pattern of Hy, it is obvious that a regular grid
is not necessarily the best structure to approximate a function on such an attractor.
On the one hand, there might not be enough grid points in relevant regions to fit
the function which leads to bad approximations. On the other hand, there might be
too many grid points in irrelevant areas which causes overfitting and results in an
unnecessary high cost complexity, see [9] for a thorough treatment of this issue. One
would prefer a grid which rather matches the shape of the trajectory than the ambient
space H;. Such a grid (and of course the corresponding function space) can be
derived using an iterative algorithm which adaptively creates finer grid resolutions
where needed. The main component of such a procedure is an appropriate error
indicator which decides if the grid has to be locally refined in a certain region. We
here simply use

i = ||onidri iLoo(Hd) = |on,i

as such an indicator. For more elaborate techniques and details on how to choose
a reliable and efficient indicator €; for the case of specific norms of the error, we
refer to [13].

Our overall algorithm proceeds as follows: First, it starts with a regular sparse

grid for some low level £2,,, = .Q,jdp := £2; and solves (17) on this grid. Then, it

checks for each {(l, i) | xi € f?jdp} if e1; > &, where ¢ € R is some fix threshold.
If this is the case for the pair (1, i) withodd i; ori; = Oforeach j € {1,...,d},all
of its child nodes are inserted into the grid £2;,  if they are not already contained.’
In the one-dimensional case the child nodes are defined as

°Note here that it is not enough to check the surplus of points which have been inserted in the
last iteration. The hierarchical surplus of all other points can change as well when calculating the
solution on the refined grid.
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{X1412i1} i1 >0,
child (x7) := | {x ) ifl =0,i =1, (18)
{X(),l} if =0, =0.

In the multivariate case we define child(xy,;) as

There exists j € {1,...,d}, s.t. X, m; € child (x/j,i‘/.)

19
and kj, = l,mp, = ipforallh € {1,...,d}\ {j} (19)

{ Xk,m € .Qk

After the insertion it has to be guaranteed—by e.g. inserting further nodes where
needed—that all hierarchical ancestors of every inserted point are contained in
the resulting grid. Otherwise, an incorrect hierarchical basis representation for the
corresponding function space would result and common grid traversal algorithms
would run into problems. To achieve this we simply insert each missing direct
ancestor and proceed recursively with the inserted points until each direct ancestor
to every grid point has been inserted into .dep. The direct ancestors of points X
withodd i; ori; = Oforeach j = {l,...,d} are defined by

directAnc (x1i) := {Xk,m € 21 | X1,i € child (Xim)} - (20)

Algorithm 1 The space-adaptive sparse grid algorithm

Input: starting level 7, threshold e, #iterations L, error indicators €);, time series (x f)j=1’
embedding dimension d, regularization parameter A

Output: space-adaptive sparse grid £2,,,
initialize: .Q‘a"dp <~ 27, .Q;dp <~ 2/, It<0
while It < L do

solve (17) on (NZ‘a"dp

for all (k, m) with odd m; orm; = O foreach j € {1,...,d} and X m € ﬁjdp do
if e, m > ¢ then
254y < 284y U child (xicm)
end if
end for
if 25, = £2;,, then
return £2,,,
end if
‘éafdp £ zfdp
for all xy ;, with odd m; orm; = 0foreach j € {I,...,d} and xym € (};dp do
.Q;"dp <« .dep U AllAncestors(k, m, d)
end for
‘éafdp <~ £ zfdp
It < It+1
end while
return £2,,,
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Algorithm 2 AllAncestors(l, i, d)

Input: multivariate level 1, multivariate index i, embedding dimension d
Output: set X of all ancestors of Xy ;

initialize: X < @

X< XU directAnc(xl,i)

for all Xy, € directAnc(xy;) with odd m; orm; = 0 foreach j € {1,...,d} do
X < X U AllAncestors(k, m, d)

end for

return X

When every relevant grid point of .dep has been visited and treated accordingly,

we set .dip = .dip and start anew. This iteration runs until either no point needs to
be refined or the number of iterations reaches some fixed limit L € N. A summary
of the procedure can be found in Algorithm 1. For details on runtime and technical

issues we refer to [4].

4.3 Dimension-Adaptive Sparse Grids

In the case of attractors which fill a highly anisotropic part of the ambient space Hy
or in case the ambient space dimension was overestimated, it is desirable to employ
dimension-adaptive refinement instead of pure space-adaptive refinement. There,
refinement takes place globally but only in directions which are relevant for the
construction of a good forecasting function. Dimension-adaptivity for sparse grids
has been introduced in [17]. The application of dimension-adaptive algorithms has
been studied for integration in [10] and for approximation in [6, 7]. The approach
which we use in the following is a little bit different though, it can be found in [4].
To motivate the idea of dimension-adaptive grids we will shortly review the
concept of the ANOVA (Analysis of Variance) decomposition. We introduce a
splitting
V=16C (21)

of a space V of univariate functions with domain [0, 1] into the space of constant
functions 1 and the remainder C. This is done using the identity

=P+ (=P

for some projector P : V — 1 with P|; = id.
For multivariate tensor product function spaces V' we apply the splitting in every
direction, i.e.
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d d
r=QVi=Q W &c)
i=l1 i=1
=1®...81,
d

@@(11@...@1,‘_1®Ci®1i+l®...®1d)

i=1

d d

o P 1®..©1186eLL8.. 01 8811 ®...01)
i=1 j=i+1

01 ®...®C,. (22)

and receive a unique splitting of a function f € V into the sum of a constant

. . k . dd—1) 4 - . . .
function, d univariate functions, ( 5 ) bivariate functions, and so on, i.e.

d d d
S@x) = fot ) fi)+D ] Y il x) e+ fia(s . Xa),
i=1 i=1j=i+1
(23)
We call f, the ANOVA component of order 0, the f; are ANOVA components of
order 1, and so on.
The most common choice for P is

P(f) = /[0 | Jeo

for V' C L,(]0, 1]), which just gives the classical L,-ANOVA decomposition.
Another choice is

P(f) = fla)

which leads to a well-defined decomposition if the point evaluation in a is well-
defined for all functions in V. This results in the so-called anchored ANOVA
decomposition with anchor a. It is well suited to our piecewise linear basis
functions.

Here, to transfer the concept of the multivariate anchored ANOVA decomposition
to the piecewise linear hierarchical basis discretization, we have to change the index
set introduced in (14) as in [6]. We define

ij =0, ifl; =—1
L:=qieN|i; =1, ifl; =0 foralll <j <d
1<i; <2 —1,i;0dd ifl; >0
24)
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and allow the negative level —1. Furthermore, we define the one-dimensional basis
function ¢ := x[o,1] to be the indicator function of the interval [0, 1]. With this
and the definition y }

Wi := span{é,; | i € L}

we see'? that

Vi = @ Wi = @ span{gy,m | m € Iy}

—1<k<l —1<k<l
= P spanfpum I mell= P M =W
0<k<l 0<k<l

for all 1 with /; > O for all j = 1,...,d. This way, we just have split the
space of linear functions on [0, 1], which was previously spanned by the two linear
basis functions associated to the two boundary points, further into the sum of
one constant (level —1) and one linear function (level 0). If we define the norm
of a multivariate level index with possibly negative coordinates as

1] := |(max(/y,0),...,max(/s,0))|
we can maintain our previous definition for sparse grids (16) using

0 itk; <Oforalll <j <d
K1 —d + [{m |k, <0}|+ 1 else

ﬁd(k) =

instead of n,4 (k). But we now are able to identify functions which are constant in
direction j as they are elements of 1/(ll,~~~,lj—lq_l>lj+l ,,,,, 1;)- This approach fits to a
discretized anchored ANOVA decomposition with @ = 0. To this end, we now

define an infinite-dimensional univariate function space
o0
V=V.,ePW (25)
i=0

and, with the choice 1; = (V_;), and C; = (@?OZO W,) in (21), we again obtain
the splitting (22) which is now conform to the infinite-dimensional tensor product-
hierarchical basis. In other words, if we use the alternative basis that is defined by the
index set I, the only univariate basis function ¥ for which P(y) # 0is ¥ = ¢_1
for P(f) := f(0) and the anchored ANOVA decomposition completely fits to the
hierarchical tensor product basis.

So far, the subspaces of the ANOVA decomposition are (up to the very first
one) still infinite-dimensional and need to be further discretized. To this end, for a

10Note that W; and Vf/] are the same for a multilevel index 1 with / ;> 1forallj =1,..., d.
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regular sparse grid of level 7, we truncate each term of the ANOVA-decomposition
as follows:

VtS=11®...®1d

d
@@ @ (11®---®1i—l®(Wki)i®1i+l®---®ld)

i=1qykj)=<t
k; eN

d

o P B (ne..e0h) s ..oW) .  al)

i=1 j=i+1r72(ki.kj)§t
k,’,ijN

kl ..... kd Gﬁ

Thus, we discretize every k-variate component function of the ANOVA decomposi-
tion (23) with a regular k-dimensional sparse grid, where k € {1,...,d}.

A dimension-adaptive procedure can now be defined analogously to the space-
adaptive algorithm. To this end, we employ the error indicator

€] .= Max €},
iel)

which is just defined on the detail spaces Wi and does not rely on a single point
anymore. For refinement we now simply insert all the points belonging to the basis
functions of Wiy, for each direction j with /; # —1. Thus, we only insert grid

nodes that lie in the same ANOVA component as nodes in M. By doing this,
refinement of the grid affects relevant ANOVA terms of the function but neglects
higher-order terms. As in the case of spatial adaptivity, ancestors of new points have
to be inserted into the grid.!' The whole refinement procedure is iterated in the same
way as previously.

Additionally, we compress the grid in an initial preprocessing step before starting
the dimension-wise refinement procedure. To this end, for a given &, starting with
a regular sparse grid of level ¢, every detail space Wi C V} for which ¢ < ¢
holds, is marked first. Then, if the points in a marked subspace Wk are not needed
as an ancestor to a point in a non-marked subspace, all points belonging to W are
removed from the grid. This compression is done, since a regular sparse grid of
level O contains already part of each ANOVA component. Thus, it is not possible to

! For the one-dimensional case one simply defines x| to be the single child node of x_, . The
generalization to the multi-dimensional case is straightforward.
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identify relevant ANOVA components of a function just by looking at a current
adaptive grid. One would rather want to completely neglect components which
do not contribute to the representation of a function and then start the adaptive
procedure on a dimensionally reduced grid. The overall dimension-adaptive process
is given in detail in Algorithm 3. Note that we start with a grid consisting of at
least 2¢ points. Since lower order ANOVA terms do not contain any information
about the relevance of higher order terms, this is the only way to assure a correct
treatment of every ANOVA component. An alternative strategy which starts with
one grid point and iteratively adds ANOVA components can be found in [7].

Algorithm 3 The dimension-adaptive sparse grid algorithm using the basis defined
by (24)

Input: starting level 7, threshold &, #iterations L, error indicators €], time series (s j) =1

embedding dimension d, regularization parameter A
Output: dimension-adaptive sparse grid £2,,

initialize for compression: ¥ <— @
for all Wi, C V' do
if € > ¢ then
Y < Y U {xgm | meTy)
end if
end for
Z <Y
for all x, ,, € Y do
Z < Z U AllAncestors(k, m, d)
end for

initialize for adaption: £2;,, <= Z, f);}'dp ~ Z,It<0
while It < L do
solve (17) on f)‘a"dp
for all Wi, with Xy € £23,, for each m € Iy do

if ¢ > ¢ then

forall j € {l,...,d}do
if k; > —1 then
‘Q;dp <~ ‘Q;dp U {Xk-‘rej,m | m € Ik—‘,—e]}
end if
end for

end if
end for
if 23, = 25, then

return £2,,,
end if
‘dip <~ ‘Q;dp
for all x 1, with odd m; orm; = 0 foreach j € {1,...,d} and Xgm € f)jdp do
.Q‘a"dp <« ‘Q;dp U AllAncestors(k, m, d)

end for

‘Q;dp <~ ‘Q;dp

It < Tt+1
end while
return £2,,




Sparse Grids for Time Series Prediction 21
5 Numerical Results

We will now present numerical results for our sparse grid algorithms when applied
to both, synthetically constructed time series and series which stem from real world
applications. All data has been properly scaled, such that the embedded points are
situated in H,. The preconditioned conjugate gradient algorithm, which is used to
solve the linear system (17), is always iterated until the quotient ||rx || p—1/||rol| p—1
is smaller than 10™!3 where D is the diagonal preconditioning matrix we used,'? r;

denotes the residual of (17) after the k-th iteration and ||r¢||p—1 := /r{ D~'ry.

5.1 Hénon Map in 2d

First, we show results concerning the famous Hénon map
n41 = a— Z,% + bZn—la (26)

see also [18]. Using the notation of Sect. 1 we have
# X1 _(a- xl2 + bxy
X2 X1
()
0 = X2,
X2

where ¢ and o are defined on R?. It is easy to see that

and

detD¢ = —b,

where D¢ denotes the Jacobian matrix of ¢. We will restrict ourselves to the most
popular case a = 1.4, b = 0.3 for which the trajectory of the process approaches an
attractor of non-integer box-counting dimension 1.26. As | detD¢| < 1, the process
is dissipative and the attractor is a compact subset of the ambient space. Therefore'?
we can apply Theorem 2.

A direct application would lead to the embedding dimension d = |2 -1.26 +
1] = 3. Nevertheless, we know from Eq.(26) that two dimensions are sufficient
and will use d =2 in our experiments instead of Takens’ upper bound d = 3 to

12 To this end, the system matrix from (17) is first transformed into the prewavelet basis, see e.g. [4],
then, the inverse of its diagonal is taken as preconditioner.

130ne can easily see that X is finite for / = 1,2, 3. Nevertheless, there exist points x € R? for
which (D¢l)x has eigenvalues with algebraic multiplicity 2 for / = 2, 3.
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Table 1 Resulting parameters and errors after threefold cross-
validation for regular sparse grids

T ! log, (1) RMSE 4in RMSE ¢t

50 3 —17 5.42-1073 1.41-1072
500 6 —25 1.03-107* 295-1074
5,000 7 —22 9.25-107° 1.01-10*

Table 2 Resulting parameters and errors after threefold cross-validation for
the support vector machine

T log, (C) log, (y) log, (¢) RMSE .in RMSE ¢

50 14 -5 —10 1.46-1073 1.60 - 103
500 10 1 —15 2.51-107* 2.57-10*
5,000 8 3 —17 2.07-107* 2.06-10—*

a priori reduce the ambient space dimension as good as possible. The first N =
20,000 values of the Hénon map are taken into account to construct three different
scenarios:

1. The first T = 50 points (training data) are used to learn the target function, the
remaining N —7 = 19,950 points (test data) are used to measure the forecasting
error.

2. The first 7 = 500 points (training data) are used to learn the target function, the
remaining N —7 = 19,500 points (test data) are used to measure the forecasting
error.

3. Thefirst T = 5,000 points (training data) are used to learn the target function, the
remaining N —7 = 15,000 points (test data) are used to measure the forecasting
error.

We compare our regular sparse grid approach to a standard support vector machine
regression algorithm using radial basis functions (SVM = RBF &-SVR). To find
appropriate parameters we use three-fold cross-validation. We investigated ¢ €
{2,....8and A € {27',...,272%} for the sparse grid algorithm. For calculations
concerning the SVM approach, we used libsvm, see [3] for implementations and
parameters. Here, we performed a three-fold cross-validation over the parameters
C e {2°,...,25}, e € {2720, ..., 27"} and the kernel width y € {271°,... 25}
of the RBF ¢-SVR. To measure the forecasting error of any function f on the
embedded test data we used the root mean squared error (RMSE). Given the test data
(Sj);v=T+l’ we can build the embedded vectors t; asin (5)forT +d < j < N —1.
Then

N—1
1 2
RMSE e := N_T_4d E (sj41— F(t))".
j=T+d

For the training data we define RMSE;, analogously. The results, i.e. the deter-
mined best parameter values and the corresponding errors on training and test data
for these parameters, are given in Table 1 for regular sparse grids and in Table 2 for



Sparse Grids for Time Series Prediction 23

the support vector machine. We observe that the SVM algorithm performs somewhat
better than the sparse grid algorithm for the moderate value 7 = 50. But as we
increase the size of the training data set, the results for the sparse grid algorithm
get successively better. For T = 5,000, the sparse grid algorithm reaches a slightly
lower error than the RBF-SVM method while the involved computational costs are
substantially less anyway. The sparse grid method is able to use the newly added
training data points to discover more structure of the underlying process.

Note here that the number of possible parameter combinations is not the same for
the sparse grid method and the SVM. Thus, it is not representative to compare the
runtimes of their cross-validation processes. Nevertheless, this comparison gives a
hint of the behavior of the overall runtime when changing 7': The cross-validation
process for the SVM algorithm was about 20 times faster than that of the sparse
grid approach for 7 = 50. For T = 500 the runtimes were almost equal and for
T = 5,000 the cross-validation process of the sparse grid algorithm was more than
three times faster than that of SVM.

In summary, while the SVM algorithm is favorable for few training points, the
benefits of the sparse grid algorithm with respect to both, achieved accuracy and
necessary computational cost, begin to prevail in situations with more and more
training points.

5.2 Jump Map in 5d

In this experiment we want to show the advantages of the space- and dimension-
adaptive sparse grid algorithms compared to the regular sparse grid approach.
Following the rule
Znt1 i= (2 + 20—1) mod 1, 27

we get a time series by

()= (e )
()=~

where ¢ and o are defined on [0, 1)2. Due to the modulo operation, ¢ has a jump at
all points {(x1, x2)” € [0,1)? | x; +x, = 1}. For each other point of the domain the
process is conservative, i.e. |det D¢p| = 1. Since ¢ is not diffeomorphic, Theorem 2
cannot be invoked. Nevertheless, we will apply the delay embedding scheme and
test if the sparse grid solutions are still able to give a suitable predictor for (27).
Again, we use the first N = 20,000 values of the time series and construct three
scenarios with the same values of T, i.e. T = 50,500, 5,000, as for the Hénon
map. We now assume that we were just given the time series of length N and do

and
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not know anything about the underlying process (27). Thus we have to estimate the
dimension m to be able to use the delay embedding scheme with d = |2m + 1]
before applying our sparse grid algorithms. For the small training data set of size
T = 50 we get an estimate of m ~ 2.24 with the Grassberger-Procaccia dimension
estimator. For the other two scenarios, the estimated dimension is even closer to 2.
Taking m = 2 determines our embedding dimension to be d = 5 and we therefore
build the embedded vectors t; in R>.

We use A = 107 in the following experiments. The results for a regular grid
discretization and for both, a space- and a dimension-adaptive procedure with ¢ =
0.1 and starting level 1, are given in Table 3.

With substantially fewer grid points, both adaptive algorithms achieve the same
or even better RMSE values than the regular sparse grid method. The remarkably
smaller amount of grid points used in the dimension-adaptive variant is due to the
compression step before refinement starts.

Furthermore, note that the dimension-adaptive algorithm is able to reveal the
lower-dimensional structure of the embedded process. We can observe from the
constructed forecasting function how many grid points have been spent on its
different ANOVA components. To this end, counting all grid points with exactly
one non-zero coordinate we get the number of points spent on the representation of
univariate functions in the ANOVA decomposition. We can continue analogously
for bivariate functions (two non-zero coordinates) and so on.

In Fig.2 we see the distribution of grid points among the ANOVA components
of different order for the example of the 54 jump map. The dimension-adaptive
algorithm successfully detected that there is no term of fifth order and thus grid
points are only spent on the boundary of Hs. Terms of third and fourth order are still
present, but one observes that most grid points have been used for terms of order
1 and 2. Altogether, the inherent structure of the process was well detected by the
algorithm.

As less points are spent by the space- and the dimension-adaptive algorithm
there is a significant saving in storage for these methods. In addition, also the
absolute runtime of the dimension-adaptive algorithm—especially for the case of
few training points and high levels—is better than for the regular sparse grid case,
as we see in Table 4. The runtimes of the space-adaptive method and the regular
sparse grid algorithm are of the same order for the listed scenarios.

5.3 Small Dataset of the ANN and CI Forecasting Competition
2006/2007

We now consider the performance of the regular and the space-adaptive sparse grid
algorithm in a practical application.'* The reduced dataset of the “Artificial Neural

14 Since we restricted ourselves to d < 3 in this experiment, we did not apply the dimension-
adaptive algorithm to this problem.
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Table 3 RMSE for a regular, a space-, and a dimension-adaptive
sparse grid discretization for the jump map in 54

(a) Regular sparse grid (SG) of level ¢

T t |£27] RMSEin RMSE ¢
50 3 3,753 7.67-1072 234-1071
50 4 12,033 4.91-1072 2.20-1071
50 5 36,033 2.57-1072 147-107!
500 3 3,753 1.12-107! 141-107!
500 4 12,033 7.12-1072 1.11-107!
500 5 36,033 4391072 8.53-102
5,000 3 3,753 1.27-107! 1.32-107!
5,000 4 12,033 9.11-1072 9.61-102
5,000 5 36,033 6.43-1072 6.99-102
(b) Space-adp. SG after #/¢ iterations

T #1t |.Q§dp| RMSE.in RMSE ¢
50 3 3,159 7.68-1072 2.34-1071
50 4 4,887 5.03-1072 2.14-1071
50 5 5,535 2.75-1072 1.33-10!
500 3 2,349 1.12-107! 1.40-107!
500 4 3,645 7.21-1072 1.10-107!
500 5 4,293 4.66-1072 832-1072
5,000 3 2,079 1.27-107" 1.32-107!
5,000 4 2,727 9.14-1072 9.61-102
5,000 5 3,051 6.47-1072 6.96-1072
(c) Dim.-adp. SG after #/¢ iterations

T #It |.dep| RMSE.in RMSE s
50 2 576 7.90-1072 2.43-1071
50 3 704 5.26-1072 222-1071
50 4 832 2.93-1072 1.39-107!
500 2 302 1.15-107! 1.40-10!
500 3 368 7.76 - 1072 1.08-107!
500 4 424 5291072 8.12-102
5,000 2 310 1.28-107! 1.32-10!
5,000 3 326 9.21-1072 9.60 - 102
5,000 4 342 6.55-1072 6.96-102

25

Network (ANN) and Computational Intelligence (CI) Forecasting Competition
2006/2007” consists of 11 empirical business time series.'> Each of the time series
consists of 144 real values where the first 126 values should be used as training
data. The goal of the competition is to forecast the last 18 consecutive values. The

symmetric mean absolute percent error

SFurther information concerning the setting and the dataset can be found at http://www.neural-

forecasting-competition.com/NN3/index.htm.
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Fig. 2 Distribution of grid points among ANOVA components of different order for the 5d jump
map and the dimension-adaptive algorithm

Table 4 Comparison of runtimes for the space- and the dimension-

adaptive sparse grid algorithm. Rgimaap(f,#7t) is defined as ﬁp({#}m,
where Ry, (¢) denotes the runtime of the regular sparse grid algorithm
with level ¢ and Rgimaap(#1t) denotes the runtime of #/¢ iterations of the
dimension-adaptive algorithm; Rgpaqp (2, #/1) is defined analogously for

the space-adaptive algorithm

T t #It Rspﬂdp(l, #Il) Rdimﬂdp(l, #Il)
50 4 3 0.73 5.05
50 5 4 1.57 13.09
500 4 3 0.70 3.67
500 5 4 1.40 9.51
5,000 4 3 0.61 1.29
5,000 5 4 0.94 1.78
144 ~
SMAPE = - 3 21 =51
18 S5, sl + 1551

determines the quality of the forecast of one particular time series. The arithmetic
mean of the SMAPESs for each of the 11 time series determines the ranking of the
algorithm. Here §; denotes the prediction of the j-th test data value. As consecutive
values have to be predicted, we cannot simply compute §; = f(t;—;) for a general,
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Table 5 SMAPE and average SMAPE for the 11 time series of the reduced dataset of the ANN
and CI Forecasting Competition 2006/2007

(a) Regular sparse grids (b) Space-adaptive sparse grids
Time Series t log,(A) d k SMAPE in %  log,(Augp) Kagp SMAPE,q, in %
1 7 -13 1 12 2.8398 —11 14 2.6309
2 6 —10 2 11 256872 —8 11 23.0448
3 2 —-12 2 11 30.6692 -9 10 39.9194
4 4 -9 2 12 6.3690 -9 10 8.8058
5 3 -1 1 1 3.3801 —10 11 5.1977
6 4 -10 2 10 4.9186 -8 9 5.6765
7 4 —13 1 1 6.7220 -3 2 4.2933
8 2 =8 2 14 30.3151 —1 12 27.7111
9 6 —12 1 4 11.2487 —4 3 10.2458
10 7 —6 310 30.3352 —6 10 30.7120
11 2 —15 2 11 18.5016 -5 11 16.2794
Av. SMAPE 15.5442 15.8651

computed forecasting function f since the coordinates of the embedded vector t; _;
might not only stem from training data but also from unknown test data. Therefore,
we recursively define §j = f(iij_l) with iij_l = (Sj_d, Sj—d+1se-- fj_z, §j_1)T
where a coordinate is set to s; if [ < 126 and to §; otherwise. Furthermore, we
introduce the time step size k which determines which future value is learned. So,
by building the vectors t; from training data, we are learning s; 4. In the examples
introduced earlier we always had set k = 1.

In our experiments with the regular sparse grid approach, the first 108 values of
a time series are used to learn a prediction model which is then evaluated on the last
18 values of the training data. This way, we determine the best combination of a
regularization parameter A € {2715, ..., 27!} alevel r € {2,...,7}, an embedding
dimension d € {1, 2,3} and a future step size k € {1,...,18}. These parameters
are then employed to learn a model using the whole training data set. This model is
finally taken to predict the 18 values of the test data set. Proceeding in this fashion
for every time series we achieve the SMAPEs that can be found in Table 5a.

Alternatively, we fixed d = 3 and ¢t = 1, started the space-adaptive algorithm
with a maximum iteration count of 7. We chose the optimal k and A in the same
fashion as for the regular sparse grid algorithm. The results are shown in Table 5b.
Even though the space-adaptive algorithm performs better than the non-adaptive
method for 6 of the 11 time series, the average SMAPE of the non-adaptive variant
is still smaller. This is mostly due to the bad performance of the space-adaptive
algorithm for time series 3. Anyway, with each of the two methods we perform better
than 36 of the 44 participants of the competition. Furthermore, we also outperform
8 of the 13 statistical and CI methods that entered the competition as benchmarks.
Note that the best score achieved in the competition was an average SMAPE of
13.07%.

By combining our two methods such that for every time series the SMAPE on the
last 18 values of the training data decides if the space-adaptive or the non-adaptive
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variant is chosen, we achieve an average SMAPE of 15.3082%. With this result we
outscore one more participant and one more statistical benchmark.

Thus, even when dealing with rather short empirical time series where data-
based approaches like SVM seem to be a more natural and promising approach,
our methods still achieve competitive results.

6 Concluding Remarks

In this article we introduced a sparse grid-based discretization approach to solve the
forecasting problem for time series. We gave a short review of Takens’ theorem
and showed how it can be applied to the field of time series forecasting if the
box-counting dimension of the attractor is a priori known or at least properly
estimated from the given data. We motivated the use of a regularized quadratic
loss-functional and emphasized the difference between kernel-based approaches
and arbitrary basis discretizations for the case of reproducing kernel Hilbert spaces.
To avoid the curse of dimensionality we introduced regular sparse grids based on
piecewise linear B-splines. Space- and dimension-adaptive refinement proved to be
useful enhancements, which further reduce costs as e.g. most of the attractors are not
uniformly spread across the embedding space. Finally, we have computed numerical
results which showed that our algorithms achieve the same or even better results
than common SVM-based regression algorithms. The experiments also proved that
dimension-adaptive refinement is useful if the embedding dimension of the attractor
has been overestimated.

The problem of finding reliable estimates for the box-counting dimension of an
attractor has not been discussed in this paper. This is a crucial step for the application
of Takens’ theorem to real world data. In our further experiments, the Grassberger-
Procaccia algorithm proved quite successful to this end.

Another main problem that leads to non-stationarity is noise. Almost all real
world data are non-deterministic because of the occurrence of noise as a stochastic
component. Several noise-reduction methods and dimension estimators can be
found in the literature, see [21] for an overview. These techniques will be incor-
porated into the sparse grid approach in the future.

Note finally that there are similarities to other existing methods: In [5], a sparse
grid approach for manifold learning applications was suggested. There also are
links to a density estimation method with grid-based discretizations, see [14]. An
approach that is closely related, but approximates the sparse grid solution by a
combination technique, can be found in [6]. A comparison of cost complexity and
achieved error between our approach and this technique has still to be done.

Finally, since the curse of dimensionality is still present with respect to the sparse
grid level, it is desirable to reduce the dimension of the problem beforehand as good
as possible by linear techniques like the well-known SVD [11] or the LT approach
of [20].
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Efficient Analysis of High Dimensional Data
in Tensor Formats

Mike Espig, Wolfgang Hackbusch, Alexander Litvinenko,
Hermann G. Matthies, and Elmar Zander

Abstract In this article we introduce new methods for the analysis of high
dimensional data in tensor formats, where the underling data come from the
stochastic elliptic boundary value problem. After discretisation of the deterministic
operator as well as the presented random fields via KLE and PCE, the obtained
high dimensional operator can be approximated via sums of elementary tensors.
This tensors representation can be effectively used for computing different values
of interest, such as maximum norm, level sets and cumulative distribution function.
The basic concept of the data analysis in high dimensions is discussed on tensors
represented in the canonical format, however the approach can be easily used
in other tensor formats. As an intermediate step we describe efficient iterative
algorithms for computing the characteristic and sign functions as well as pointwise
inverse in the canonical tensor format. Since during majority of algebraic operations
as well as during iteration steps the representation rank grows up, we use lower-rank
approximation and inexact recursive iteration schemes.

1 Introduction

Let us give an example which motivates much of the following formulation and
development. Assume that we are interested in the time evolution of some system,
described by

d
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where u(t) is in some Hilbert space &/ and A(p) is some parameter dependent
operator; in particular A(p) could be some parameter-dependent differential opera-
tor, for example

%u(x,t) =V-(k(x,0)Vu(x,1)) + f(x,1), xe€eGCRre[0,T] (2

where «(x,w) is a random field dependent on a random parameter in some
probability space @ € €2, and one may take U = L,(G).
One may for each w € Q seek for solutions in L, ([0, T],U) = L,([0,T]) ® U.
Assigning
S = L([0,.T]) ® La(2).

one is looking for a solution in i ® S. L,(£2) can for random fields be further
decomposed

Ly(Q) = Lo(R) @) = Q) L2(2)) = R) Lo (R. T).
J J J

with some measures I';. Then the parametric solution is sought in the space

URS = LyG) ® | L2(0.T) ® Q) Lo(R. T) | . 3)
J

The more tensor factors there are, the more difficult and high-dimensional the
problem will be. But on the other hand a high number of tensor factors in Eq. (3)
will also allow very sparse representation and highly effective algorithms—this is
of course assuming that the solution is intrinsically on a low-dimensional manifold
and we ‘just’ need to discover it.

This paper is about exploiting the tensor product structure which appears in
Eq.(3) for efficient calculations to be performed on the solution. This tensor
product structure—in this case multiple tensor product structure—is typical for such
parametric problems. What is often desired, is a representation which allows for the
approximate evaluation of the state of Egs. (1) or (2) without actually solving the
system again. Sometimes this is called a ‘response surface’. Furthermore, one would
like this representation to be inexpensive to evaluate, and for it to be convenient for
certain post-processing tasks, for example like finding the minimum or maximum
value over some or all parameter values.

1.1 Tensorial Quantities

Computations usually require that one chooses finite dimensional subspaces and
bases in there, in the example case of Eq. (2) these are
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span {@,}_, =Uy CU, dimUy =N
span {1 }f, = Tk C Lo([0.T)) = Sy, dimTx = K
Vm=1,...,.M:

span {X/m}j -1 =S84, C LR, I,) =S8, dimSpy, = Ja.
Let P := [0, T] x €2, an approximation to u : P — U is thus given by

u(x,t,a)l,...,a)M) ~

SRS "<x>®f<z>®(®x,m<wm>) W

n=1k=1j1=1 im=1 m=1

Via Eq. (4) the tensor ui‘]’('”’]M represents the state u(x, t, wy, ...,y ) and is thus a
concrete example of a ‘response surface’.

To allow easier interpretation later, assume that {x1, ..., xy} C G are unisolvent
points for {¢,}"_,, and similarly {z,,...,7x} C [0, T] are unisolvent points for
{rk}k=1, and for each m = 1,..., M the points {a),ln, .. J"’} Cc 2, are
unisolvent points for {X jm}jj',',',l=1- Then the same information Wthh is in Eq.(4)

is also contained in the evaluation at those unisolvent points:

Vai=1,...Nk=1,....K.m=1,....M, ju=1,....0p:

'y —u(xn,tk,a)l s ooy, (5)

this is just a different choice of basis for the tensor. In keeping with symbolic index
notation, we denote by (u)';/"*/*) the whole tensor in Eq. (5).

Model reduction or sparse representation may be applied before, during, or after
the computation of the solution to Eq. (1) for new values of 7 or (wy, . .. , wpr). [t may
be performed in a pure Galerkin fashion by choosing even smaller, but well adapted
subspaces, say for example Uy, C Uy, and thus reducing the dimensionality and
hopefully also the work involved in a new solution. This is sometimes termed ‘flat’
Galerkin. In this kind of reduction, the subspace U~ = Uy © U, is completely
neglected.

In nonlinear Galerkin methods, the part u,s € U, is complemented by a
possibly non-linear map v : Uy — Uyr to uy ~ uyr +v(uy) € Uy @Uyr =
Uy . The approximate solution is not in a flat subspace anymore, but in some possibly
non-linear manifold, hence the name. Obviously this procedure may be applied to
any of the approximating subspaces.

Another kind of reduction works directly with the tensor (u """ - ) in Eq.(5). It

has formally R” = N x K x ]_[ | Jm terms. The minimum number R of terms
needed to represent the sum is deﬁned as the rank of that tensor. One might try to
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approximately express the sum with even fewer R <« R < R” terms, this is termed
a low-rank approximation. It may be seen as a non-linear model reduction.
In this way the quantity in Eq. (5) is expressed as

/

R M
(uzlk]m ..... My~ Zup(pp ®1,® <® Xpm) . (6)
m=1

p=1

where ¢, € RV, 7, € RX and foreachm = 1,...,M: X, € R/m.

Hence Eq. (6) is an approximation for the response, another—sparse—‘response
surface’. With such a representation, one wants to perform numerous tasks, among
them

* Evaluation for specific parameters (¢, 0, ..., @),
* Finding maxima and minima,
* Finding ‘level sets’.

2 Discretisation of Diffusion Problem with Uncertain
Coefficient

Since the time dependence in Eq.(1) doesn’t influence on the proposed further
methods we demonstrate our theoretical and numerical results on the following
stationary example

—div(k(x,w)Vu(x,w)) = f(x,0) ae.xeG, GCR? o

u(x,w) =0 a.e. x € 0G.
This is a stationary diffusion equation described by a conductivity parameter
k(x, ). It may, for example, describe the groundwater flow through a porous
subsurface rock/sand formation [6, 17,22,37,48]. Since the conductivity parameter
in such cases is poorly known, i.e. it may be considered as uncertain, one may model
it as a random field.

Let us introduce a bounded spatial domain of interest G C R? together with the
hydraulic head u appearing in Darcy’s law for the seepage flow —«Vu, and f as flow
sinks and sources. For the sake of simplicity we only consider a scalar conductivity,
although a conductivity tensor would be more appropriate. The conductivity «
and the source f are defined as random fields over the probability space 2.
By introduction of this stochastic model of uncertainties Eq. (7) is required to hold
almost surely in w, i.e. P-almost everywhere.

As the conductivity « has to be positive, and is thus restricted to a particular case
in a vector space, we consider its logarithm as the primary quantity, which may
have any value. We assume that it has finite variance and thus choose for maximum
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entropy a Gaussian distribution. Hence the conductivity is initially log-normally
distributed. Such kind of assumption is known as a priori information/distribution:

K(x) := exp(q(x)), ¢q(x) ~ N(0,07). (8)

In order to solve the stochastic forward problem we assume that ¢ (x) has covariance
function of the exponential type Cov, (x, y) = aqz exp(—|x —y|/ ) with prescribed
covariance length /..

In order to make sure that the numerical methods will work well, we strive to have
similar overall properties of the stochastic system Eq. (7) as in the deterministic case
(for fixed w). For this to hold, it is necessary that the operator implicitly described by
Eq. (7) is continuous and continuously invertible, i.e. we require that both « (x, w)
and 1/x(x, w) are essentially bounded (have finite Lo, norm) [2,34,37,44]:

k(x,w) >0 ae., |«|lrwooxe) <00, [1/k|Le@xa) < 00. 9

Two remarks are in order here: one is that for a heterogeneous medium each
realisation x(x,®) should be modelled as a tensor field. This would entail a bit
more cumbersome notation and not help to explain the procedure any better. Hence
for the sake of simplicity we stay with the unrealistically simple model of a scalar
conductivity field. The strong form given in Eq.(7) is not a good starting point
for the Galerkin approach. Thus, as in the purely deterministic case, a variational
formulation is needed, leading—via the Lax-Milgram lemma—to a well-posed
problem. Hence, we search for u € % := U ® S such that for all v € % holds:

a(v.u) := E@(@)(v(-, ), u(-, 0))) = E(((w),v(, w))) = {£.v).  (10)

Here E (b) := E (b(w)) = fﬂ b(w) P(dw) is the expected value of the random
variable (RV) b. The double bracket ((-, -)) # is interpreted as duality pairing between
% and its dual space % *.

The bi-linear form a in Eq. (10) is defined using the usual deterministic bi-linear
(though parameter-dependent) form:

a(w)(v,u) ;= /ng(x) - (k(x,w)Vu(x)) dx, 1D

forallu,v € U := H'(G) = {u € H'(G) |u = 0on dG}. The linear form ¢
in Eq.(10) is similarly defined through its deterministic but parameter-dependent
counterpart:

(L(w),v) = /gv(x)f(x,a)) dx, Vvel, (12)

where f has to be chosen such that £(w) is continuous on I/ and the linear form £
is continuous on %, the Hilbert space tensor product of I/ and S.

Let us remark that—Iloosely speaking—the stochastic weak formulation is just
the expected value of its deterministic counterpart, formulated on the Hilbert tensor



36 M. Espig et al.

product space U ® S, i.e. the space of U-valued RVs with finite variance, which is
isomorphic to L,(€2, P;Uf). In this way the stochastic problem can have the same
theoretical properties as the underlying deterministic one, which is highly desirable
for any further numerical approximation.

2.1 Spatial Discretisation

Let us discretise the spatial part of Eq.(10) by a standard finite element method.
However, any other type of discretisation technique may be used with the same
success. Since we deal with Galerkin methods in the stochastic space, assuming this
also in the spatial domain gives the more compact representation of the problem. Let
us take a finite element ansatz Uy := {@,(x) },11\’:1 C U [7,46,51] as a corresponding
subspace, such that the solution may be approximated by:

N
u(x.0) = Yy (@)gn (x). (13)

n=1

where the coefficients {u,(w)} are now RVs in . Inserting the ansatz Eq. (13) back
into Eq. (10) and applying the spatial Galerkin conditions [34,37], we arrive at:

A(o)u(@)] = f (o), (14)

where the parameter dependent symmetric and uniformly positive definite matrix
A (w) is defined similarly to a usual finite element stiffness matrix as (4 (w))m., 1=
a(®)(¢m, pn) with the bi-linear form a(w) given by Eq. (11). Furthermore, the right
hand side (r.h.s.) is determined by (f (w))n := ({(w), ¢,») where the linear form
{(w) is given in Eq.(12), while u(w) = [u1(w),...,uy(w)]” is introduced as a
vector of random coefficients as in Eq. (13).

The Eq. (14) represents a linear equation with random r.h.s. and random matrix.
It is a semi-discretisation of some sort since it involves the variable w and is still
computationally intractable, as in general we need infinitely many coordinates to
parametrise €2.

2.2 Stochastic Discretisation

The semi-discretised Eq. (14) is approximated such that the stochastic input data
A(w) and f (w) are described with the help of RVs of some known type. Namely,
we employ a stochastic Galerkin (SG) method to do the stochastic discretisation
of Eq.(14) [1-3,14,17,22,28,36,37,43, 44,48, 49]. Basic convergence of such an
approximation may be established via Céa’s lemma [34,37].

In order to express the unknown coefficients (RVs) u,(w) in Eq.(13), let us
choose as the ansatz functions multivariate Hermite polynomials { H, (0 (®))}ee s
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in Gaussian RVs, also known under the name Wiener’s polynomial chaos expansion
(PCE) [17,27,34,36,37]

,(0) = Y urHo(8()),  or  w(0) =) uH,(0(). (I35

aeJ a€J

where u® := [u,...,u%]”. At this point we may forget the original probability
space (£2,P) and only work with (®, I") with a Gaussian measure, all RVs from
now on to be considered as functionsof § = (6;,...,60,,...) € Oinsteadof w € Q.

The Cameron-Martin theorem assures us that the algebra of Gaussian variables
is dense in L,(€2). Here the index set J is taken as a finite subset of N(()N) , the set
of all finite non-negative integer sequences, i.e. multi-indices. Although the set 7 is
finite with cardinality | 7| = R and NE)N) is countable, there is no natural order on
it; and hence we do not impose one at this point.

Inserting the ansatz Eq.(15) into Eq.(14) and applying the Bubnov-Galerkin
projection onto the finite dimensional subspace Uy ® S, one requires that the
weighted residuals vanish:

VB e T E(f(6)—A)u®)]Hs(6)) =0. (16)

With fg = IE(f(G)Hﬂ(O)) and Agy 1= IE(H,g(0)A(0)Ha(0)), Eq. (16) reads:

VB e J: Z Apau® = fp. (17)

a€J

which further represents a linear, symmetric and positive definite system of equa-
tions of size N x R. The system is well-posed in a sense of Hadamard since the
Lax-Milgram lemma applies on the subspace Uy ® S.

To expose the structure of and compute the terms in Eq.(17), the parametric
matrix in Eq. (14) is expanded in the Karhunen-Loeve expansion (KLE) [16, 18, 35,
37] as

A0) =) A;£(0) (18)
j=0

with scalar RVs &;. Together with Eq. (10), it is not too hard to see that A ; can be
defined by the bilinear form

a;(v,u) = /ng(x) - (K gj (x)Vu(x)) dx, (19)

and (A;)m.n := a;(¢m, ¢n) With k; g; (x) being the coefficient of the KL expansion
of k(x,w):

k(X 0) = Ko(x) + Y _ 18 () (6),

J=1
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where
é(é) - | (K(' C()) Ko g) IL g)— _/ (K()( C())_Kt)(X))g'(.X)dx
] K] b ’ ./ 2( ) KJ ) _] *

Now these A ; can be computed as “usual “finite element stiffness matrices with
the “material properties “k;g;(x). It is worth noting that A, is just the usual
deterministic or mean stiffness matrix, obtained with the mean diffusion coefficient
Ko(x) as parameter.

Knowing the polynomial chaos expansion of k(x,w) = ), K@O(x)Hy(9),
where coefficients «®)(x) can be evaluated as multidimensional integrals over the
measure space ® with standard Gaussian measure:

1
K(x) = — / k(x,0)H,(0)P(d9), (20)
o Jo
compute the polynomial chaos expansion of the §; as

£1(0) = &Y Ha(0),

aeJ

where

w _ |1 o
g;, U / @ (x)g; (x)dx.
ki Jg

Later on we, using the PCE coefficients k@ (x) as well as eigenfunctions g; (x),
compute the following tensor approximation

£ ~ > E ]G
k=1

=1

where (&); means the j-th component in the spatial space and (& x)«, the o-th
component in the stochastic space.

The parametric r.h.s. in Eq. (14) has an analogous expansion to Eq. (18), which
may be either derived directly from the RY-valued RV f (w)—effectively a finite
dimensional KLE—or from the continuous KLE of the random linear form in
Eq. (12). In either case

f@)=> Vi) f,. 1)
i=0

where the A; are the eigenvalues [23,24,33], and, as in Eq. (18), only a finite number
of terms are needed. For sparse representation of KLE see [23,24]. The components
in Eq. (17) may now be expressed as f5 = Y_; /A, f§ f; with f§ 1= E (Hpys).
Let us point out that the random variables describing the input to the problem are
{&,} and {¢; } (see examples of distribution functions in Fig. 1).
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Fig. 1 Shifted lognormal distribution with parameters {yt = 0.5, 0> = 1.0} (on the left) and Beta
distribution with parameters {4, 2} (on the right)

Introducing the expansion Eq. (18) into Eq. (17) we obtain:

o

VB Y Y AL At = fy (22)
j=0aeg
where Agu =E (Hﬂé I Ha). Denoting the elements of the tensor product space

RV ®®ﬁ4=1 RRu, where R, is the dimension of the space where &, is approximated,
in an upright bold font, as for example u, and similarly linear operators on that space,
as for example A, we may further rewrite Eq.(22) in terms of a tensor products
[34,37]:

= (Laoa ) (Teee)- (Do)t
j=0

aeJ a€J

where e” denotes the canonical basis in ®ﬁ/[=1 RR:. With the help of Eq.(21) and
the relations directly following it, the r.h.s. in Eq. (23) may be rewritten as

f=Y Y Vafifiee =) Vifi®g, (24)
a€J i=0 i=0

where g; 1= ) ¢ 7 fle®. Later on, splitting g; further (this result will be published
soon), obtain

R ~ M
f~Y fi ® X gin. (25)
k=1 pn=1

The similar splitting work, but in application in another context was done in [5,
10-13]. Now the tensor product structure is exhibited also for the fully discrete
counterpart to Eq. (10), and not only for the solution u and r.h.s. f, but also for the
operator or matrix A.

The operator A in Eq. (23) inherits the properties of the operator in Eq. (10) in the
sense of symmetry and positive definiteness [34,37]. The symmetry may be verified
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directly from Eq.(17), while the positive definiteness follows from the Galerkin
projection and the uniform convergence in Eq. (23) on the finite dimensional space
R&V*N) ®®ﬁ4=1 R&>Rw) Tn order to make the procedure computationally feasible,
of course the infinite sum in Eq. (18) has to be truncated at a finite value, say at M .
The choice of M is now part of the stochastic discretisation and not an assumption.

Due to the uniform convergence alluded to above the sum can be extended far
enough such that the operators A in Eq. (23) are uniformly positive definite with
respect to the discretisation parameters [34,37]. This is in some way analogous to
the use of numerical integration in the usual FEM [7,46,51].
The Eq.(23) is solved by iterative methods in the low-rank canonical tensor
format in [38]. The corresponding matlab code is implemented in [50]. Additional
interesting result in [38] is the research of different strategies for the tensor-rank
truncation after each iteration. Other works devoted to the research of properties of
the system matrix in Eq. (26), developing of Kronecker product preconditioning and
to the iterative methods to solve system in Eq. (26) are in [8,9,47].

Applying further splitting to A/ (this result will be published soon), the fully
discrete forward problem may finally be announced as

s M r M R M
Au= (YA 0@An | uieoQui|=3 fi®@ g =1
=1 n=1 j=1 n=1 k=1 n=1

y ~ (26)
where A; € RVN Ay, € RERe y; € RV, uj, € R, f, € RY and gi, €
RRx. The similar splitting work, but in application in another context was done in
[5,10-13].

2.3 Quadrature Rules and Sparse Integration Grids

Sparse grids are usually used together with collocation method [39] or for com-
puting PCE coefficents of random fields « (x, w), f(x,®) and u(x, w) (the last are
used, for instance, for building the response surface of the solution [29,30]). Since
the number of deterministic code simulations in a stochastic PDE framework can
be very large (e.g., collocation, MC, quasi-MC methods) the very efficient sparse
grid methods are extremely important. With the usage of sparse grids the number of
expansive simulations can be drastically reduced [29, 30].
The integral in Eq. (20) is of the following type

lI/(x):E(llf(x,w)):/@lll(xﬁ)l“(df)). 27)

Such an integral may numerically be approximated by a weighted sum of samples
of the integrand

A A
W)~ Wy =) w¥(x.0)=> w0, (28)

z=1 z=1
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where evaluation points are 8, € ©, and w, are the weights. The textbook approach
to an integral like Eq. (28) would be to take a good one-dimensional quadrature rule,
and to iterate it in every dimension; this is the full tensor product approach.

Assume that we use one-dimensional Gauss-Hermite-formulas Q; with k € N
integration points 6 ;; and weights w;x, j = 1,...,k. As is well-known,
they integrate polynomials of degree less than 2k exactly, and yield an error of
order O(k~?"=V) for r-times continuously differentiable integrands, hence takes
smoothness into full account.

If we take a tensor product of these rules by iterating them M times, we have

M
W, = 0N W)= (0 ® - ® 00W) =) 0(¥)
j=1

k k
= Z Z le,k"'WjM’klI/Z(ojl’k,...,0jM’k).
n=t ju=l1

This “full” tensor quadrature evaluates the integrand on a regular mesh of
Z = kM points, and the approximation-error has order O(Z~*~D/M) Due to
the exponential growth of the number of evaluation points and hence the effort with
increasing dimension, the application of full tensor quadrature is impractical for
high stochastic dimensions, this has been termed the “curse of dimensions” [40].

Sparse grid, hyperbolic cross, or Smolyak quadrature [45] can be applied in much
higher dimensions—for some recent work see e.g. [15,39-42] and the references
therein. A software package is available at [25,26].

Like full tensor quadrature, a Smolyak quadrature formula is constructed from
tensor products of one-dimensional quadrature formulas, but it combines quadrature
formulas of high order in only some dimensions with formulas of lower order in the
other dimensions. For a multi-index n € N™ the Smolyak quadrature formula is

M
Vy=SYw):= Y (=pfrehl (|];|__lk) & 0, ).
j=1

k<|n|<k+M—1

For a fixed k the number of evaluations grows significantly slower in the number
of dimensions than for full quadrature. The price is a larger error: full quadrature
integrates monomials 87 = 6/ --- 6" exactly if their partial degree max; 7; does
not exceed 2k — 1. Smolyak formulas S ]?4 integrate multivariate polynomials exactly
only if their total polynomial degree |n| is at most 2k — 1. But still the error is
only O(Z~"(log Z)M~=DU+V) with Z = O ([2¥/(k!)] M*) evaluation points for
a r-times differentiable function [33]. This has been used up to several hundred
dimensions.

It may be seen that smoothness of the function is taken into account very
differently by the various integration methods, as this shows up in the asymptotic
error behaviour. The “roughest” is Monte Carlo, it only feels the variance, quasi
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Monte Carlo feels the function’s variation, and the Smolyak rules actually take
smoothness into account.

In [31,32,37] some numerical experiments are shown. The finding there is that
for low M normal quadrature is best. For higher to moderately high (several hun-
dred) M, sparse or Smolyak quadrature [15,25,26,42,45] is advisable. For very high
dimensions, we come into the region where first Quasi Monte Carlo [4], and then
finally for extremely high dimension Monte Carlo methods should be most effective.

3 The Canonical Tensor Format

Let7 := ®Z:1 R"* be the tensor space constructed from (R"#, (, )gm.) (d > 3).
From a mathematical point of view, a tensor representation U is a multilinear
map from a parameter space P onto 7, i.e. U : P — 7. The parameter space
P = XVD=1P\, (d < D) is the Cartesian product of tensor spaces P,, where
in general the order of every P, is (much) smaller then d. Further, P, depends
on some representation rank parameter r, € IN. A standard example of a tensor
representation is the canonical tensor format.

Definition 1 (r-Terms, Tensor Rank, Canonical Tensor Format, Elementary
Tensor, Representation System). The set R, of tensors which can be represented
in 7 with r-terms is defined as

r

d
Re(T):=Ry =Y Rvip €T vy eR™ ¢ (29)

i=1p=1
Letv € 7. The tensor rank of v in T is

rank(v) ;= min{r e Np : v € R, }. (30)
The canonical tensor format in T for variable r is defined by the mapping

Uep : X4 R — R, (31)

r d
V=il <i<r l<pu<d)w U,®) :=Z®vm.

i=1p=1

We call the sum of elementary tensors v= > ;_, ®Z: Viu € R, atensor represented
in the canonical tensor format with r terms, where an elementary tensor is of the
form ®Z=1 vy ERI, v E V). Tl.le system of vectors (v, : 1 <i <r, 1 <p <d)
is a representation system of v with representation rank r.

Note that the representation rank refers to the representation system (v;, : 1 <
i <r 1< pu <d),notto the represented tensor. In our applications we work
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only with tensors represented in a tensor format. A tensor u € R, C 7 with
]_[fi:l n, entities is represented on a computer system with a representation system
= (”iu eRm:1<i<r1<pu< d) and the use of Uy, i.e. u = U,,(i1). The
memory requirement for the representation system i is only r ZZ=1 n,. Later we
will see that the efficient data representation in tensor formats has several benefits
for the data analysis in high dimensions. For the data analysis we need operations
described in Lemma 1.

Lemma 1. Letri,r € N, u € R, andv € R,,. We have

. d .
(i) (wv)yr = Yo 2% nu=1(”11w"jzu)wu~ The computational cost of

(u,v) 7 is O (rlrz Zu=l nu).

(i) u+veR, 4r.

(iii) u®v € R, where © denotes the point wise Hadamard product. Further, u®v
can be computed in the canonical tensor format with rir; ZZ:I n, arithmetic
operations.

Proof. (i) and (ii) are trivial. For (iii), let u = Z;‘ll=l ®Z=l uj, and v =
> =t ® 1 Vjou- We have

" 2 1 n
uQv = 2 : 2 : ®”/1M o ®V/zu E , 2 :® Ujip Ony, iju]
h=1j=1| p=I1 J1=1jp=1p=1

where ©,, denotes the Hadamard product in R"#. Obviously, we need

d . . .
rira Y. =11 Operations to determine a representation system of u © v.

Later we will use operations like the Hadamard product and the addition of tensors
in the canonical format in iterative procedures. From Lemma 1 it follows that the
numerical cost grows only linear respect to the order d and the representation rank
of the resulting tensors will increase. The last fact makes our iterative process
not feasible. Therefore, we need an approximation method which approximates a
given tensor represented in the canonical format with lower rank tensors up to a
given accuracy.

Definition 2 (Approximation Problem). For given v € Ry and ¢ > 0 we are look-
ing for minimal r, < R and X* € XZZIRZ"XIE such that:

@ v =Uep )| = elvl,
@G v — Ucp(fc*)|| = dist (v, R,,) = mm;eX R [v — Uep(X)|, where
X e x = R"#**" is bounded.

The solution of this problem was already discussed in [10, 12, 13]. In the following
we will denote a solution of the approximation problem from Definition 2 with

App (V).
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Note I. Letv € Ry, e > 0 and U.,(%*) a solution of the approximation problem
as analysed in [10, 12, 13]. During the article, U.,(X*) is denote by

App, (v) 1= Uep(X7). (32)

4 Analysis of High Dimensional Data

In the following section let Z = xﬁleM, where Z, = {i e N:1<1i < n,}.
For the analysis of tensor structured data in high dimensions, the focus of attention
is a problem depended recursively defined sequence (u)ken., represented in the
canonical tensor format, i.e. we have amap @p : 7 — 7 such that

up = Pp(ur—1), (33)

where ug € R,, is given. The map @p is constructed with the help of addition,
scalar and pointwise Hadamard multiplications of tensors represented in the
canonical tensor format. According to Lemma 1, the representation rank of u; from
Eq. (33) will increase. Therefore, we have to compute lower representation ranks
approximations and continue the iterative process. This results in the following
general inexact iteration scheme:

2 = Pp(ug—1), (34)
u 1= Appg, (2k).

Where the convergence of such inexact iterations is analysed in [21].

4.1 Computation of the Maximum Norm and Corresponding
Index

We describe a approach for computing the maximum norm of u = Z;=1 ®i=1
Uj, € Rr,

luloo = _ max s = _ max jz_:]_[(um),»u, (35)

and the corresponding multi-index. Since the cardinality of 7 grows exponential
with d, #7 = ]_[fi:l n,, the known methods are already inefficient for small values
of n, and d. To build an efficient algorithm we use the special tensor structure of
u and show that computing ||u||s is equivalent to a very simple tensor structured
eigenvalue problem. Let i * := (i{",...,i}) € T be the index with
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d
sk
litlloo = || = Z]‘[ i), | ande®) = Q) eiz.
n=l1

j=1lpu=1

where eix € R"# the i : -th canonical vector in R"* (u € IN<y4). Then for the

pointwise Hadamard product of u © ) have

rd
ot [T Qui | 0 ®e, =Y Quu e

j=1p=1 J=1p=1
r d d
=Y @[] = | X Tems | Qo
j=1pu=1 j=1lpu=1 n=l1
Upx =
from which follows
u®et) = yxe, (36)

Equation (36) is an eigenvalue problem. By defining the following diagonal matrix

r

d
D) = (X)diag ((u;u)1,) — (37)
=1 =1 =
with representation rank r, obtain D(u)v = u @ vforallv € 7:

Corollary 1. Let u, i* and D(u) are defined as described above. Then elements of
u are the eigenvalues of D(u) and all eigenvectors e are of the following form:

d
e =Qe,. (38)
n=l1

where i = (i1,...,ig) € 1 is the index of u;. Therefore |u| oo is the largest
eigenvalue of D(u) with the corresponding eigenvector e,

There are different methods for the computation of the largest eigenvalue and
corresponding eigenvector [19]. In this example, we simple use the power iteration
to solve the eigenvalue problem. Since the tensor rank of z; grows up monotonically,
the power method described in Algorithm 4 is modified accordingly to Eq. (34).
Accordingly to [20] there are

0

(dlogmaX{n1,.-~, (39)

&

nd}—loge)
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Algorithm 4 Computing the maximum norm of # € R, by vector iteration
1: Choose yy := ®d L1 ., where 1, = (1,..., DT € R"™, kypax € NN, and take & :=

w=1 n, =p
1x1077.
2: fork =1,2,..., kpax do
3:
Gk = uQ yi—1, A = Vi—1. 9k} =% = q/VA{qk- qx).
Vi = App,(zk)-
4. end for

iteration steps necessary to compute the maximum norm of u up to the relative error
¢ € R.¢. To guaranty convergence one takes the initial guess yg as

ni ng d 1 d 1 n d 1
y°:=Z'“Z®—%=® _Zelu =®_lu' (40)
L= ly=1p=1 M u=1 M =1 u=l1 M

We recall that the presented method is only an approximate method to compute
[ulloo and e In general the vector iteration is not appropriate for solving
eigenvalue problems. A possible improvementis the inverse vector iteration method,
which is applied on a spectrum shift of u. Therefore is computing of the pointwise
inverse necessary. Many other well-known methods require orthogonalisation,
which seems for sums of elementary tensors not practicable.

4.2 Computation of the Characteristic

The key object of the following approaches is a tensor which we call characteristic
ofue7inl CR.

Definition 3 (Characteristic, Sign). The characteristic x;(u) € 7 of u € T in
I C R is for every multi-index i € 7 pointwise defined as

1, u €l;
RN 41
CHCTES P (4D
Furthermore, the sign(u) € 7 is for all i € 7 pointwise defined by
1, uj > O;
(sign(u)); :== 1 —1, u; <0; 42)

O, ui = 0.
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Similar to the computation of the maximum norm, the computational cost of
standard methods grows exponential with d, since we have to visit ]_[ﬁ=1 ny
entries of u. If u is represented in the canonical tensor format with r terms, i.e.
u = Z;=1 ®Z=l uj,, there is a possibility to compute the characteristic y (1)
since there are methods to compute the sign(u).
Lemma?2. Letu € 7,a,b e R, andl = ®Z=llw where 1, := 1,....1) e
R~

(i) If I = Ry, then we have yj(u) = %(]l + sign(b1 — u)).

(ii) If I = Ry, then we have y;(u) = %(]l —sign(al — u)).
(iii) If I = (a,b), then we have y;(u) = %(sign(b]l —u) — sign(al — u)).
Proof. Leti € I. () Ifu; < b = 0 < b —u; = sign(b —u;) =1 = 3(1 +
sign(b—u;))) =1=(y;);.- fu, >b=>b—u <0=sign(b—u;)=-1=
5(1+sign(b —u;)) = 0 = (x7(w));-
(i1) Analog to (i). (iii) Follows from (i) and (ii).

In the following part we analyse bounds for the representation rank of the charac-
teristic yy(u).

Definition 4 (Cartesian Index Set, Cartesian Covering). Let M C 7 be a subset
of multi-indices. We call M a Cartesian index set if there exist M,, C I, such that
M = Xi=1M[l.' We call a set ccov(M) = {U C Z : U is Cartesian} a Cartesian
covering of M if

M = UUeccov (M)U

where the symbol U stands for disjoint union.
Note that for every set M C 7 there exist a Cartesian covering.

Lemma3. Let I C R, ue 7, and M := supp yr(u). We have
rank(y (u)) < min{m, m, + 1}, (43)

where m; = min{#C; € IN : Cy is a Cartesian covering of M} and m, =
min{#C, € IN : C; is a Cartesian covering of M€ := T\ M}.

Proof. Let {M; = xilel,M : 1 <1 < my} a Cartesian covering of M and
{N; = XZ=1N’~,# : 1 <1 < my} aCartesian covering of M¢. We have

H=Y®a -3 - ¥ Qa

IEM p=1 I=1i1€EM; ig€EM; g n=1

d
= ® Z e, | = rank(y;(u)) < my,

I=1 p=1 | ieM,
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where e, € RR"~ is the i,-th canonical vector in IR"*. Further, we have

d my d
1=1-3 Qe =1-3 3 - 3 Qe

ieMe p=1 I=111€N; ig€Nj g =1

d
® Z ei, | = rank(y;(u)) <my+ 1.

I=1 p=1 | i €N,

Il
=
|

The most widely used and analysed method for computing the sign function sign(A4)
of a matrix A is the Newton iteration,

1
X1 = E(Xk + X7, Xo=A. (44)

The connection of the iteration with the sign function is not immediately obvious.
The iteration can be derived by applying the Newton’s method to the equation
X2=1. It is also well known that the convergence of the Newton iteration is
quadratically, i.e. we have

. |- .
1 i1 = sign(A)]| = 511X, Xk — sign(A)]1*.

The Newton iteration is one of the seldom circumstances in numerical analysis
where the explicit computation of the inverse is required. One way to try to remove
the inverse in Eq. (44) is to approximate it by one step of the Newton’s method for
the inverse, which has the form Y;4+; = Y;(2I — BY}) for computing B~!. This
leads to the Newton-Schulz iteration adapted to our tensor setting

Uft1 = %“k OBl —u Ou), up:=u. (45)
It is known that the Newton-Schulz iteration retains the quadratic convergence of
the Newton’s method. However, it is only locally convergent, with convergence
guaranteed for |1 — up © upl| < 1 in some suitable norm. According to Eq. (34)
the inexact Newton-Schulz iteration in tensor formats is described by Algorithm 5,
where the computation of the pointwise inverse is described in Sect. 4.4.

4.3 Computation of Level Sets, Frequency, Mean Value,
and Variance

For the computation of cumulative distribution functions it is important to compute
level sets of a given tensor u € 7.

Definition 5 (Level Set, Frequency). Let / C R and u € 7. The level set
L1(u) € T of urespectto [ is point wise defined by
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Algorithm 5 Computing sign(u), u € R, (Hybrid Newton-Schulz Iteration)
1: Choose up :=uand ¢ € Ry.
2: while |1 —uz—; © uz—i || < ellull do
30 Af |1 — wg—1 © ug—1 || < ||lu|| then

4 2% i= Jug—1 © BL —wp—y O up—y)
5 else

6: = S(u—1 +uily)

7 end if

8 U 1= Q'lppsk (Zk)

9: end while

@iy i= ) e (46)
forall i € Z. The frequency F;(u) € IN of u respect to [ is defined as
Fir(u) := #supp 1 (u), (47)
where y;(u) is the characteristic of u in 7, see Definition 3.
Proposition 1. Let I C R, u € 7, and y(u) its characteristic. We have
L) = y1(u) Ou (48)

and rank(L (n)) < rank(x(w))rank(u). Furthermore, the frequency Fi(u) € IN of
u respect to I can by computed by

-7:1(”’) = (Xl(u)s ]l) ’ (4‘9)

where 1 = ®Z:1 Iw iu =(,....,D)T e R,

Proposition 2. Letu = }_, ®Z=1 Uju € Ry, then the mean value u can be
computed as a scalar product

c((E8e) (i) £8 £ 111 ()

j=1p=1 u=l1 j=1pu=1 j=1u=1 e \k=i

) (50)
where 1, == (1,..., l)T € R"™. According to Lemma 1, the numerical cost is

d
(@) (r Zu 1”#)
Proposition 3. Letu € R, and
d 1 r+1 d
it @ = S @i <R s
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then the variance var(u) of u can be computed as follows

1 r+1 d r+1 d
var() = —g—— (i) = ——— (| 2 @i | .| 2 Qi
u=1"pu 1_[# 1M i=1p=1 j=lv=1
r+l1r+1 d
—ZZH ”w’”m
i=1j=1lpu= 1

According to Lemma 1, the numerical cost is O ((r + 1) ZZ:l nﬂ).

4.4 Computation of the Pointwise Inverse

Computing the pointwise inverse ™! is of interest, e.g. by improved computation of
the maximum norm and by iterative computations of sign(u) or /u. Let us further
assume that #; # O for all i € Z. The mapping @ : 7 — 7T from Eq.(34) is
defined as follows:

x> 0(x),~1:=x0Q2L—u® x). (52)
This recursion is motivated through application of the Newton method on the
function f(x) := u — x~!, see [21]. After defining the error by e, := 1 —u © xi,

we obtain

k
ep =1 —uxy =1 —uxp—y (L+ ex—1) = ey —uxg—jex—1 = (1 — uxg_y) e—1 = €}
and (x )rew converges quadratically for |leo|| < 1. Then for e have

u! — Xp = u_lek = (u_l —xk_l) u (u_1 —xk_l) =u (u_l — xk_l)z.

The abstract method explained in Eq. (34) is for the pointwise inverse of u specified
by Algorithm 6.

5 Complexity Analysis

All discussed methods can be viewed as an inexact iteration procedure as mentioned
in Eq.(34). For given initial guess and ®p : 7 — 7 we have a recursive
procedure defined in the following Algorithm 7. According to Lemma 1 and the
problem depended definition of @p the numerical cost of a function evaluation
Zk = Dp(ux—y) is cheap if the tensor uyx_; is represented in the canonical tensor
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Algorithm 6 Computing u™!, u € R,,u; # Oforalli € T
1: Choose uy € 7 such that |1 —u © up|| < [lull and ¢ € R.

2: while |1 —u © ug—1|| < &||lul| do

3:

% = up—1 O QL —u © up—y),
ue = App,, (2).

4: end while

Algorithm 7 Inexact recursive iteration

1: Choose uy € T and ¢ € R
2: while error(u;—;) < ¢ do
3:

% = Pp(wg—1),
we 1= App,, (2.

4: end while

format with moderate representation rank. The dominant part of the inexact iteration
method is the approximation procedure App,, (zk).

Remark I. The complexity of the method RApp,, (zx) described in [10,12] is

re d
O( Z my - |:r-(r +rank(zg)) - d?> +d -3 + - (r 4+ rank(zx) + d) - Z n,{|) (53)

r=rg— n=1

and for the method described in [13] we have

Fe d
o > s |d-r 41+ rank@) - Yy (54)
r=rk—1 n=1

where ry—; = rank(u;—;) and m, is the number of iterations in the regularised
Newton method [10, 12] and m, is the number of iterations in the accelerated
gradient method [13] for the rank-r approximation.

6 Numerical Experiments

The following numerical experiments were performed on usual 2-year-old PC. The
multi-dimensional problem to be solved is defined in Eq. (7). The computational
domain is 2D L-shape domain with N = 557 degrees of freedom (see Fig.2).
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Fig. 2 Mean (on the left) and standard deviation (on the right) of k (x, ) (lognormal random field
with parameters £ = 0.5and 0 = 1)
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Fig. 3 Mean (on the left) and standard deviation (on the right) of f(x,w) (beta distribution with
parameters & = 4, B = 2 and Gaussian cov. function)

The number of KLE terms for ¢ in Eq. (8) is [z = 10, the stochastic dimension is
my = 10 and the maximal order of Hermite polynomials is p;y = 2. We took the
shifted lognormal distribution for « (x, w) (see Eq. (8)), i.e., log(k(x,w) — 1.1) has
normal distribution with parameters {;1 = 0.5, 6> = 1.0}. The isotropic covariance
function is of the Gaussian type with covariance lengths £, = £, = 0.3. The mean
value and the standard deviation of x (x, ) are shown in Fig. 2.

For the right-hand side we took [y = 10, my = 10 and py = 2 as well as Beta
distribution with parameters {4, 2} for random variables. The covariance function is
also of the Gaussian type with covariance lengths £, = £, = 0.6. The mean value
and the standard deviation of « (x, w) are shown in Fig. 3.

The Dirichlet boundary conditions in Eq. (7) were chosen as deterministic. Thus
the total stochastic dimension of the solution u is m, = my +m; = 20, i.e. the multi-

index o will consist of m,, = 20 indices (¢ = (a1, ..., ®m,)). The cardinality of the
set of multi-indices 7 is | 7| = %If"‘!)!, where p, = 2. The solution tensor
231 21 20
=Y @ T @R
j=lu=1 n=1

with representation rank 231 was computed with the use of the stochastic Galerkin
library [50]. The number 21 is a sum of the deterministic dimension 1 and the
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Fig. 4 Mean (on the /eft) and standard deviation (on the right) of the solution u

Table 1 Computation of sign(b||u|| oo 1 —u), where u is represented in the canonical tensor format
with canonical rank 231, d = 21, n; = 557, and p = 2. The computing time to get any row is
around 10 min. Note that the tensor u has 32 % 557 = 1,942, 138, 911, 357 entries.

b rank (sign(b||ul| oo 1 — u)) MaX | <k <y TANK (L) Kmax Error

0.2 12 24 12 2.9%x 1078
0.4 12 20 20 1.9x 10~7
0.6 8 16 12 1.6 x 1077
0.8 8 15 8 1.2x 1077

stochastic dimension 20. The number 557 is the number of degrees of freedom in the
computational domain. In the stochastic space we used polynomials of the maximal
order 2 from 20 random variables and thus the solution belongs to the tensor space
R ® ®i0=1 R3. The mean value and the standard deviation of the solution u(x, @)
are shown in Fig. 4.

Further we computed the maximal entry |u|c of u respect to the absolute
value as described in Algorithm 4. The algorithm computed after 20 iterations
the maximum norm ||u|« effectually. The maximal representation rank of the
intermediate iterants (uk)io=l was 143, where we set the approximation error
e = 1.0 x 107° and (uk)io= . C Riuss is the sequence of tensors generated by
Algorithm 4. Finally, we computed sign(b ||u|co1 — u) for b € {0.2, 0.4, 0.6, 0.8}.
The results of the computation are documented in Table 1. The representation ranks
of sign(b||ul|ec — u) are given in the second column. In this numerical example,
the ranks are smaller then 13. The iteration from Algorithm 5 determined after
kmax steps the sign of (b||u|lcol — u), where the maximal representation rank of
the iterants uy from Algorithm 5 is documented in the third column. The error
11— ug,,, O k. |l/I1(6|lullocl —u)| is given in the last column.

7 Conclusion

In this work we used sums of elementary tensors for the data analysis of solutions
from stochastic elliptic boundary value problems. Particularly we explained how
the new methods compute the maximum, minimum norms (Sect.4.1), sign and
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characteristic functions (Sect. 4.2), level sets (Sect. 4.3), mean, variance (Sect.4.3),
and pointwise inverse (Sect.4.4). In the numerical example we considered a
stochastic boundary value problem in the L-shape domain with stochastic dimension
20. Table 1 illustrates computation of quantiles of the solution (via sign function).
Here the computation showed that the computational ranks are of moderate size. The
computing time to get any row of Table 1 is around 10 min. To be able to perform
the offered algorithms the solution u# must already be approximated in a efficient
tensor format. In this article we computed the stochastic solution in a sparse data
format and then approximated it in the canonical tensors format. In a upcoming
paper which will be submitted soon we compute the stochastic solution direct in the
canonical tensor format and no transformation step is necessary.
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Sparse Grids in a Nutshell

Jochen Garcke

Abstract The technique of sparse grids allows to overcome the curse of dimension-
ality, which prevents the use of classical numerical discretization schemes in more
than three or four dimensions, under suitable regularity assumptions. The approach
is obtained from a multi-scale basis by a tensor product construction and subsequent
truncation of the resulting multiresolution series expansion. This entry level article
gives an introduction to sparse grids and the sparse grid combination technique.

1 Introduction

The sparse grid method is a special discretization technique, which allows to cope
with the curse of dimensionality of grid based approaches to some extent. It is based
on a hierarchical basis [13, 42, 43], a representation of a discrete function space
which is equivalent to the conventional nodal basis, and a sparse tensor product
construction.

The sparse grid method was originally developed for the solution of partial
differential equations [5,22,45]. Besides working directly in the hierarchical basis a
sparse grid representation of a function can also be computed using the combination
technique [25], here a certain sequence of partial functions represented in the
conventional nodal basis is linearly combined. The sparse grid method in both its
formulations is nowadays successfully used in many applications.

The underlying idea of sparse grids can be traced back to the Russian mathe-
matician Smolyak [37], who used it for numerical integration. The concept is also
closely related to hyperbolic crosses [2,38-40], boolean methods [11, 12], discrete
blending methods [4] and splitting extrapolation methods [31].
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For the representation of a function f defined over a d-dimensional domain the
sparse grid approach employs O(h;,! -log(h;l)d_l) grid points in the discretization
process, where /i, := 27" denotes the mesh size and n is the discretization level. It
can be shown that the order of approximation to describe a function f, under certain
smoothness conditions, is O(h? - log(h;l)d_l). This is in contrast to conventional
grid methods, which need (’)(hn_d) for an accuracy of O(h?). Therefore, to achieve
a similar approximation quality sparse grids need much less points in higher
dimensions than regular full grids. The curse of dimensionality of full grid method
arises for sparse grids to a much smaller extent and they can be used for higher
dimensional problems.

For ease of presentation we will consider the domain 2 = [0,1] in the
following. This situation can be achieved for bounded rectangular domains by a
proper rescaling.

2 Sparse Grids

We introduce some notation while describing the conventional case of a piecewise
linear finite element basis. Let [ = (/1,...,l;) € N? denote a multi-index. We
define the anisotropic grid £2; on §2 with mesh size h; := (hy,,..., h;,) = 271 :=
(2_’ 1., 27l ); £2; has different, but equidistant mesh sizes /;, in each coordinate
directiont,t = 1,...,d. This way the grid §2; consists of the points

XLL' = (x;l,jl,...,xu,jd), @))

with x;, j, == Jj, - h;, = Ji - 27! and jr =0,.. ., 2l For a grid £2; we define an
associated space V; of piecewise d -linear functions'

Vii=span{gy, | i =0.....2" 1 =1,....d} =span{g; |0 < j <28, (2

which is spanned by the usual basis of d-dimensional piecewise d-linear hat

functions
d

o1 () = [ [ o (x0)- 3)

t=1

The one-dimensional functions ¢; ; (x) with support [x; ; —hy, x;; + ] N[0, 1] =
[(j = Dhy, (j + DAy] N[0, 1] are defined by:

l«“<” refers to the element-wise relation for multi-indices: k < [ :< V,k, < [,. Furthermore,

<
< [implies V,a < ,.

a
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Fig. 1 Nodal and hierarchical basis of level n = 3. (a) Nodal basis for V3. (b) Hierarchical basis
for V3

Fig. 2 Basis function ¢; ; on grid §2; ;

I—|x/hi = jl. x€l(j = Dhi.(j + Dh] N[0, 1],

@j(x) = .
! 0, otherwise.

In Fig. 1a we give an example for the one-dimensional case and show all ¢; ; € V3.
Figure 2 shows a two-dimensional basis function.
2.1 Hierarchical Subspace-Splitting

Till now and in the following the multi-index / € N¢ denotes the level, i.e. the
discretization resolution, be it of a grid £2;, a space V}, or a function f;, whereas
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the multi-index j € N¢ gives the spatial position of a grid point x; ; or the
corresponding basis function ¢; ; (-). a
We now define a hierarchical difference space W, via

W=V, \ Ve, 5)

where ¢, is the 7-th unit vector. In other words, W, consists of all ¢ ; € V} (using
the hierarchical basis) which are not included in any of the spaces V} smaller? than
V}. To complete the definition, we formally set V; := 0, if /, = —1 for at least one
t € {l,...,d}. As can easily be seen from (2) and (5), the definition of the index
set

ji=1,....2" =1, jodd,t=1,...,d,ifl, >0,
B i=1jenN|” ’ ’ ©6)
- Ji =0,1, t=1,...,d,ifl;, =0
leads to
W, = span{gy;|j € By}. (7)

These hierarchical difference spaces now allow us the definition of a multilevel
subspace decomposition. We can write V,, := V, as a direct sum of subspaces

Vo=@ - Pw= D m ®)

h=0 13=0 [Hloo=n

Here, |l|co := maxi<;<q l; and |[|; := Z;l=1 I; are the discrete £o.- and the discrete
£,-norm of [, respectively.
The family of functions
{o1;17 €Bil—o ©9)

is just the hierarchical basis [13, 42, 43] of V,,, which generalizes the one-
dimensional hierarchical basis [13], see Fig. 1b, to the d-dimensional case with
a tensor product ansatz. Observe that the supports of the basis functions ¢; ; (x),
which span W}, are disjunct for [ > 0. See Fig. 3 for a representation of the supports
of the basis functions of the difference spaces W}, ;, forming V3.

Now, each function f € V,, can be represented as

f@= > Y we;@= > fix), wihfieW. (10)

[l|oo<n L'EBL [l]oo<n

2We call a discrete space V) smaller than a space V; if V;k, <[, and 3t : k, < ;. In the same way
a grid £2; is smaller than a grid £2;.
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Fig. 3 Supports of the basis

functions of the hierarchical >< /\ M /\/\/\/\
subspaces W, of the space V3.
The sparse grid space V5
contains the upper triangle of

spaces shown in black
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where «; ; € IR are the coefficients of the representation in the hierarchical tensor
product basis and f; denotes the hierarchical component functions. The number of
basis functions which describe a f € V,, in nodal or hierarchical basis is (2" + 1)¢.
For example a resolution of 17 points in each dimensions, i.e. n = 4, for a ten-
dimensional problem therefore needs 2 - 10'? coefficients, we encounter the curse of
dimensionality.

Furthermore, we can define

v im i @i

k=<n

which by a completion with respect to the H!-norm, is simply the underlying

gl
Sobolev space H', i.e. v’ = H !. Any function f € V can be uniquely
decomposed as [8]

f@) =Y fix). with f; € W,

leNd
Note also, that for the spaces V; the following decomposition holds
Iy

V= @---éwkz@%

k1=0 kq=0 k=<l
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Fig. 4 Interpolation of a
parabola with the hierarchical
basis of level n = 3

G310 a1 P33 D O35  Pog $3,7

2.2 Properties of the Hierarchical Subspaces

Now consider the d-linear interpolation of a function f € V by a f, € V,, ie.a
representation as in (10). First we look at the linear interpolation in one dimension,
for the hierarchical coefficients «; ;, [ > 1, j odd, holds

Sy —h)+ f(xa; +hy)
2

S VR ACINERY

;= flu,) - 5

=f(x;)

Fi=1-12) + F(Xi=1+1)2)

= fCu) - .

This and Fig. 4 illustrate why the o ; are also called hierarchical surplus, they
specify what has to be added to the hierarchical representation from level / — 1 to
obtain the one of level /. We can rewrite this in the following operator form

1 1
|- 1 _Z
o [ 2 2:|l,j f

and with that we generalize to the d -dimensional hierarchization operator as follows

P = : ! 1 ! 11
o = E[_5 —EL f (an

Note that the coefficients for the basis functions associated to the boundary are just
Qo,j = f(X(),j), j =0,1.

Now let us define the so-called Sobolev-space with dominating mixed derivative
H,f”.x in which we then will show approximation properties of the hierarchical basis.

First we consider mixed derivatives and define

olkh olkh £

DEf = =
oxk 8fo‘ "'8x§"
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With that we define the norm as

LG = >

0<k<s

2

=Y |pEs

2 0<k=<s

a\kh
P

and the space H,;, in the usual way:

HS. = {f:[?—ﬂR)”f”%{;m <O°}'

mix

Obviously it holds H,;,. C H*. Furthermore we define the semi-norm | f|,2 :=
1£1,2 by
oIkl

o/ =P,

2

e, =

Note that the continuous function spaces H,, ., like the discrete spaces V}, have a
tensor product structure [24,28,29,41] and can be represented as a tensor product
of one dimensional spaces:

H =H ® --@H.

We now look at the properties of the hierarchical representation of a function f,
especially at the size of the hierarchical surpluses. We recite the following proofs
from [5-8], see these references for more details on the following and results in other
norms like || - ||eo OF || - || . For ease of presentation we assume f € H&mix (2),ie.
zero boundary values, and / > 0 to avoid the special treatment of level 0, i.e. the
boundary functions in the hierarchical representation.

Lemma 1. For any piecewise d-linear basis function ¢; ; holds

2\ /2
lerjllz = (5) plh/2,

Proof. Follows by straightforward calculation.

Lemma 2. For any hierarchical coefficient oy of f € H()Z,mix () in (10) it holds

2

Ton
oy =[5 [ ous D200 (12)
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Proof. In one dimension partial integration provides

2 x;j+h 2
/ o) - 8 g / o1, (0 - L g
2 X

ox? p—y ox?

O ) T B () 3 ()
= o100 - S
/ G} G} ad
X dx—ny x1,j—h X X
X1, 1 9 X1 +h 1 9
:_/’ —-f(x)dx+/j LERVACIN
xpj—hi ]’ll ox X1 ]’ll ox

= hil (f(xz,j —hy)=2f(x )+ fx; + h,))

2
= —— ;.
hy Ly

The d-dimensional result is achieved via the tensor product formulation (11).

Lemma 3. Let f € H& () be in hierarchical representation as above, it holds

mix

1 —(3/2)-IL
o ;| < =7 -2 G/201 )ﬂw(w) .
Proof.
d h[ 2 d 2_lt 2
o1 = [T-5- /Q o - D2 @dx| < [T 5 lewlle - | D21 hummior |
t=1 t=1

) dj/2 "
N =G/,
=2 (3) 2 ! ‘f|supp(wi) H2,

Lemma 4. For the components f; € W of f € H&mix () from (10) holds

I fills <370 27210 | ] (13)

Proof. Since the supports of all ¢, ; of /1 are mutually disjoint we can write

2

2 2 2
LA = | D ey -eni| =D lewy - llgr s 13-

j € j €
J€Br , J€BL

With Lemmas 3 and 1 it now follows
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d
2 (Z) ol
mix 3

|
||fL||% = Z 60 AR ‘f|supp(<ﬂl)

J€B;

H2

1 —4:|1 2
< g 2T,

which completes the proof.

2.3 Sparse Grids

Motivated by the relation (13) of the “importance” of the hierarchical components
Ji Zenger [45] introduced the so-called sparse grids, where hierarchical basis
functions with a small support, and therefore a small contribution to the function
representation, are not included in the discrete space of level n anymore.

Formally we define the sparse grid function space V, C V,, as

V= w. (14)

[Lli<n

We replace in the definition (8) of V,, in terms of hierarchical subspaces the condition
|lloo < n with |I|; < n. In Fig.3 the employed subspaces W, are given in black,
whereas in grey are given the difference spaces W, which are omitted in comparison
to (8). Every f € V¥ can now be represented, analogue to (10), as

L= Y @)=Y fil), withfeW. (15

[Ll1<n jeB; Il1<n

The resulting grid which corresponds to the approximation space V,’ is called sparse
grid. Examples in two and three dimensions are given in Fig. 5.

Note that sparse grids were introduced in [22,45], and are often used in this form,
with a slightly different selection of hierarchical spaces using the definition

Vi, = @ w. L>o. (16)
|1l <n+d—1

This definition is especially useful when no degrees of freedom exist on the
boundary, e.g. for the numerical treatment of partial differential equations with
Dirichlet boundary conditions. Using V, the finest mesh size which comes from
the level of refinement # in the sparse grid corresponds to the full grid case again
when only interior points are considered.

The following results hold for both definitions V' and V{,. The proofs are
somewhat easier without basis functions on the boundary, therefore we only
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Fig. 5 Two-dimensional sparse grid (/eft) and three-dimensional sparse grid (right) of leveln = 5

consider this case here, full results can be found in the given literature, e.g. [5-8, 30].
Furthermore, in the following we use the sparse grid space Vj,, this allows us to
have the same smallest mesh size 4" inside the sparse grid of level n as in the
corresponding full grid of level n and more closely follows the referenced original
publications.

First we look at the approximation properties of sparse grids. For the proof we
follow [8] and estimate the error for the approximation of a function f € Hg, . .
which can be represented as Z, /1, 1i.e. an infinite sum of partial functions from the
hierarchical subspaces, by f;, € Vg, which can be written as a corresponding finite
sum. The difference thereforeis

f_-faiilzzf},_ Z fl,: Z fL
1A

[Il1<n+d—1 [Ll1>n+d—1

For any norm now holds

(R = . /1 (17)

Ll >n+d—1

We need the following technical lemma to estimate the interpolation error

Lemma 5. Fors € N it holds

00 .
o +n+d-—-1
2 27s|[|1 —psn, 27S‘d E :275-1 . l
i=0 d-1

[Ll1>n+d—1

nd*l

—sn  H—sd d—2
<) z(a?m+o@ 0,

Proof. First we use that there are (:;'1) possibilities to represent i as a sum of d
natural numbers
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o

dooawlhi= Y a3

[1li>n+d—1 i=n+d [Zh=i

) .
=2 2—“‘-<l_l)
i=n+d d-1
l+n+d—1
— s, 2—sd 2—&1. )

We now represent the sum as the (d — 1)-derivative of a function and get
i ; [i+n+d—1

x .
, d—1

- ) (@=1 - d—1
_ X in+n+d—l - ka1 L -
-1\~ d—1! T—x

=0

T . (d—1—k)
X d—1 ntd—1\ ) 1
T @1 kg;( k ) () (l—x)

il (n+d-1) di—x d—=1—=k) 1 d—1—k+1
mx ' (d —1)! .(1—x)

k
! d—1 d-1-k ]
()T

With x = 277 it follows

B ()£

i=0

The summand for k = d — 1 is the largest one and it holds

(n+d-1! nd=1 d—2
2 @ =Dl _2'((d—1)!+0(” ))

which finishes the proof.

Theorem 1. For the interpolation error of a function f € HO2

mix i the sparse grid
space Vg, holds

L = £ 12 = Ohy log(h, ) ™h). (18)
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Proof. Using Lemmas 4 and 5 we get

Wf=Flla<s Do il =37 2720 £

|1y >n+d—1 i
—d A n'! d—2
<327 f e ((d o + O(n ))

which gives the desired relation.

Note that corresponding results hold in the maximum-norm as well:

1L/ = filloo = O (hy log(,)*™")

for f € H&m ;. and that for the energy norm one achieves O(/,), here the order is
the same as in the full grid case [8].

We see that the approximation properties in the L,-norm for functions from
Ho%mix when using sparse grids are somewhat worse in comparison to full grids,
which achieve O(h2). But this is offset by the much smaller number of grid points
needed, as we will see when we now look at the size of the sparse grid space.

Lemma 6. The dimension of the sparse grid space Ic}ofn, i.e. the number of inner
grid points, is given by

V| = 0 (" - 10g ') (19)

Proof. We again follow [8] and use in the first part the definition (16) and the size
of a hierarchical subspace |W;| = 2!=1It The following steps use similar arguments
as in the preceding Lemma 5.

n+d—1
-] @ wi- x> oAy yy
Ll <n+d—1 L1 <n+d—1 i=d Ly =i
= d—1] d—1 |

We now represent the summand as the (d — 1)-derivative of a function evaluated at
x=2

(1)

1 n—1 (- 1) 1 1 —x" d-1)
— Z(xz+d 1) x4,
d—-1! & T d-1) 1—x
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d—1 (d—1—k)
B 1 d—1 d—1 _ _ntd—1\® 1
_u—mgxﬁ:)@ SE A o

~ =l (g d—1)! e (d—1—k)! 1\ 41k
k) @—1-it " '(d—n!'(1_x)

M

k=0
=l (g n+d-—1) ntdi—k  (d—=1—=k)! 1 \94-1mk+
g%(k') nrd—1—kn " '(d—n!'(1_x)
g - ) X )dlk 1
o\ K I—x 1—x
e

d— X Nd—-1—=k ]
1—x) 1—x

We observe that the first sum is constant in 7z and therefore not relevant for the order,
but note that for x = 2 that sum falls down to (—1)¢ anyway and get

d—1
(DT +2" ) (n +Z : 1) L(=2)

k=0

k=0

The summand for k = d — 1 is again the largest one and it holds

. (n+d-1D! nd=1 d—
2'(d—UM!_2'(w—4ﬂ+Om ))

which gives a total order of O(2" - nd_l) or in other notation, with s, = 27", of
O(h, " -log(h, )" ).

This is far less than the size of the corresponding full grid space |Ic},,|
O(h;4) = O@29") and allows the treatment of higher dimensional problems
while still achieving good accuracy.

Note that a practical realisation of sparse grids involves suitable data structures
and special algorithms, e.g. for efficient matrix-vector multiplications in Galerkin
methods for the numerical solution of partial differential equations. Further details
and references can be found for example in [14,34,44].> Also note that sparse grid
functions do not possess some properties which full grid functions have, e.g. a sparse
grid function need not be monotone [32, 34].

3Note that for the purpose of interpolation a sparse grid toolbox for Matlab is available at http://
www.ians.uni-stuttgart.de/spinterp/.
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The sparse grid structure introduced so far defines an a priori selection of
grid points that is optimal if certain smoothness conditions are met, i.e. if the
function has bounded second mixed derivatives, and no further knowledge of the
function is known or used. If the aim is to approximate functions which do not
fulfil this smoothness condition, or to represent functions that show significantly
differing characteristics, e.g. very steep regions beyond flat ones, spatially adaptive
refinement may be used as well. Depending on the characteristics of the problem
and function at hand adaptive refinement strategies decide which points, and
corresponding basis functions, should be incrementally added to the sparse grid
representation to increase the accuracy.

In the sparse grid setting, usually an error indicator coming directly from
the hierarchical basis is employed [14, 23, 34, 35]: depending on the size of the
hierarchical surplus «; ; it is decided whether a basis function should be marked for
further improvement or not. This is based on two observations: First, the hierarchical
surplus gives the absolute change in the discrete representation at point x; ; due to
the addition of the corresponding basis function ¢; ;, it measures its contribution
in a given sparse grid representation (15) in the maximum-norm. And second, a
hierarchical surplus represents discrete second derivatives according to (12) and
hence can be interpreted as a measure of the smoothness of the considered function
at point x;, ;. Further details on spatially adaptive sparse grids, their realisation and
the state of the art can be found in [14, 34, 35].

2.4 Hierarchy Using Constant Functions

An alternative hierarchical representation of a function in V,, is based on a slightly
different hierarchy, which starts at level —1 with the constant. To be precise, we
define the one-dimensional basis functions @; ; (x) by

Y10 =1,
ao,o ‘= ¢o,1,
al,j = for [ >1,

with ¢ ; defined as in (4). Obviously it holds ¢y = ®—1,0—®o,0. The d-dimensional
basis functions are constructed as a tensor product as before

d
@) = [ [ @ (x0). (20)

t=1
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Fig. 6 Supports of the basis functions of the hierarchical subspac
The sparse grid space V5 contains the upper triangle of spaces
includes also W4 —; and W _, 4, which are not shown

We introduce index sets B; analogue to (6)

je=1,....2"—1, j,oddt=

—_—

El

B :i={,jeN

—_—

j[:O9 =

El

es W, and WL of the space V3.
shown in black, the space V'

...,d,ifl, >0,
...,d,ifl, € {0,—1}

Now we can define slightly modified hierarchical difference spaces Wl, analogue to

(7) by

W, = span{g;.j € B},

see Fig. 6. "
It is easy to see that W; = W, holds for/ > 0. We

2y

now can define a full grid

space V', by using the newly defined modified hierarchical subspaces
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P w=6e w. (22)
= loo=

Again it holds V,, = V,, for n > 0. _
A corresponding definition of a sparse grid space V' using

Vi=EPw, (23)

Ll <n

on the other hand does not give the original sparse grid space V,*. But if we exclude
a few spaces it holds

~

vi=Vi\ @ W, forn=o. (24)

[]1=n and
Jl,=—1

see Fig. 6. "
As before, every f € V' can now be represented, analogue to (15), as

S =Y > o)=Y filx) withf e Wi (25)

Ll1<n L'EEL [Ll1<n
The key observation is now that the partial functions f; with 3/, = —1 are lower-
dimensional functions: they are constant in those dimensions ¢ where [, = —1; f;

possesses no degree of freedom in these dimensions. Such a function representation
for f(x) can therefore be formally written in the ANalysis Of VAriance (ANOVA)
form, which is well known from statistics,

f@=fu+ Y fitet Y it Y S (20)

[Zl1<n and [Z]1<n and [Z]1<n and
il =—1}=d—1 |l =—1}=1 H{l |l =—1}1=0

with f; € Wl, . The ANOVA order, the number of relevant non-constant dimensions,
of the component functions f; grows from 0 on the left to d on the right.

At this stage this is just a formal play with the representation, but it becomes quite
relevant when one can build such a representation for a given function in an adaptive
fashion, i.e. one chooses which component functions up to which ANOVA order are
used for a reasonable approximation of some f. If the ANOVA order can be limited
to ¢ with ¢ < d, the complexity estimates do not depend on the dimension d but on
the ANOVA order ¢, allowing the treatment of even higher dimensional problems. An
ANOVA-based dimension adaptive refinement algorithm in the hierarchical sparse
grid basis is presented and evaluated in [14].
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3 Sparse Grid Combination Technique

The so-called combination technique [25], which is based on multi-variate extrap-
olation [10], is another method to achieve a function representation on a sparse
grid. The function is discretized on a certain sequence of grids using a nodal
discretization. A linear combination of these partial functions then gives the sparse
grid representation. This approach can have numerical advantages over working
directly in the hierarchical basis, where e.g. the stiffness matrix is not sparse
and efficient computations of the matrix-vector-product are challenging in the
implementation [1, 3,6, 14, 34,44]. There are close connections of the combination
technique to boolean [11, 12] and discrete blending methods [4], as well as the
splitting extrapolation-method [31].

In particular, we discretize a function f on a certain sequence of anisotropic grids
These grids possess in general different mesh sizes for the different coordinate
directions. To be precise, we consider all grids £2; with

)y =L+...4lg=n—q, ¢q=0,..d—-1, [,>0. 27)

The grids employed by the combination technique of level 4 in two dimensions are
shown in Fig. 7.

Note that in the original [25] and other papers, a slightly different definition was
used:

Wii=lL+...4lij=n+d—-1)—q q=0,..d—1, [ >0.

This is again in view of situations where no degrees of freedom are needed on
the boundary, e.g. for Dirichlet boundary conditions, see (16) and the remarks
afterwards.

A finite element approach with piecewise d-linear functions ¢; ; (x) on each grid
£2; now gives the representation in the nodal basis a

24 2la

S =)0 ) e,

=0 j4=0

Finally, we linearly combine the discrete partial functions f;(x) from the different
grids £2; according to the combination formula

d—1
fi@) =) (1) (d ; 1) > ). (28)
q=0

[Lli=n—q

The resulting function £, lives in the sparse grid space V', where the combined
interpolant is identical with the hierarchical sparse grid interpolant f,° [25]. This
can be seen by rewriting each f; in their hierarchical representation (10) and some
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Fig. 7 Combination technique with level n = 4 in two dimensions

straightforward calculation using the telescope sum property, i.e. the hierarchical
functions get added and subtracted.

Lemma 7. For a given function f the interpolant f using the combination
technique (28) is the hierarchical sparse grid interpolant f,’ from (15).

Proof. We write it exemplary in the two dimensional case, using f/1+/2 € Wi
instead of all the basis functions of W}, ;, for ease of presentation:

fnC: Z Jun — Z Jih

lh+h=n L +lh=n—1
=22 2 Sae= D D ) aw
h<nki<h ka<n—I hi<n—1ki<ly kp<n—I—1
= 2 Yhwt 20 3| X S X fuk
ki1<li=n k=0 Lh<n—1ki<ly \ka<n—I; ky<n—I1—1
=2 X faet 2 X ) faw
ki1<li=n ky=n—I; Li<n—1k <ly kp=n—1I;

=2 2 X fua

L <nky=n—I| ki<n—k,

:Z Z f;ﬂ,kzz Z f;ﬂ,kz

ko<n ki<n—k, ki1+ka<n

This last expression is exactly (15).
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Alternatively, one can view the combination technique as an approximation of a
projection into the underlying sparse grid space. The combination technique is then
an exact projection into the sparse grid space if and only if the partial projections
commute, i.e. the commutator [Py,, Py,| := Py, Py, — Py, Py, is zero for all pairs
of involved grids [27].

Note that the solution obtained with the combination technique f for the
numerical treatment of partial differential equations, i.e. when the solutions on the
partial grids are combined according to the combination formula (28), is in general
not the sparse grid solution f,’. However, the approximation property is of the same
order as long as a certain series expansion of the error exists [25]. Its existence was
shown for model-problems in [9].

Lemma 8. Assume that the exact solution f is sufficiently smooth and that the
pointwise error expansion

d
f_ﬁ:Z Z Cjlo, jm(hjl""’hjm)'hJRI.”“h?m’ (29)

with bounded cj, . ;. (hj., ... h;,) <k, holds for| < n. Then

|f = £l = O (hy -log(hy ™). (30)

Proof. Let us again consider the two dimensional case and consider the pointwise
error of the combined solution f — £ following [25]. We have

f=r=r- Z S+ Z Stz

l+h=n L+lh=n—1

YU —fu— Y (= fun)

L+lh=n Lh+lh=n—1

Plugging in the error expansion (29) leads to
f=rf= Z (Cl(hll) : h121 + ca(hy,) - h122 + cra(hy . hiy) - hlzlhlzz)
L+lh=n

— Y (er(hy) by + ealhny) - hi, + cra(huy hyy) - B BT
[1 +[2=Vl—l

=) + et + D ol hy)

h+h=n

—4 Z cra(hy, hyy) | - 12

h+h=n—1
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And using ¢; < k we get the estimate (30)

\f =S <2 hi+ | DY cialhy hy) =4 > cialhy. )| - by

11+12=n [1+[2=n—l
<2- hz% + Z |cl,2(h11s hlz)l ' hi +4 Z ICI,Z(hll 7h12)| : h)21
11+lz=n 11+lz=n—l

<2k-h, +k-nhy +4k(n— ),
=k -h2(5n—2) = k- B2 (5log(h;") —2)
=0 (h’21 -log(hn_l)) .

Observe that cancellation occurs for /#;; with /; # n and the accumulated hlz1

h? -terms result in the log(/, ')-term. The approximation order O(h? - log(h; 1)) is
2
just as in Theorem 1. See [25,33,36] for results in higher dimensions.

Similar to (26) one can consider an ANOVA representation in the form of a
combination technique, which in general terms is a function representation for f(x)
of the type

fx) = > Cto Sireeda Kjis o2 X)) (€3]

where each fjl,...,jq (CT ,qu) depends only on a subset of size g of the
dimensions and may have different refinement levels for each dimension. Again, one
especially assumes here that ¢ < d, so that the computational complexity depends
on the so-called superposition (or effective) dimension g. The hierarchy here again
starts with a level —1 of constant functions and we note again that if one builds the
tensor product between a constant in one dimension and a (d — 1)-linear function
the resulting d -dimensional function is still (¢ — 1)-linear, one gains no additional
degrees of freedom. But formally introducing a level —1, and using this as coarsest
level, will allow us to write a combined function in the ANOVA-style (31), in other
words each partial function might only depend on a subset of all dimensions. The
size of each grid £2; is now of order O2¢(|L|; + (d — q)), where ¢ = #{/;|[; > 0}.

An advantage of such a viewpoint arises if one can select which grids to employ
and does not use the grid sequence (27). In such a so-called dimension adaptive
procedure one considers an index set | which only needs to fulfil the following
admissibility condition [21,26]

kelandj <k = jel (32)

in other words an index k can only belong to the index set | if all smaller grids j
belong to it. The combination coefficients for a dimension adaptive combination
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technique, which are related to the “inclusion/exclusion” principle from
combinatorics, depend only on the index set [20, 26, 27]:

1
[@ =YY D Ak + o) | ) (33)

kel \z=0
where y' is the characteristic function of | defined by

| 1 ifkel
x (k) =

0 otherwise.

Further details on dimension adaptive algorithms and suitable refinement strate-
gies for the sparse combination technique can be found in [17,19,21].

3.1 Optimised Combination Technique

As mentioned, the combination technique only gives the same order if the above
error expansion exists. In some cases even divergence of the combination technique
can be observed [15, 16,27]. But an optimised combination technique [27] can be
used instead to achieve good approximations with a combination technique and
especially to avoid the potential divergence. Here the combination coefficients are
not fixed, but depend on the underlying problem and the function to be represented.
Optimised combination coefficients are in particular relevant for dimension adaptive
approaches [17,19].

For ease of presentation we assume a suitable numbering of the involved
spaces from (28) for now. To compute the optimal combination coefficients ¢; one
minimises the functional

2

B =Y en s

i=1

J(cr,....om) =

)

where one uses a suitable scalar product and a corresponding orthogonal projection
P stemming from the problem under consideration. By P;f we denote the
projection into the sparse grid space V,’, by P; f the projection into one of the spaces
from (28).

By simple expansion one gets

J(ci, ... cm) = Z Cicj<Pifanf)_ZZCi“Pif”2+ 2S£

ij=1 i=1
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While this functional depends on the unknown quantity P; f, the location of
the minimum of J does not. By differentiating with respect to the combination
coefficients ¢; and setting each of these derivatives to zero we see that minimising
this expression corresponds to finding ¢; which have to satisfy

[P fI* - (P f P f)][ 1 | Py fI?
(PafoPrf) «AP2f. Pu f) || 2 _ 1P f 12
(meaPIf> ”me”2 Cm ”me”2

The solution of this small system creates little overhead. However, in general to
compute the scalar product (P; f, P; /) of the two projections into the discrete
spaces V; and V; one needs to embed both spaces into the joint space Vg, with
k; = max(i,, j;), into which the partial solutions P, f = f;,l = i, j have to be
interpolated. One easily observes that Vj is of size O(h},?) in the worst case, as
opposed to O(h; ') for the V;,I = i, j; an increase in computational complexity
thus results, but does not depend on d. In specific situations the computational
complexity can be smaller though [16].

Using these optimal coefficients ¢; the combination formula for a sparse grid of
level n is now just

d—1
L@ =Y Y afitx). (34)

q=0|l]y=n—q

Finally note that one also can interpret the optimised combination technique as
a Galerkin formulation which uses the partial solutions as ansatz functions. That
way one can formulate an optimised combination technique for problems where the
projection arguments do not hold and are replaced by Galerkin conditions, which
for example is the case for eigenvalue problems [18].
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1 Introduction

After the breakdown of the Bretton Woods system of fixed exchange rates in 1973,
the forecasting of exchange rates became more and more important. Nowadays the
amounts traded in the foreign exchange market are over three trillion US dollars
every day. With the emergence of the Euro in 1999 as a second world currency
which rivals the US dollar [29], the forecasting of FX rates got more necessary
but also more complicated. Besides incorporating basic economic and financial
news, reports by market analysts, and opinions expressed in financial journals, many
investors and traders employ in their decision process (besides their guts feelings)
technical tools to analyze the transaction data. These data consist of huge amounts
of quoted exchange rates, where each new transaction generates a so-called fick,
often many within a second.

Several academic studies have evaluated the profitability of trading strategies
based on daily or weekly data. However, such investigations of trading in the
foreign exchange market have not been consistent with the practice of technical
analysis [24, 27]. Technical traders transact at a high frequency and aim to finish
the trading day with a net open position of zero. In surveys of participants in the
foreign exchange market, 90 % of respondents use technical analysis in intraday
trading [25,32], whereas 25-30 % of all traders base most of their trades on technical
signals [4]. Evidence was presented in [28] that so-called support and resistance
levels, i.e. points at which an exchange rate trend is likely to be suspended or
reversed, indeed help to predict intraday trend interruptions. On the other hand,
the authors of [5] examined filter rules supplied by technical analysts and did not
find evidence for profit. Nevertheless, the existence of profit-making rules might be
explained from a statistical perspective by the more complex, nonlinear dynamics
of foreign exchange rates as observed in [18]. In [6] two computational learning
strategies, reinforcement learning and genetic programming, were compared to two
simpler methods, a Markov decision problem and a simple heuristic. These methods
were able to generate profits in intraday trading when transaction costs were zero,
although none produced significant profits for realistic values. In [27], with the
use of a genetic program and an optimized linear forecasting model with realistic
transaction costs, no evidence of excess returns was found, but some remarkable
stable patterns in the data were nevertheless discovered. In [37] multiple foreign
exchange rates were used simultaneously in connection with neural networks.
There, better performance was observed using multiple exchange rates than in a
separate analysis of each single exchange rate.

In this paper we tackle the problem of forecasting intraday exchange rates by
transforming it into a machine learning regression problem [9, 12, 15]. The idea
behind this approach is that the market will behave similarly in similar situations due
to the use of technical analysis by many market participants. In particular the trading
rules employed by traders result in a behaviour of the time series which does not
follow a pure Markovian process. The machine learning algorithm now attempts to
learn the impact of the trading rules just from the empirical behaviour of the market.
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To this end, the time series of transaction tick data is cast into a number of data
points in a D-dimensional feature space together with a label. The label represents
the difference between the exchange rates of the current time and a fixed time step
into the future. Therefore one obtains a regression problem. Here, the D features are
derived from a delay embedding of the data [26,31]. For example, approximations of
first or second derivatives at each time step of the exchange rate under consideration
can be used. Furthermore, we investigate especially the additional use of tick data
from further exchange rates to improve the quality of the prediction of one exchange
rate. Note that although the technical elements are present in this domain, the foreign
exchange market is still one of the most challenging forecasting domains.

Delay embedding is a powerful tool to analyze dynamical systems. Taken’s
theorem [31] gives the conditions under which a chaotic dynamical system can
be reconstructed from a sequence of observations. In essence, it states that if
the state space of the dynamical system is a k-dimensional manifold, then it can
be embedded in (2k + 1)-dimensional Euclidean space using the 2k + 1 delay
values f(¢), f(t — ©), f(t — 27),..., f(t — 2k7). Here, heuristic computational
methods, such as the Grassberger-Procaccia algorithm [16] can be used to estimate
the embedding dimension k.

In this work we apply our recent approach for data mining problems [11,12]. Itis
based on the regularization network formulation [15] and uses a grid, independent
of the data positions, with associated local ansatz functions to discretize the feature
space. This is similar to the numerical treatment of partial differential equations
with finite elements. To avoid the curse of dimensionality, at least to some extent,
a so-called sparse grid [3, 36] is used in the form of the combination technique
[17]. The approach is based on a hierarchical subspace splitting and a sparse tensor
product decomposition of the underlying function space. To this end, the regularized
regression problem is discretized and solved on a certain sequence of conventional
grids. The sparse grid solution is then obtained by a linear combination of the
solutions from the different grids. It turns out that this method scales only linearly
with the number of data points to be treated [12]. Thus, this approach is well suited
for machine learning applications where the dimension D of the feature space is
moderately high, but the amount of data is very large, which is the case in FX
forecasting. This is in contrast to support vector machines and related kernel based
techniques whose cost scale quadratically or even cubically with the number of data
points (but allow to deal with very high-dimensional feature spaces). We show in
this article that sparse grid regression can indeed be a useful tool for intraday foreign
exchange rate forecasting using real transaction tick data and we present realizable
and practical trading strategies. Thereby, we achieve prediction accuracies of almost
60 %, profits of up to 25 % of the maximum attainable profit and we measure average
revenues per transaction larger than typical transaction costs.

The remainder of this article is organized as follows: In Sect. 2 we describe how
we transform the problem of forecasting a foreign exchange rate into a data mining
problem via delay embedding and discuss the resulting regularized regression
problem. Section 3 gives the basics of the sparse grid combination technique, our
employed numerical algorithm. Then, in Sect.4, we give the results for our new
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approach using real historical exchange data of the Euro, the US dollar, the Japanese
Yen, the Swiss Franc and the British Pound from the years 2001 to 2005 and
compare its performance to a conventional strategy [2]. Here, we also comment
on tradeable strategies and transaction costs. Finally, Sect. 5 gives some concluding
remarks.

2 Exchange Rate Forecasting as a Data Mining Problem

We show how the historical intraday exchange rate data are given and discuss how
we can convert the FX forecast problem into a regularized least squares regression
problem in a high-dimensional space by delay embedding.

2.1 Input Data

Foreign exchange rate tick data consist of the bid and ask quotes of market
participants recorded by electronic transaction systems. Note that the tick data
are not the real transaction prices for this market, but only the quotes at which
market participants want to trade. This results in a small uncertainty in the data.
Nevertheless, exchange rate data is presented in this form by most financial news
agencies such as Reuters or Bloomberg, e.g. Such historical data are collected and
sold by these agencies and other data vendors. For example, the database of Olsen
Data has recorded in the year 2002 more than five million ticks for the EUR/USD
exchange rate—the most heavily traded currency pair—which gives about 20,000
ticks per business day. The bid and ask prices are typically converted to midpoint
prices: %(bid price + ask price). Note that the spread, that is the difference between
bid and ask prices, has to be included in the analysis of the performance at some
point in order to assess the expected trading efficiency of a forecasting tool.

In the following we assume that for each tick we have the date, time and one
exchange rate value, the midpoint. The raw data of each considered currency pair
therefore looks like

09.06.2002 09:18:54 0.95595
09.06.2002 09:18:55 0.95615
09.06.2002 09:18:58 0.95585
09.06.2002 09:18:59 0.95605
09.06.2002 09:19:11 0.95689.

Now the raw tick data are interpolated to equidistant points in time with a fixed
distance of 7. Data from the future cannot be used, therefore the value at the latest
raw tick is employed as the exchange rate at these points, i.e. piecewise constant
upwind interpolation is applied. If the latest raw tick is more than t in the past,
which means it is the one used for the interpolated tick at the position before, the
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exchange rate is set to nodata. Furthermore, for all currency pairs the same positions
in time are taken. Some data providers already offer such mapped data in addition
to the raw data. This way, given J data points from R currency pairs, the input data
for exchange rate forecasting has the form

{tj, frtj)yforj=1,...,Jandr =1,...,R.

Here, ¢; denotes the j-th point in time, f. denotes the exchange rate of the r-th
currency pair and ;1 = f; + 7. Note here that, for reasons of simplicity, we
furthermore assume that the nominal differences between the interest rates for the
currencies are constant and therefore do not need to be taken into account.

2.2 Delay Embedding into a Feature Space

Based on these interpolated historical input data consisting of J - R data points we
now want to predict the value or trend of the exchange rate of the first currency
pair fi. Given a point in time ¢#; we want to forecast the trend for fi at some time
ti + kt in the future, where k denotes the number of ticks considered. To this end,
we convert the given series of transaction information through to time ¢; into data
in a D-dimensional feature space, also called attribute space, which is supposed to
describe the market situation at time #;. The D-dimensional vector in feature space,
where D will be made precise in the following, is put together by delay embedding
the given tick data (see, for example, [7, 21, 23]). For each exchange rate f, we
consider a fixed number K of delayed values

Jr@p)s Jr(t) =), fr(t; = 20), .o, fr (1 = (K = 1)),

where K defines our time horizon [¢; —(K —1)7, ;] backward in time. The resulting
R - K delayed values could be directly used to give the D-dimensional feature space
with f1(¢) being the first coordinate, f(z — t) the second, and so on up to fr(z —
(K — 1)7) being the (R - K)-th coordinate.

Note that this is not the only way of delay embedding the data for time #;. Instead
of directly employing the exchange rates, (discrete) first derivatives f,/ () =
(fr@tj))—fr(tj—kt))/kt withk =1,..., K—1 can be used in our backward time
horizon yielding K —1 coordinates for each exchange rate and R(K —1) coordinates
in total. Normalized first derivatives

oo Se) = filty —kT)
Jralty) = ktfo(t; —kt)

can be considered as well, this takes the assumption into account that trading
strategies look for relative changes in the market and not absolute ones. Alterna-
tively, a combination of exchange rates, first derivatives, higher order derivatives
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or statistically derived values such as variances or frequencies can be employed
as attributes. Note that the actual use of a given feature at all time positions of our
backward time horizon of size K, e.g. all K values of the exchange rates or all K —1
values of the first derivative, is usually not necessary. A suitable selection from the
possible time positions of a given attribute in the time horizon [t; — (K — 1)1, ¢;],
or even only one, can be enough in many situations.

In any case, the number of features obtained by the delay embedding can easily
grow large. Therefore, the number K of delay values, that is the size of our backward
time horizon, and the total number of derived attributes D have to be chosen
properly from the large number of possible embedding strategies. A good choice of
such derived attributes and their parameters is non-trivial and has to be determined
by careful experiments and suitable assumptions on the behaviour of the market.

In general, the transformation into feature space, i.e. the space of the embedding,
for a given point in time 7; is an operator 7' : R®X — R”

x(t) =T (fi(t), ... ity = (K = D), folt;), ...,
...,fz(lj —(K—1)1’),...,fR(lj),...,fR(tj —(K—l)‘[))

with the feature vector x(7;) = (xi,...,xp) € RP, where the single features
x4,d = 1,..., D, are any of the derived values mentioned.

As the response variable in the machine learning process we employ the
normalized difference between the exchange rate fi at the current time ¢; and at

some time ¢; + k7 in the future, i.e.

St + k) - fi(t))
Ji(t)) ‘

y(t;) =

This will give a regression problem later on. If one is only interested in the trend, the
sign of y(¢;) can be used as the response variable which will result in a classification
problem.

This transformation of the transaction data into a D-dimensional feature vector
can be applied at J — (K — 1) — k different time points ¢; over the whole data
series, since at the beginning and end of the given time series data one has to allow
for the time frame of the delay embedding and prediction, respectively. Altogether,
the application of such an embedding transformation and the evaluation of the
associated forecast values over the whole time series results in a data set of the
form

S = {(x,. ym) € R x R}/ ZKDF, (1)

m=1
with X, = X(tm+xk—1) and y = y(lmtx—1)-

This dataset can now be used by any machine learning algorithm, such as neural
networks, multivariate adaptive regression splines or support vector machines, to
construct a function u : 2 C R” — IR which describes the relationship between
the features x, i.e. the market situation, and the response y, i.e. the trend. This
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relationship can then be evaluated at a future time ¢ by using the same operator
T to transform its corresponding transaction data into a D-dimensional feature
vector x which describes this new market situation. Since we assume that the
market behaves similarly in similar situations, the evaluation of the reconstructed
continuous function « in such a new market situation x is supposed to yield a good
prediction u(x).

2.3 Regularized Least Squares Regression

In the following we formulate the scattered data approximation problem in
D-dimensional space by means of a regularization network approach [8, 15]. As
stated above, we assume that the relation between x and y in the data set (1) can be
described by an unknown function u : 2 C R” — R which belongs to some space
V of functions defined over R”. The aim is now to recover the function u from the
given data S, of some size M, withe.g. M := J — (K —1) —k, as good as possible.
A simple least squares fit of the data would surely result in an ill-posed problem.
To obtain a well-posed, uniquely solvable problem, we use regularization theory
and impose additional smoothness constraints on the solution of the approximation
problem. In our approach this results in the variational problem

Zéi;tR(u)
with
1 M
Ry = 5 > (u(x,) = ym)* + A|Gul,. @
m=1

Here, the mean squared error enforces closeness of u to the data, the regularization
term defined by the operator G enforces the smoothness of «, and the regularization
parameter A balances these two terms. Other error measurements can also be
suitable. Further details can be found in [8, 12, 33]. Note that there is a close
relation to reproducing kernel Hilbert spaces and kernel methods where a kernel
is associated to the regularization operator G, see also [30, 35].

3 Sparse Grid Discretization

In order to compute a numerical solution of (2), we restrict the problem to a finite
dimensional subspace Viy C V of dimension dim Vy = N. Common data mining
methods such as radial basis approaches or support vector machines work with
global ansatz functions associated to data points which leads to N = M. These
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methods allow to deal with very high-dimensional feature spaces, but typically scale
at least quadratically or even cubically with the number of data points and, thus,
cannot be applied to the huge data sets prevalent in foreign exchange rate prediction.
Instead, we use grid based local basis functions, i.e. finite elements, in the feature
space, similarly to the numerical treatment of partial differential equations. With
such a basis {g,}'_, of the function space Vy we can approximately represent the
regressor u as

N
uy(x) = Zan(pn(l)- 3)
n=1
Note that the restriction to a suitably chosen finite-dimensional subspace involves
some additional regularization (regularization by discretization [20]) which depends
on the choice of Vy. In the following, we simply choose G = V as the smoothing
operator. Although this does not result in a well-posed problem in an infinite
dimensional function space its use is reasonable in the discrete function space
Vn,N < o0, see [12,13].
Now we plug (3) into (2). After differentiation with respect to the coefficients
o, the necessary condition for a minimum of R(uy) gives the linear system of
equations [12]

(AC + B-B")a = By. (4)
Here C is a square N x N matrix with entries C, v = M - (Vg,, Vo)1, for
n,n’ = 1,...,N, and B is a rectangular N x M matrix with entries B, ,, =
on(x,,),m =1,...,M,n = 1,...,N. The vector hd contains the response labels
Ym,m = 1,..., M. The unknown vector ¢ contains the degrees of freedom ¢, and

has length N. A solution of this linear system then gives the vector & which spans
the approximation uy (x) with (3).

3.1 Sparse Grid Combination Technique

Up to now we have not yet been specific what finite-dimensional subspace Vy and
what type of basis functions {¢, }fl\'zl we want to choose. If uniform grids were
used here, we would immediately encounter the curse of dimensionality and could
not treat higher dimensional problems. Instead we employ sparse grid subspaces as
introduced in [3,36] to discretize and solve the regularization problem (2), see also
[12]. This discretization approach is based on a sparse tensor product decomposition
of the underlying function space. In the following we describe the relevant basic
ideas, for details see [3,9, 12, 36].

To be precise, we apply sparse grids in form of the combination technique [17].
There, we discretize and solve the problem on a suitable sequence of small and
in general anisotropic grids §2; of level [ = (/i,...,Ip), which have different but
uniform mesh sizes iy = 27%,d = 1,..., D, in each coordinate direction. The
points of a given grid £2; are numbered using the multi-index i = (iy,...,ip) with
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iq €10,..., 2’!’} ford = 1,..., D.For ease of presentation, we assume the domain
2 = [0,1]” here and in the following, which can be always achieved by a proper
rescaling of the data.

A finite element approach with piecewise multilinear functions

D
$1i(x) =[] is(xa). ia=0.....2, (5)
d=1

on each grid §2;, where the one-dimensional basis functions ¢y, ;, (x4) are the so-
called hat functions

1 - I]:]—‘; _id|v Xd (S [(ld - 1)hlda (ld + 1)hld]

Buyiq (Xa) =
ot , otherwise,
results in the discrete function space V; := span{¢;;,iz = O,... 2l d =
1,...,D} on grid £2;. A function u; € V] is then represented as
2l 2/p
wx) =Yy ... Y anigri(x).
i1=0  ip=0

Each multilinear function ¢;; (x) equals one at the grid point i and is zero at all
other points of grid £2;. Its support, i.e. the domain where the function is non-zero,
. D . .
is ®,_[(ta — Dhy,, (Ga + Dhy,).

To obtain a solution in the sparse grid space V;' of level L the combination
technique considers all grids £2; with

Li+...4lp=L+[D-1)—q. ¢=0.....D—1, [,>0, (6

see also Fig. 1 for an example in two dimensions. One gets an associated system of
linear equations (4) for each of the involved grids £2;, which we currently solve by
a diagonally preconditioned conjugate gradient algorithm.

The combination technique [17] now linearly combines the resulting discrete
solutions u; (x) from the grids £2; according to the formula

D—1 D—_1
U (x) = Z(—l)q( , ) > ). (7
q=0

Lli=L+(D—-D—q

The resulting function u lives in the sparse grid space V; which has dimension
N = dimV} = O(h;'(og(h7")P~1), see [3]. It therefore depends on the
dimension D to a much smaller degree than a function on the corresponding uniform

approximation of a function u by a sparse grid function u§ € V} the error relation
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Q4 Q35 Q3 Q14

up= Y, wn— Y,

1l +lh=L+1 l1+h=L

Fig. 1 Grids employed by the combination technique of level L = 4 in two dimensions

lu— ui ||z, = O(h7 log(hyH)P™h)

holds, provided that u fulfills certain smoothness requirements which involve
bounded second mixed derivatives [3]. The combination technique can be further
generalized [9, 19] to allow problem dependent coefficients.

Note that we never explicitly assemble the function u{ but instead keep the
solutions u; which arise in the combination technique (6).

If we now want to evaluate the solution at a newly given data point X by

¥ = u (%),

we just form the combination of the associated point values u;(X) according to (7).
The cost of such an evaluation is of the order O(LP™1).

4 Numerical Results

We now present results for the prediction of intraday foreign exchange rates with our
sparse grid combination technique. Our aim is to forecast the EUR/USD exchange
rate. First, we use just the EUR/USD exchange rate time series as input and employ
a delay embedding of this single time series. Here we compare the performance
with that of a traditional trading strategy using only EUR/USD information. We then
also take the other exchange rates into account and show the corresponding results.
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Table 1 Total and missing number of ticks, number of gaps, and maximum and average gap length
of the input data

Exchange rate Total ticks Missing ticks Number of gaps Max. gap length Avg. gap length

EUR/USD 701,280 168,952 6,403 879 26
USD/CHF 701,280 171,015 6,192 920 27
USD/IPY 701,280 184,264 4,144 911 44
GBP/USD 701,280 185,442 5,278 912 35

Furthermore, we present a strategy which involves trading on strong signals only
to cope with transaction costs. Based on that, we finally present a trading strategy
which in addition reduces the amount of invested capital. Moreover, we compare
these approaches and demonstrate their properties in numerical experiments.

4.1 Experimental Data

The data were obtained from Olsen Data, a commercial data provider. In the
following, we employ the exchange rates from 01.08.2001 to 28.07.2005 between
EUR/USD (denoted by €), GBP/USD (£), USD/iPY (¥) and USD/CHF (Fr.). To
represent a specific currency pairing we will use the above symbols instead of f, in
the following. For this data set the data provider mapped the recorded raw intraday
tick data by piecewise constant interpolation to values f,(¢;) at equidistant points
in time which are t = 3 min apart. No data is generated if in the time interval
[t; — 7,t;] no raw tick is present. Due to this, the data set contains a multitude of
gaps, which can be large when only sparse trading takes place, for example over
weekends and holidays. The properties of this input data concerning these gaps is
shown in Table 1. Here, the total number of ticks in the time frame would be 701,280
for each currency pair, but between 168,000 and 186,000 ticks are missing due to
the above reasons. The number of gaps varies between about 4,000 and 6,000 while
the gap length varies between 1 and about 900 with an average of about 30. These
characteristics are similar for the four currency pairs.

Note that the trading volumes are not constant during the day. The main trading
starts each day in the East-Asian markets with Tokyo and Sydney as centers, then
the European market with London and Frankfurt dominates, while the main trading
activity takes place during the overlap of the European business hours and the later
starting American market with New York as the hub [18,22].

For the following experiments with the sparse grid regression approach the
associated input data set S is obtained from the given tick data. Note that the
embedding operator 7" at a time f; depends on a certain number of delayed data
positions between f; — (K — 1)t and ¢;. Typically not all time positions in the
backward time horizon are employed for a given 7. Nevertheless, the feature vector
at time 7; can only be computed if the data at the positions necessary for T are
present, although small data gaps in between these required points are allowed.
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Note here that we employ the common practice of restricting the values of outliers
to a suitable chosen maximum value. Afterwards we linearly map the derived delay
embedded features into [0, 1]°.

In all our experiments we attempt to forecast the change in the EUR/USD
exchange rate. The aim of our regression approach is to predict the relative rate
difference y(¢;) = (€(t; + ]g‘C) —€(t;))/€(t) at k steps into the future (future
step) in comparison to the current time. Such a forecast is often also called (trading)
signal.

For the experiments we separate the available data into training data (90 %) and
test data (10 %). This split is done on the time axis, otherwise a bias from the time
frame during which the prediction performance is evaluated might be introduced. On
the training data we perform three-fold cross-validation (again splitting in time) to
find good values for the level parameter L from (7) and the regularization parameter
A from (2) of our regression approach. To this end, the training data set is split into
three equal parts. Two parts are used in turn as the learning set and the quality of the
regressor (see the following section) is evaluated on the remaining part for varying
L and A. The pair of values of L and A which performs best in the average of all
three splittings is then taken as the optimum and is used for the forecast and final
evaluation on the 10 % remaining newest test data.

4.2 Quality Assessment

To judge the quality of the predictions by our sparse grid combination technique for
a given number M of data we use the so-called realized potential

rp = cp/mcp

as the main measurement. Here c¢p is the cumulative profit

M . . n
e sign(u (x,,) - (in + k) = filtm)
= mz=:l fl (tm) '

i.e. the sum of the actual gain or loss in the exchange rate realized by trading at the
M time steps according to the forecast of the method, while mcp is the maximum
possible cumulative profit

" ,
il + k) = Al
=L

i.e. the gain when the exchange rate would have been predicted correctly for each
trade. For example M = J — (K — 1) — k if we considered the whole training
data from Sect.2.2. Note that these measurements also take the amplitude of the
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Fig. 2 Realized potential rp for the currency pair EUR/USD for all predictions (/eft) and for the
5 % ticks with the strongest predictions (right), L = 4 and A = 0.0001

potential gain or loss into account. According to practitioners, a forecasting tool
which achieves a realized potential rp of 20 % starts to become useful.

Furthermore, we give the prediction accuracy pa, often also called hit rate or
correctness rate,

_ U (x,) - (filtm +kT) = fi(tn) > O30,
#{uS (x,,) - (fi(tm +kT) — fi(tm)) # O}M_

which denotes the percentage of correctly predicted forecasts. Prediction accuracies
of more than 55 % are often reported as worthwhile results for investors [1,34]. So
far, all these measurements do not yet directly take transaction costs into account.
We will address this aspect later in Sect. 4.5 in more detail.

4.3 Forecasting Using a Single Currency Pair

In a first set of experiments we aim to forecast the EUR/USD exchange rate from the
EUR/USD exchange data. We begin with using one feature, the normalized discrete
first derivative

é/ . €(lj) —€(lj — k1)
N kt€(t; —kt)

Here, back tick k is a parameter to be determined as is Ig, the time horizon for
the forecast into the future. The results of experiments for the prediction of the
EUR/USD exchange rate from the first derivative for several values of k and k are
shown in Fig.2, where the performance is measured by the realized potential rp.
To evaluate the behaviour we consider all data and those data for which stronger
signals are predicted. For the latter we here consider for simplification the 5 % ticks
for which we obtain the strongest predictions, although in practise not a relative and
a posterior threshold, but an absolute and a priori would need to be considered. We
observe the best results, in particular taking the performance on the stronger signals
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Table 2 Three-fold cross-validation results for the forecast of EUR/USD at k = 15 ticks into the
future and the feature é; for varying refinement level L and regularization parameter A
1 feature A = 0.0001 A =0.001 A =0.01 A=0.1
é; cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%
Level2 1.89 1.72 50.7 210 191 50.6 240 218 50.6 240 2.18 50.6

Level3 3.02 276 515 244 222 51.0 226 205 508 240 218 50.6
Level4 337 3.07 519 308 281 51.6 233 212 51.0 240 218 50.6

Table 3 Three-fold cross-validation results for the forecast of EUR/USD at & = 15 ticks into the

future and the features é; and é; for varying refinement level L and regularization parameter A
2 features A = 0.0001 A =0.001 A =0.01 A=0.1

é;é; cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%
Level 2 3.81 348 519 353 322 516 242 22 506 241 219 50.6
Level 3 4.69 429 526 457 4.17 524 356 325 518 225 205 508

Level 4 458 4.18 525 461 421 525 429 391 524 239 217 51.0

into account, for k = 9 and k = 15 which we will use from now on. Since we
consider a single currency pair we obtain just a one-dimensional problem here. The
combination technique then falls back to conventional discretization.

In Table 2 we give the results of the three-fold cross-validation on the training
data for several A and L. We observe the highest rp for A = 0.0001 and L = 4.
Using these parameters we now learn on all training data. The evaluation on
the remaining 10 % test data then results in cp = 0.741, rp = 2.29%, and
pa = 51.5% on 51,056 trades. Of course, such small values for rp and pa are far
from being practically relevant. Therefore we investigate in the following different
strategies to improve performance. We start by adding an additional feature.

To this end, we consider a two-dimensional regression problem where we take—
besides é;—the normalized first derivative é; as the second attribute. We choose

— L . o
the value k = 4 for the back tick since the combination with the first derivative €,
can be interpreted as an approximation to a normalized second derivative

é// . €(lj) - 2€(lj —kt) + €(l‘j —2kt)
k= (kt)*E(t; — k)

with k = 4. The use of two first derivatives é; and é; captures more information
in the data than just the second derivative would.

The results from the three-fold cross-validation on the training data are shown
in Table 3. Again we pick the best parameters and thus use A = 0.0001 and
L = 3 for the prediction on the 10 % remaining test data. The additional attribute ég
results in a significant improvement of the performance: We achieve cp = 1.084,
rp = 3.36%, and pa = 52.1% on 50,862 trades, see also Table 4 for the
comparison with the former experiment using only one feature. In particular we
observe that rp grows by about 50 %. Furthermore, we observe that the profit is to
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Table 4 Forecast of the EUR/USD at k = 15 ticks into the future on the 10 % remaining test data
using first derivatives of the EUR/USD exchange rate

Features Datapoints L A Trades pa% cp mep rp%
All ticks
1 feature é; 510,553 4 0.0001 51,056 51.5 0741 3237 229
2 features é;, é; 508,616 3 0.0001 50862 52.1 1.084 3228 3.36
Signal > 1.0_4
1 feature é; 510,553 4 0.0001 460 56.7  0.070 0.650 10.8

2 features  €,.&, 508,616 3 0.0001 916 586 0291 1206 242

a significant degree in the stronger signals. If we only take predictions into account
which indicate an absolute change' larger than 1.0_4, we trade on 916 signals and
achieve cp = 0.291, rp = 24.2 % and pa = 58.6 %, see Table 4. Thus, trading on
1.8 % of the signals generates 26.8 % of the overall profit. In real life applications
the threshould in regard to the strong signals would be considered a parameter
as well, for simplifications we stick in the following to the value of 1.0_4. Note
again that a rp-value of more than 20 % and a pa-value of more than 55 % is often
considered practically relevant. Therefore trading on the stronger signals may result
in a profitable strategy. Nevertheless, the use of just two features is surely not yet
sufficient.

Before we add more features we need to put the performance of our approach
into context. To this end, we compare with results achieved by the moving average-
oscillator, a widely used technical trading rule [2]. Here buy and sell signals are
generated by two moving averages, a long-period average x; and a short-period
average x;. They are computed according to

W{S,l}_l

X)) = T Y €l).
S =0

where the length of the associated time intervals is denoted by w; and wy,
respectively. To handle small gaps in the data, we allow up to 5% of the tick
data to be missing in a time interval when computing an average, which we
scale accordingly in such a case. Furthermore we neglect data positions in our
experiments where no information at time ¢;, or ; + Tk is present.

In its simplest form this strategy is expressed as buying (or selling) when the
short-period moving average rises above the long-period moving average by an
amount larger than a prescribed band-parameter b, i.e.

)CS(Z]‘) > b'xl(tj)

'Observe that a change of 1.0_4 in our target attribute is roughly the size of a pip (the smallest unit
of the quoted price) for EUR/USD.
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Fig. 3 The prediction accuracy and the realized potential on the training data for the fixed-length

moving average trading strategy at k = 15 ticks into the future and varying lengths of the moving
averages

(or falls below it, i.e. x;(¢;) < (2 —b) - x;(¢;)). This approach is called variable
length moving average. The band-parameter b regulates the trading frequency.

This conventional technical trading strategy is typically used for predictions
on much longer time frames and did not achieve any profitable results in our
experiments. Therefore we considered a different moving average strategy which
performed better. Here, a buy signal is generated as above at time ¢; when x,(;) >
b - x;(t;), but a trade only takes place if x;(¢;—1) < b - x;(t; 1) holds as well. Such
a position is kept for a number k of time steps and is then closed. In the same way,
sell signals are only acted upon if both conditions (with reversed inequality sign) are
fulfilled. Here, several positions might be held at a given time. This rule is called
fixed-length moving average (FMA) and stresses that returns should be stable for a
certain time period following a crossover of the long- and short-period averages [2].

In Fig.3 we give the results for EUR/USD of the fixed-length moving average
technical rule on the training data. Here, we vary the intervals for both the long-
period and the short-period average while using a fixed time horizon in the future of
k = 15. We use the prediction at 15 time steps into the future for two reasons: First
we want to be able to compare the results with that of our other experiments which
employ the same time horizon, and, second, this value turned out to be a very good
choice for the FMA trading rule. As the parameters which achieve the highest rp on
the training data we found wy = 20, w; = 216 and b = 1.000001.

With these values we obtain cp = 0.026, rp = 9.47 %, and pa = 47.4 % on the
remaining 10 % test data using a total of 414 trades. Although the rp with FMA is
higher in comparison to the results of our approach when trading on all signals in the
test data (compare with the first two rows of Table 4), much less trading takes place
here. This small amount of trading is the reason for the quite tiny ¢p for FMA which
is almost 40 times smaller. In addition the prediction accuracy for the signals where
trading takes place is actually below 50 %. But if we compare the results of FMA
with our approach which acts only on the stronger signals > 1.0_4 we outperform
the FMA strategy on all accounts (compare with the last two rows of Table 4).
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Table 5 Three-fold cross-validation results for the forecast of EUR/USD at k = 15 ticks into
the future and features derived from different exchange rates for varying refinement level L and

~7
regularization parameter A. Results for just €, are given in Table 2

2 features A = 0.0001 A =0.001 A =0.01 A=0.1

é;,FNr.; cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%
Level 2 496 4.56 522 4.63 425 519 276 253 50.7 247 227 50.7
Level 3 498 4.58 523 476 438 522 340 3.12 51.2 247 227 50.7
Level 4 4.57 421 520 489 449 521 4.02 3.69 51.6 251 230 50.7
3 features A = 0.0001 A =0.001 A =0.01 A=0.1

é;FNr;:EfJ cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%
Level 2 4.84 449 522 4.63 429 520 323 298 509 256 236 50.7
Level 3 471 438 523 490 456 523 421 391 51.8 268 247 50.7
Level 4 428 397 522 484 449 521 460 427 519 274 252 509
4 features A = 0.0001 A =0.001 A =0.01 A=0.1

é;,FNr.;,zg, g; cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%
Level 2 426 396 521 440 408 519 324 3.01 S51.1 261 241 50.6
Level 3 442 411 522 4.61 429 522 421 392 519 250 232 509
Level 4 3.69 343 519 430 4.00 52.1 450 4.18 52.0 3.18 295 51.3

4.4 Forecasting Using Multiple Currency Pairs

Now we are interested in the improvement of the prediction of the EUR/USD
exchange rate if we also take the other currency pairs £, ¥, and Fr. into account.
This results in a higher-dimensional regression problem. We employ first derivatives
using the same backticks as before for the different currency pairs.”> Note that the
number of input data points decreases slightly when we add further exchange rate
pairs since some features cannot be computed any longer due to overlapping gaps
in the input data.

For now we only consider the first derivatives for k = 9 to observe the impact due
to the use of additional currency pairs. According to the best rp we select which of
the three candidates F~r./9, ;2"/9, ¥/9 is successively added. For example F~1r./9 in addition
to é; gave the best result using two currency pairs to predict EUR/USD. We then
add ;~€’9 before using ¥/9. As before, we select the best parameters L and A for each
number of features according to the rp achieved with three-fold cross-validation
on the training data, see Table 5. Note that the values of L and A with the best
performance do not vary much in these experiments. This indicates the stability of
our parameter selection process.

Using the combination with the best performance in the three-fold cross-
validation we then learn on all training data and evaluate on the before unseen test

Different back ticks might result in a better performance, but we restricted our experiments to
equal back ticks for reasons of simplicity.
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Table 6 Forecast of EUR/USD at k = 15 ticks into the future on the 10 % remaining test data
using one first derivative from multiple currency pairs. Results are for trading on all signals and on
signals > 1.0_4

Currencies Datapoints L A Trades pa% cp mcp  rp%
All ticks
1 feature € 510,553 4 0.0001 51,056 515 0.741 3237 229

2 features € ,Frg 503,939 3 0.0001 50394 51.8 1380 32.08 4.30

3 features €, Fr.q, £ 495,654 3 0.001 49,566 51.6 1469 31.76 4.62

4 features é;, FNr.;, :E[J, ¥; 494,238 3 0.001 49424 517 1478 31.70 4.66
Signal >1.0—4

1 feature €, 510,553 4 0.0001 460 56.7 0.070 0.650 10.8

2 features  €,, Fr.y 503,939 3 0.0001 2318 540 0469 2504 188
~/ ~ ~

3 features €y, Fr.y, Z) 495654 3 0001 2379 543 0516 2566 20.1
~ ~ ~ ~/

dfeatures €, Fry %) ¥, 494238 3 0001 355 538 0614 3484 17.6

data. The results on the training data are given in Table 6, both for the case of all
data and again for the case of absolute values of the signals larger than 1.0_4. Note
that the performance on the training data in Table 5 suggests to employ the first
two or three attributes. In any case, the use of information from multiple currencies
results in a significant improvement of the performance in comparison to just using
one attribute derived from the exchange rate to be predicted. The results on the test
data given in Table 6 confirm that the fourth attribute ¥/9 does not achieve much of

an improvement, whereas the additional features 15r./9, ;~£’9 significantly improve both
cp and rp. Trading on signals larger than 1.0_4 now obtains a pa of up to 56.7 %
and, more importantly, rp = 20.1 % using three attributes. This clearly shows the
potential of our approach. Altogether, we see the gain in performance which can
be achieved by a delay embedding of tick data of several currencies into a higher
dimensional regression problem while using a first derivative for each exchange rate.

In a second round of experiments we use two first derivatives with back ticks
k =9 and k = 4 for each exchange rate. We add step-by-step the different currencies
in the order of the above experiment from Table 6. To be precise, we use F~r.; before
F~r.;, but both before ;2"/9, Z‘Q, etc.> We thus obtain a higher dimensional regression
problem. Again we look for good values for A and L via three-fold cross-validation.

In Table 7 we give the results which were achieved on the test data. Note
that the numbers obtained on the training data suggest to use the four features
é;, é; Ifr./g, F~1r.i1 only; nevertheless we show the test results with the two additional
features ;2"’9, ;Z"Q as well. Again, the use of information from multiple currencies gives
an improvement of the performance in comparison to the use of just the attributes
which were derived from the EUR/USD exchange rate. In particular cp grows from
one to several currencies. With four features based on two first derivatives for

3Note that a different order might result in a different performance.
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Table 7 Forecast of EUR/USD at k£ = 15 ticks into the future using multiple currency pairs and
derivatives on the 10 % remaining test data. Results are for trading on all signals and on signals
> 1.074

Currencies Data points L A Trades pa% cp mcp  rp%
All ticks

I feature €, 510,553 4 0.0001 51,056 515 0.741 32.37 2.29
2 features €, €, 508,616 3 0.0001 50,862 52.1 1.084 3228 3.36
3 features €, €, Fr., 503,017 2 0.0001 50,300 52.1 1315 32.03 4.10
4 features €,,€,, Fr.y. Fr., 502,243 2 0001 50220 524 1536 31.98 4.80
5 features €. €, Fr,, Fr, £, 494975 2 0001 49497 521 1556 31.73 4.90
6 features €, €, Fr, Fr, £, &, 492965 2 0001 49296 521 1538 31.60 4.87

Signal >1.0—4

I feature €, 510,553 4 0.0001 460 56.7 0.070 0.650 10.8
2 features €, €, 508,616 3 0.0001 916 58.6 0.291 1206 24.2
3 features €, €, Fr.y 503,017 2 0.0001 1,811 58.9 0.467 2.048 22.8
4 features €, €,, Fr.q. Fr., 502,243 2 0.001 1,557 59.6 0.447 1.785 25.0
5 features €y, €, Fry. Fr,. £, 494975 2 0001 2,178 58.7 0.523 2392 21.9
6 features €y, €, Fry. Fr.,. £, 492965 2 0001 2711 568 0.508 2.796 18.2

each currency pair we now achieve a somewhat better performance for all trading
signals than before using several first derivatives, compare Tables 6 and 7. We obtain
rp = 4.80 for four attributes in comparison to rp = 4.62 with three attributes. The
results on the stronger signals are also improved, we now achieve rp = 25.0 % in
comparison to rp = 20.1 %.

4.5 Towards a Practical Trading Strategy

For each market situation x present in the test data, the sparse grid regressor u (x)
yields a value which indicates the predicted increase or decrease of the exchange
rate fi. So far, trading on all signals showed some profit. But if one would include
transaction costs this approach would no longer be viable, although low transaction
costs are nowadays common in the foreign exchange market. Most brokers charge
no commissions or fees whatsoever and the width of the bid/ask spread is thus the
relevant quantity for the transaction costs. We assume here for simplicity that the
spread is the same whether the trade involves a small or large amount of currency.
It is therefore sufficient to consider the profit per trade independent of the amount
of currency. Consequently, the average profit per trade needs to be at least above
the average spread to result in a profitable strategy. This spread is typically five
pips or less for EUR/USD and can nowadays even go down to one pip during high
trading with some brokers. Note that in our case one pip is roughly equivalent to a
change of 8.5_5 of our normalized target attribute for the time interval of the test data



100 J. Garcke et al.

Table 8 cp per trade the forecast of EUR/USD at k = 15 ticks into the future using different
attribute selections on the 10 % remaining test data

Currencies Strategy cp Trades cp per trade
g All ticks 0.741 51,056 145
&, Fr., All ticks 1380 50,394 275
&, Fr.,. %, All ticks 1.469 49,566 3.0_s
& Fu, %9, All ticks 1.478 49,424 3.0_s
g & All ticks 1.084 50,862 2.1 s
g & i, All ticks 1315 50,300 2.6_s
&) &, Fr., Fr, All ticks 1.536 50,220 315
g & Fr, ¥, % All ticks 1.556 49,497 315
& & Fr, ¥, 0.7, All ticks 1.538 49,296 315
g Signal > 1.0_, 0.070 460 15,
g, Fr., Signal > 1.0_, 0.469 2318 2.0_4
&, Fr.,. %, Signal >1.0_4 0.516 2,379 224
& F, .9, Signal >1.0_4 0.614 3,559 174
g & Signal > 1.0_, 0.291 916 3.0_4
g & i, Signal > 1.0_, 0.467 1,811 2.6_
&) &, Fr., Fr, Signal > 1.0_, 0.447 1,557 2.9_,
g & Fr) ¥, % Signal > 1.0_, 0.523 2,178 24_,
& & Fr, ¥, 0%, Signal > 1.0_, 0.508 2,711 1.9_,
€ FMA 0.026 414 6.3

with an EUR/USD exchange rate of about 1.2. If the average cp per trade is larger
than this value one has a potentially profitable trading strategy. In Table 8 we give
this value for the different experiments of the previous section. We see that trading
on all signals results in values which are below this threshold. The same can be
observed for FMA.* However, trading on the strongest signals results in a profitable
strategy in the experiments with more attribute combinations. For example, the use
of é;ég results in 3.0_4 cp per trade, é;,ég, F~r./9, F~r.i4 gives 2.9_4 c¢p per trade
and é;, F~r.;, ;~£/9 achieves 2.2_4 cp per trade. But note that with this strategy one
might need to have more than one position open at a given time, which means that
more capital is involved. This number of open positions can vary between zero and
k. It is caused by the possibility of opening a position at all times between ; and
ti+ kT, when the first position opened at time ; is closed again. We observed in our

experiments k as the maximum number of open positions even when only trading
on the stronger signals. This also indicates that a strong signal is present for a longer
time period.

“Furthermore only relatively few trades take place with FMA which makes this a strategy with a
higher variance in the performance.
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Table 9 c¢p per trade for the forecast of EUR/USD at k = 15 ticks into the future using the trading
strategy with opening and closing thresholds on the 10 % remaining test data

Currencies Strategy cp Trades cp per trade
g Opening = 0, closing = 0 0416 9,465 4.4_s
é;FNr; Opening = 0, closing = 0 0.859 12,897 6.7_;
&, Fr.,. %, Opening = 0, closing = 0 0.824 11,735 7.0_s
& Fu, %9, Opening = 0, closing = 0 0.791 12,029 6.6_s
g & Opening = 0, closing = 0 0563 12,045 4.7_s
g & i, Opening = 0, closing = 0 0931 13331 7.0_s
%;%;F:r; F:r; ) Opening = 0, closing = 0 1.013 14178 7.1_s
€,,€,,Fr, Fr.4,£fJ Opening = 0, closing = 0 1.042 13,936 7.5_5
€, &, Fr, Fr, %, % Opening =0, closing = 0 1022 14493 7.1_s
é; Opening = 1.0_4, closing = 0.5-10—4 0.018 108 1.7—4
é;FNr; Opening = 1.0_4, closing = 0.5-10—4 0.117 718 1.6—4
&, Fr.,. %, Opening = 1.0_y4, closing = 0.5-10—4 0.133 748 1.7,
& F, .9, Opening = 1.0_y4, closing = 0.5-10—4 0.169 1,213 1.4_,
g & Opening = 1.0_y, closing = 0.5- 10—4 0.076 248 3.1_,
g & i, Opening = 1.0_y, closing = 0.5-10—4 0.166 667 2.5_,
&) &, Fr., Fr, Opening = 1.0_y, closing = 0.5-10—4 0.173 593 2.9_,

& &, Fr,.Fr, %,  Opening=1.0_ closing=0.5-10—4 0.176 839 2.1_,
~/ ~/ ~ ~ ~ ~
&, €, Fr, Fr, %) £, Opening=1.0_,, closing=05-10—4 0186 1,177 1.6_,

To avoid the need for a larger amount of capital we also implement a tradeable
strategy where at most one position is open at a given time. Here one opens a
position if the buy/sell signal at a time #; for a prediction at k time steps into
the future is larger—in absolute values—than a pre-defined opening threshold,
and no other position is open. The position is closed when a prediction in the
opposite direction occurs at some time 7. in the time interval [t;,¢; + k] and the
absolute value of that prediction is greater than a prescribed closing threshold. At
the prediction time #; + tk the position is closed, unless a trading signal in the
same direction as that of the original prediction is present which is larger than the
opening threshold. The latter condition avoids an additional, but unnecessary trade.
Furthermore, the closing at the forecast time 7; + tk avoids an open position in
situations with no trading activity and where no signals can be generated.

When both of the above thresholds are zero the proposed new strategy is acting
on all ticks, but at most one position is open at any given time. Besides the reduction
in invested capital this strategy also improves the performance with respect to the cp
per trade, see top half of Table 9. In comparison to trading on all ticks this strategy
improves the results by more than a factor of 2 while only considering, but not acting
on all ticks. Altogether, this strategy is getting close to the profitable threshold of
one pip, i.e. 8.5_5 in our scaling, but it is still not yet creating a true profit.
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However, as observed before, a large part of the profit is generated by acting
only on the strong signals. We now set for our new strategy the opening threshold to
1.0_4 and the closing threshold to 0.5 - 10_4. This adaption of our strategy achieves
results which are comparable to the trading on the strong signals only. Since at most
one position is open, less capital is involved than in the case of trading on all strong
signals. In the bottom half of Table 9 we give the corresponding results. We see
that the cp per trade is now always above the threshold 8.5_s. The highest c¢p per
trade is 3.1_4, where 248 trades take place while using é;, ég For the attributes
é;, é;, F~r./9, F~r.:1 we achieve 2.9_4 cp per trade while acting 593 times. This might
be preferable due to the larger number of trades which should lead to more stable
results. Thus, we finally obtained a profitable strategy, which promises a net gain of
more than one pip per trade if the spread is less than two pips.

5 Conclusions

We presented a machine learning approach based on delay embedding and regres-
sion with the sparse grid combination technique to forecast the intraday foreign
exchange rates of the EUR/USD currency pair. It improved the results to take not
only attributes derived from the EUR/USD rate but from further exchange rates such
as the USD/IPY and/or GBP/USD rate into account. In some situations a realized
potential, i.e. achieved percentage of the maximum possible cumulative profit, of
more than 20 % was achieved. We also developed a practical trading strategy using
an opening and closing threshold which obtained an average profit per trade larger
than three pips. If the spread is on average below three pips this results in profitable
trading. Thus, our approach seems to be able to learn the effect of technical trading
tools which are commonly used in the intraday foreign exchange market. It also
indicates that FX rates have an underlying process which is not purely Markovian,
but seems to have additional structure and memory which we believe is caused by
technical trading in the market.

Our methodology can be further refined especially in the choice of attributes and
parameters. For example, we considered the same time frame for the first derivatives
of all the involved currency pairs, i.e. k = 9 and k = 4. Using different time
frames for the different exchange rates might result in a further improvement of
the performance. Other intraday information such as the variance of the exchange
rates or the current spread can also be incorporated. Furthermore, we did not yet
take the different interest rates into account, but their inclusion into the forecasting
process can nevertheless be helpful. The time of day could also be an useful
attribute since the activity in the market changes during the day [22]. The use of
a dimension adaptive combination technique [10, 14], where the partial functions
employed depend only on a subset of all features and are adaptively chosen during
the computational procedure, becomes relevant once more than, say, five attributes
are used.
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In our experiments we used data from 2001 to 2005 to forecast for 5 months in
the year 2005. Therefore, our observations are only based on this snapshot in time of
the foreign exchange market. For a snapshot from an other time interval one would
most likely use different features and parameters and one would achieve somewhat
changed results. Furthermore, it has to be seen if today’s market behaviour, which
may be different especially after the recent financial crisis, can still be forecast
with such an approach, or if the way the technical trading takes place has changed
fundamentally. In any case, for a viable trading system, a learning approach is
necessary which relearns automatically and regularly over time, since trading rules
are typically valid only for a certain period.

Note finally that our approach is not limited to the FX application. In finance
it may be employed for the prediction of the behaviour of stocks or interest rates
as well, here again the effect of technical traders makes this approach sensible,
since the underlying process is then not purely Markovian anymore. It also can be
applied to more general time series problems with a large amount of data which arise
in many applications in biology, medicine, physics, econometrics and computer
science.

Acknowledgements We thank Bastian Bohn and Alexander Hullmann for their assistance with
the numerical experiments.
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Dimension- and Time-Adaptive Multilevel
Monte Carlo Methods

Thomas Gerstner and Stefan Heinz

Abstract We use the multilevel Monte Carlo method to estimate option prices
in computational finance and combine this method with two adaptive algorithms.
In the first algorithm we consider time discretization and sample size as two
separate dimensions and use dimension-adaptive refinement to optimize the error
with respect to these dimensions in relation to the computational costs. The second
algorithm uses locally adaptive timestepping and is constructed especially for non-
Lipschitz payoff functions whose weak and strong order of convergence is reduced
when the Euler-Maruyama method is used to discretize the underlying SDE. The
numerical results show that for barrier and double barrier options the convergence
order for smooth payoffs can be recovered in these cases.

1 Introduction

The pricing of exotic options often leads to the problem of calculating high-
dimensional integrals. The high dimension typically arises from the number of
timesteps in the time discretization of the underlying stochastic process. If those
integrals cannot be solved analytically, numerical methods are used to estimate a
solution. Monte Carlo methods are a popular way for estimating option prices, but
these methods generally suffer from low convergence rates. They can be improved
with various variance reduction techniques or importance sampling, which can
change the constant, but not the rate of convergence [9].
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As a substantial improvement, Giles introduced the multilevel Monte Carlo
(MLMC) method [5] to estimate the expectation of P(S(7)) where P represents
the payoff function of an option and the underlying asset price S is modelled by the
stochastic differential equation (SDE)

dS(t) = u(S.0)dt +o(S,0)dW(r), 0<t<T. )

The algorithm is similar to the standard Monte Carlo method but uses a multigrid
idea to reduce the computational costs. A discretization of this SDE with the Euler
method leads to a computational complexity of O(e~?) to achieve a root mean
square error (RMSE) of ¢ for the Monte Carlo method while the MLMC method
can achieve a complexity of O(e 2 (log €)?). Further studies show that discretization
schemes with higher strong order of convergence [6] or simulations using quasi-
random numbers [7] lead to further improvements in the computational complexity.

A completely different approach to solve high-dimensional integrals is
dimension-adaptive tensor-product quadrature [3] which is based on the sparse
grid method [4]. In contrast to Monte Carlo methods, the sample points are not
placed randomly but completely deterministic. The dimension-adaptive algorithm
thereby decides in which dimensions more grid points need to be placed in order
to best reduce the estimation error. It turns out that the multilevel Monte Carlo
method and the dimension-adaptive sparse grid method are based on similar ideas.
In [11] this is described in a detailed way for elliptic stochastic partial differential
equations.

In this paper we at first combine both approaches to create a dimension-adaptive
multilevel Monte Carlo method which obtains the same convergence rate in the
RMSE as the original MLMC method but attains the given error threshold with
lower costs.

As a further improvement, another adaptive algorithm is presented that is quite
effective for payoff functions with jumps such as barrier options. It uses the
Brownian Bridge method and adaptively refines the Euler path when it comes close
to the barrier. The numerical results show that the time-adaptive MLMC method can
recover the order of convergence for smooth payoffs with only constant additional
computational costs.

The properties of these two adaptive multilevel algorithms will be underlined by
numerical results.

2 Multilevel Monte Carlo Method

We consider the scalar stochastic differential equation

dS() = u(S,t)dt + o(S,)dW(), 0<t<T 2)
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with drift function u : R x [0, T] — R, volatility o : R x [0, T] — R, starting value
So € R(')" and a Wiener process (W;);>o. Using the Euler method with equidistant
timestep & we get the discretization

Sp1 =Sy + pn(Sp.t)h + 0(Sy., 1y) AW,

with Wiener increments AW, = W, 1| — W,. Given a payoff function P : R — R
it is our aim to calculate an estimate of the expectation E[P (S(T))].

The MLMC method approximates P by P ; using a series of discretizations with
timesteps iy = M~'T,1 = 0,1, ..., L, to construct estimators

for levels [ > 0 and
forlevel | = 0, such that

is an estimator for

L
E[P]= E[Po] + Y E[P; - P_].
=1

If there are positive constants o > %, B, ci1,c2, c3, such that
() E[P;—P] < cihf

E[Py), =0

E[P[ — Pl_l], [ >0

(i) Var[Y,] < czN,_lhf and
(iv) Cj, the computational complexity of Y, is bounded by

(i) E[Y,] =

C; < 3Ny,

with @ and B corresponding to the weak and doubled strong convergence order of
the Euler method, for the overall computational complexity C follows (see [5]) that

ca€2, B>1,
C <1 cye*(loge)?, B =1,
cae =P/ 0 < B < 1.
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Neglecting the log-term this implies

ruse = ) 9(€C 1{1), g =1,
O(Cx=F1-F), B < 1.
In comparison, the RMSE of the the standard Monte Carlo method is of
order O(C 2(Til) which corresponds to a convergence rate of 1/3 if « = 1, while the
MLMC method can obtain a rate of 1/2if § = 1.

The MLMC algorithm then works as follows. It estimates for each level / an
optimal number N; of samples to make sure that V[i’\] < %62 and increases / until

the estimator for the bias ?12 is smaller than %62. This finally leads to
MSE=V[Y]|+ E[Y —Y]? <€

forY = E[P].

3 Adaptive Multilevel Monte Carlo Methods

3.1 Dimension-Adaptive Algorithm

The option pricing problem can often be written as an integration problem which
usually has to be numerically solved by quadrature methods. If the integrand is
non-smooth then these quadrature methods have to be adapted accordingly. Such
adaptive quadrature methods in general try to find important areas of the integrand,
such that adaptive refinement in those areas results in a highest possible error
reduction. These methods allocate points in the given areas and will automatically
stop when a given error bound is reached, see [I, 2] for adaptive sparse grid
approaches. The dimension-adaptive approach in [3] is especially suited for high-
dimensional quadrature problems and considers the different dimensions instead of
local subareas for refinement.

Interestingly, dimension-adaptive refinement and the multilevel Monte Carlo
method are based on similar ideas. In the following, we combine these two
approaches. In contrast to the standard MLMC algorithm, the dimension-adaptive
algorithm does not calculate the values of N; in advance but rather checks for which
levels more samples give the largest reduction in the MSE and then doubles the
previous amount of samples. If, on the other hand, the bias estimator contributes the
largest part to the MSE the level will be increased. This ensures that both errors,
the quadrature and the path-discretization error are as equal as possible such that
the prescribed accuracy € is best obtained.



Dimension- and Time-Adaptive Multilevel Monte Carlo Methods 111
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Fig. 1 Plots of the dimension-adaptive algorithm showing the increase in N(L) after each step and
the final shape of the samples at each level

The dimension-adaptive MLMC algorithm is based on [8] and can be described
as follows:

1. Set Ny, N; = 100

2. Determine V; for/ = 0,..., L such that V := Zf:o V; estimates the variance
and B := (? 1/ (M% — 1))? estimates the squared bias with weak convergence
order o

3. If V + B < € stop

4. Else
e If V. > B determine the level [ = 0,...,L, which has the largest

variance/work and double N;
e If B> Vthenset No+; =100and L — L + 1

5. Go to step 2.

At the start we need samples at level [ = 1 because only ?1 for / > 0is a good
estimator for the bias. Since

L
VY] =Y N7V,
=0

and 171 is the variance of the samples at level / we set V; = NI_II?I. In step 2
we search for the level in which further samples will lead to the largest reduction
in the MSE compared to the computational cost. The plots in Fig. 1 explain this in
more detail and show how the algorithm is executed stepwise. The actual simulated
amount of samples is dark-colored and the possibly increased NV is light-colored. In
each step the algorithm then increases the N; that gives the highest error reduction
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until the optimal shape for a given accuracy is reached in the last plot. Concerning
the MSE it is useful to keep in mind that

MSE = Var[Y] + E[Y — Y]?

So both, variance and bias, have to be reduced for a good result. The variance is
reduced by increasing the amount of samples while the bias decreases due to the
increase in the discretization steps which equals the dimension of the integral to
solve. This is the connection to the dimension-adaptive tensor product method. In
our method there are only two dimensions: the amount of samples at each level
N;, 1 =0,..., L, and the dimension of the integral d.

The advantage of our algorithm is that in contrast to the standard MLMC method,
the contributions of the variances and the squared bias which are summed up to the
MSE are distributed in an optimal way by the algorithm and do not necessarily need
to be both bounded by €?/2. As we will see in our numerical results this leads to a
MSE that is closer to the targeted accuracy e.

3.2 Time-Adaptive Algorithm

Several types of options, such as binary or barrier options, have jumps in the payoff
function which lead to a reduced strong convergence rate when using a discretization
method like the Euler-Maruyama method. We intend to solve this problem by
adaptively refining the time discretization of the SDE when this refinement leads
to a reduced RMSE [12, 13]. A refinement usually takes place when a simulated
path is close to a discontinuity of the payoff function. Our numerical results show
that it only takes a constant factor of additional costs to recover the convergence
order of the smooth case.

In this paper, we especially consider barrier options, where a positive payoff only
occurs if the price stays above or below a given barrier B. As a refinement indicator
we use the probability of breaking the barrier between two simulated points using a
Brownian Bridge to create this point. Thereby, we use the standard Brownian Bridge
to construct a path for the Wiener process and then take the mean of forward and
backward Euler-Maruyama estimates to construct the midpoint

1

Si—12 = 3 (Sic1 + Sicir(ticijp — tiz1) + Si—i0(Wi—i 2 — Wimy))
1 S;
+= ( ) . 3)
2\ 1 +r(ti —ti—12) + o (Wi — Wi—1)2)

In the extremely rare case that 1 4 r(t; —t;—1/2) + o (W; — W;_12) < 0, anew path
is simulated instead of the current one.
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We next calculate the probability ¥ that S;_;/> can fall below the given Barrier
which is defined by
W(Si—1.Si) :==P(Si—1/2 < B)

and can be calculated by solving the inequality ;> < B with respect to W;—_,»
using (3) and the Brownian Bridge construction W;_;,» = %(Wi_l + W) +

—"t’;t""Z , Z ~ N(0,1). Integrating the standard normal densitiy over the domain

in which S;_1/» < B and neglecting the part with the lower probability yields the
expression

—b, by \* bs
lp(St—l»St) =9 Z_bl_ (—) _b_1

—b, b, 2 b3 as
o | =2 2) B (8
* 2by * (2171) by (a4)

2
sl (b2 b
- 2b; 2b; by

with Ah; = $(t; —ti-1), AW; = W= Wiy anda; = $Si—i(1+ Ahir +0AW; /2),
ay = %S,‘_lo\/ 2Al’l,‘, az = S%(l + Ahir + O'AVV;/z), ag = (O’\/ 2Al’l,)/S, and
by = —asay, by = —ayas + araz + Bay, b3 = 1 + ajas — Bas.

A typical path is presented in Fig. 2. We see that for the starting value S(0) = 1
the corresponding Wiener path is refined when the path of S comes close to the
barrier B = 0.95. In this simulation the path did not cross the barrier. If the barrier
is crossed then the payoff is set to zero immediately and no further refinement is
made for this path.

In order to apply this technique to the MLMC method we need to add refinement
thresholds wy, k = 0, ..., L that control the temporal refinement at each level of the
MLMC method. A refinement in the interval [t;_1, ;] takes place if ¥(S;—;, S;) >
@ (wy). The MLMC estimator then becomes

L
E[P}"] = E[By°] + Y E[P)" — P}
=1

where ISIW’ is the approximation with respect to the timestep #; = M /T and the
adaptive path discretization parameter w;.
The time-adaptive MLMC algorithm finally can be described as follows

1. Set Ny, N; = 100
2. Determine ;"' for/ = 0,..., L such that V := ZIL:() |5
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Down and Out Call

1.2
1,
0.8F g
061 —— S(1)
—o— W(1)
04l — Barrier

Fig. 2 Realization of an adaptively refined standard Wiener process path and the corresponding
realization of the solution of the SDE

3. Define optimal N;, [ =0, ..., L as in the standard algorithm and calculate extra
samples if N; has increased

4. Stopif RMSE< e and L > 2

5. Elseset L := L + 1, N, = 100 and go to step 2.

In step 2 we first simulate a path with M’ equidistant timesteps and then refine the
path according to the threshold w;. For the estimator of E [ISIW’ - ﬁ,@f‘] we use the
same Wiener path for the coarse level as for the fine one and refine it with threshold
wi—1 to decrease the variance.

The values for w; are optimized beforehead such that the additional computa-
tional costs are always a constant factor of the costs without refinement for each
level. This way, the computational costs are increased only by a constant factor
while the convergence rate of the RMSE is increased from order 1/3 to order 1/2.

4 Numerical Results

The following results are based on a geometric Brownian motion for the dynamics
of the underlying asset

dS =rSdt +oSdw,, 0<t<1,

with So = 1, r = 0.05 and 0 = 0.2. The SDE is discretized with the Euler-
Maruyama method.
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European Option

1072 =

—o— standard method
—&— standard error bound
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Fig. 3 Comparison of the standard MLMC method and the dimension-adaptive method with the
given error bound € for an European Option

For all options we discuss, there exists a closed form solution so we directly
calculate the RMSE of 100 simulated prices instead of using the estimator for
bias and variance of the algorithm with M = 2. Since we are mainly interested
in the convergence rates, we show plots that compare the computational cost to
calculate the estimator with the accuracy of our calculated prices. The accuracy can
be expressed by the input parameter € or by the obtained root mean square error.

4.1 Dimension-Adaptive Algorithm

We first compare the standard MLMC method to our dimension-adaptive algorithm
by looking at the convergence rates for an European option.

Assuming a strike price of K = 1 and time to maturity 7 = 1, the European
option has the discounted payoff function

P=e¢"T(S(T)-K)"

and approximate price 0.1045 for those parameters. Our plot in Fig.3 shows the
convergence rates of the RMSE of the standard and the dimension-adaptive method.
The computed error bounds € are shown as well. We see that both algorithms
converge equally well with rate 1/2 as expected. The main difference is that the
standard MLMC algorithm reaches the same RMSE as the dimension-adaptive
method for larger € which means that it is more accurate than requested. The RMSE
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Table 1 Comparison of the MC, MLMC and dimension-adaptive method for an Asian, Lookback
and Digital option with expected and computed RMSE rates

Expected RMSE Computed RMSE
Option MC MLMC Adaptive ~ MC MLMC Adaptive
Asian 173 12 12 0.34 0.53 0.54
Lookback 1/4 12 12 0.24 0.42 0.39
Digital 173 2/5 2/5 0.32 0.37 0.37

of the dimension-adaptive algorithm is much closer to the given threshold ¢ and
therefore does not use more computational cost than necessary.

Furthermore we simulated the RMSE convergence rate for several types of
options and compared the Monte Carlo, the MLMC and the dimension-adaptive
method. We see in Table 1 that the MLMC method and the dimension-adaptive
method have similar RMSE rates which confirm the theoretical values that are
expected, since for the Asian option @ = 8 = 1, for the Lookback option &« = 1/2,
B = 1 and for the Digital option « = 1, 8 = 1/2. The RMSE rate of the Monte
Carlo simulation is always lower than the MLMC convergence rate and will not
reach it even for a higher o.

4.2 Time-Adaptive Algorithm

We now evaluate the performance of the time-adaptive MLMC algorithm. For both
examples we choose w; = —[ — 1 for/ = 0, ..., L as refinement thresholds which
correspond to the inverse cumulative normal distribution, so wyg = —1 would equal
a 15.9 % probability of crossing the barrier and the simulated path will be refined
until the crossing probability is below that value in each interval.

We first consider a down-and-out barrier option with strike K = 1, barrier
B = 0.95 and time to maturity 7" = 1. The discounted payoff is calculated by

b e (S(T)—K)Tif S(t) > Bforall0 <t <T
- 0, otherwise,

and in the discrete version with N steps by

p_ |7 Sun) ~K)Vif S@) > Bfori =0.....N
- 0, otherwise.

The barrier option has price 0.05636 and is compared to the standard MLMC
algorithm and conditional sampling combined with MLMC [6, 9] in which the
payoff is rewritten as a product of probabilities to break the barrier for N timesteps
the following discrete way:
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Fig. 4 Comparison of the
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This payoff is Lipschitz again so the optimal weak and strong convergence of the
Euler method is recovered plus a variance reducing effect takes place. In this case the
time-adaptive algorithm does not lead to an improvement. In Fig. 4 we see that both
the time-adaptive and the improved method converge with order 1/2 and a smaller
convergence constant of the improved method due to the variance reducing effect.
They are both better than the standard method that only converges with rate 1/4.

However, not all payoffs can be rewritten as a product of probabilities. The more
conditions a payoff function includes the more difficult it is to find a representation
of the payoff that is Lipschitz in S. In our next example we look at a double barrier
option with discounted payoff

p— e (S(T)—K)Tif S(t) > B AS(t) < B, forall0 <t <T
o 0, otherwise,

and in the discrete version with N steps by

p— e (S(t,) - K)Tif S(t;) > B,AS({t;) < B, fori =0,...,N
- 0, otherwise.
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Fig. 6 Comparison of the standard and time-adaptive MLMC method for a Double Barrier Option

For this option there still exists a representation as a product of probabilities that
uses an infinite sum which can only be evaluated by cutting it off [10]. For this
option the time-adaptive algorithm keeps working as usual with no additional
complications as shown in Fig.6. For K = 1, B; = 0.85 and B, = 1.25 the
price of the option is 0.01842. We now compare the time-adaptive algorithm to the
standard MLMC method and at first estimate £ [/P ; — P] and Var[?l] with various
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numbers of discretization steps for both methods to determine o and . We see
that both values are halved from 1 for the standard European payoff to 1/2. The
time-adaptive algorithm recovers the B to order 1 again and slightly improves the «
which, however, has no influence on the RMSE rate since now 8 > 1 (see Fig.5).
This finally leads to an increased convergence rate of the RMSE to the optimal 1/2
as shown in Fig. 6 while the standard method converges with order 1/4 for a higher
€ but should converge with order 1/3 for smaller € due to the results in Sect. 2.

5 Concluding Remarks

In this article we presented two adaptive algorithms that both can improve the stan-
dard multilevel Monte Carlo algorithm. The numerical results for the dimension-
adaptive algorithm have shown that it is possible to estimate an option price that
is closer to the requested accuracy and therefore needs less computational cost.
Nevertheless this technique does not lead to an increased convergence rate. We
further developed a time-adaptive algorithm that optimizes the MLMC method
in case of non-Lipschitz payoff functions. We chose the example of single and
double barrier options to point out that our algorithm refines a simulated path
correctly which then leads to a higher weak and strong convergence capped by those
convergence orders of the smooth case. As MLMC theory predicts the convergence
rate of the RMSE then also recovers to 1/2.

More research must be done at calculating error bounds for the refinement thresh-
olds. We plan on combining the dimension-adaptive and time-adaptive algorithms in
such a way that a third dimension will be the refining parameter. We then optimize
between those three dimensions in order to equalize the three possible errors that
contribute to the RMSE.

Using quasi-random numbers instead of pseudo-random numbers is another
possibility to improve the MLMC method. In [6] encouraging numerical results
have been presented for a multilevel quasi-Monte Carlo method. We are currently
working on a theoretical foundation for these results and a combination of the
MLQMC method with the adaptive methods presented in this paper.
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An Efficient Sparse Grid Galerkin Approach
for the Numerical Valuation of Basket Options
Under Kou’s Jump-Diffusion Model

Michael Griebel and Alexander Hullmann

Abstract We use a sparse grid approach to discretize a multi-dimensional partial
integro-differential equation (PIDE) for the deterministic valuation of European put
options on Kou’s jump-diffusion processes. We employ a generalized generating
system to discretize the respective PIDE by the Galerkin approach and iteratively
solve the resulting linear system. Here, we exploit a newly developed recurrence
formula, which, together with an implementation of the unidirectional principle for
non-local operators, allows us to evaluate the operator application in linear time.
Furthermore, we exploit that the condition of the linear system is bounded indepen-
dently of the number of unknowns. This is due to the use of the Galerkin generating
system and the computation of L,-orthogonal complements. Altogether, we thus
obtain a method that is only linear in the number of unknowns of the respective
generalized sparse grid discretization. We report on numerical experiments for
option pricing with the Kou model in one, two and three dimensions, which
demonstrate the optimal complexity of our approach.

1 Introduction

In 1973, Black and Scholes [6] and Merton [22] published their seminal work,
which allowed to determine the fair price of an option under a set of certain
given assumptions. Here, for some simple options, e.g. European vanillas, analytical
formulas exist, but for more complex financial instruments like American put
options or arithmetic average Asian options this is no longer the case and numerical
approximations must be made. This gave rise to the discipline of computational
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finance, in which most valuation problems are solved by means of Monte Carlo
simulations or the numerical solution of partial differential equations.

In recent decades, it has become clear that the assumptions made in the
original paper do not hold in practice. This can be seen e.g. from effects like
the ‘volatility smile’, which means that the implied volatility of an option is not
independent of the strike price. Thus, observable option prices are not conform
with the model assumption that logarithmic returns follow a Brownian motion with
constant volatility. Obviously, the normal distribution underestimates the probability
of extreme events like the Black Monday in 1987, the crash of Long-Term Capital
Management in 1998 or the collapse of Lehman brothers in 2008, just to mention
a few. In May 2010, the Dow Jones plunged without obvious reasons by almost
1,000 points, commonly referred to as “Flash Crash”. In general, daily returns of
six standard deviations can practically be observed in most markets [9], although
a market move of that magnitude would theoretically occur only about once in a
million years.

By adding jumps to the model of the geometric Brownian motion we can take
such effects into account and fix issues like the volatility smile. Even though
analytical formulas exist for certain option types on jump processes [20, 23],
numerical valuation is nevertheless needed in most practical cases. Then, additional
computational difficulties stem from an integral term, which makes the usual
Black-Scholes PDE a partial integro-differential equation (PIDE). Due to the
non-locality of the integro-operator we obtain linear systems with densely
populated matrices, which, treated naively, would result in a substantial additional
computational complexity of O(N?3), with N being the degrees of freedom. Thus,
the convolution integral is evaluated by the fast Fourier transform in [1], which
reduces the complexity of the system matrix application to O(N log N). However,
Kou’s jump-diffusion model admits an even faster operator application with
O(N) complexity for the finite difference case [29]. In this paper, we introduce a
comparable approach for the Galerkin method and exploit it in our numerical solver.

An additional numerical challenge is the pricing of basket options, i.e. options on
multiple underlyings. This usually leads to the so-called ‘curse of dimensionality’,
which means that the cost complexity for the approximation to the solution of a
problem grows exponentially with the dimension. For example, a d-dimensional
mesh with a resolution of / in each direction results in a storage and cost complexity
of at least O(h~7). Sparse grid discretizations [3] can circumvent this problem to
some extent. They result in a complexity of only O(h~! (log h=')?~1), which allows
for huge savings for higher values of d, whereas — depending on the smoothness
assumptions on the function—the convergence rate of the error is unchanged or
only affected by a small logarithmic term.

In this paper, we show how generalized sparse grid generating syste ms
can be used in the described PIDE setting, i.e. for the pricing of basket
options with the Kou model. We use the unidirectional principle [7, 8]—a fast
matrix-vector multiplication for sparse grids, which was originally developed
for partial differential operators—and generalize it to our non-local operator. In
combination with the Galerkin recurrence formula for the Kou model and an optimal
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preconditioning based on a H '-norm equivalence with L,-orthogonal subspaces,
we obtain a method which altogether scales only linearly with respect to the degrees
of freedom of our sparse grid discretization.

The remainder of this paper is organized as follows: In Sect.2 we present
Kou’s model, its multi-dimensional generalization and we discuss how the pricing
of European options on jump-diffusion processes leads to a PIDE problem.
Section 3 deals with relevant aspects of the numerical treatment of our PIDE,
i.a. optimal preconditioning, the unidirectional principle for non-local operators and
the recurrence formula for Kou’s model in the Galerkin approach. In Sect. 4 we test
our approach on basket put options in one, two and three dimensions. Final remarks
in Sect. 5 conclude the paper.

2 Option Pricing with Kou’s Model

In this section we describe a one-dimensional model for jump-diffusion processes
as presented in [20]. Then, we discuss its generalization to the multi-dimensional
setting. Finally, we sketch how a PIDE arises from the option pricing problem on
such a jump-diffusion process.

2.1 One-Dimensional Model

Kou’s jump-diffusion model [20] assumes that the price of a security S fulfills the
stochastic differential equation (SDE)

N(t)
= pdt +odW(@) +d [ Y (v, -1 ]. (1)
j=1

s ()
S(-)

where ¢ denotes time, W(t) is a standard Brownian motion, u and o are the
usual constants for drift and volatility, N(¢) is a Poisson process with rate A and
{V;}jen denotes a sequence of jumps. These jumps are assumed to be independent
identically distributed with density

(1= p)ypvr! for v<I,
hpnu(v) = el
puv—H for v>1,

where p and 1 — p denote the probabilities of jumping upwards and downwards,
respectively, while n > 0 and © > 1 are parameters that control the jump sizes. The
density of Y; :=log(V;), j € N, is then given by
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1— e’ for z<O,
(1—=pn @)

Kpyu(2) =

pue 1z for z>0,

which is an asymmetric double exponential distribution. Furthermore, in this model
all random variables W(t), N(t), Y; are assumed to be independent. The dynamics
of S in the SDE (1) can then be given by

N(r)

S(t) = S(0) exp ((u — %02) t+ ch(t)) . ]"[ V;
j=1

and we have

_ U Iz
E(V;) = E(exp(Y;)) = (1 p)—nJrl troTT

2.2 Multi-dimensional Case and Dependence Modelling

We now consider a d-dimensional price process S = (Si,...,Ss) with state
space RY. The components S;,i = 1,...,d, of S follow the dynamics

N (1) N(@t)

Si(t) = Si(0)exp ((Mi - %Giz)l +C7iWi(f)) . l_[ Vij- l—[ Vi, 3)
j=1 j=1

where ©; and o; denote drift and volatility constants, N; and N are Poisson
processes with rates A; and A, respectively, and {log Vi.j}jen and {log 17,] }jen are
sequences of jumps of the component i.

Obviously, the Brownian part of the process is decorrelated across dimensions.
A priori, this assumption may look unrealistic, it however can easily be achieved by
a standard principal component transformation of the covariance matrix, see [26]
for example.

In our model (3), every price process S; has two sources of jumps. The first
one leaves other processes S;/,i’ # i unaffected. It is realized by the Poisson
process N;(¢) and i.i.d. double exponential random variables {logV; ;};en with
parameters p;, n;, Ui, see (2). The second one takes care of the correlations of jumps
over the dimensions. It consists of a jump process N (¢) and the associated random
variables {log 17, j}jen, which are again assumed to be i.i.d. double exponential
random variables with parameters p;, 7);, fi;. It is noteworthy that even though the
jump sizes are independent, dependence of the d price processes (Si,. .., Sy) is
created nevertheless, as jumps happen at the same time in all components of S. This
joint jump term can be understood as a risk factor affecting the whole market and
not just a single company or industrial sector.
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2.3 Representation of the Multi-dimensional Process as
Lévy Process

We now identify our d-dimensional generalization (3) of the Kou model as a
Lévy process. To this end, recall the following definition, compare also [9].

Definition 1 (Lévy process). A cadlag stochastic process (X(7))o<r<co On the
filtered probability space (§2, F, (F;)o<i<oo» P) With values in RY and X0) =10
a.s. is called a Lévy process if it has the following properties:

1. Independent increments: for every sequence fp < t; < --- < t,, the random
variables X(#y), X(t;) — X(ty), . .., X(#,) — X(#,—1) are independent.

2. Stationary increments: X(z) — X(s) has the same distribution as X(¢ — 5), 0 <
s <1t <oQ.

3. Stochastic continuity: lim,—;X(#) = X(s), where the limit is taken in
probability.

The characteristic exponent ¥ : R? — C of X(¢), which satisfies
E (/X)) = e"© for £eR’ 120,

allows for the unique Lévy-Khinchin representation

V(E) = —5 (5.Q8) +1i (r.6) + /R (e —1-i (. 2) L) v(c2).

1
2

where Q € R?*? is the symmetric covariance matrix of the continuous part of X,
y € R? is the drift of X and v is the Lévy measure, which satisfies

/ min(1, |z|*)v(dz) < oco.
R4

This condition ensures that the activity for large jumps is finite and possibly infinite
for very small jumps only.

For our multi-dimensional Kou model presented in Sect.2.2, the logarithmic
returns follow a Lévy process. We thus can rewrite (3) as

Si(t) = S;(0)exp(X;(t)) fori=1,...,d,

with (X(#))o<;<oo being a R¢-valued Lévy process with characteristic triplet
(Q, v, y). Here, the elements of covariance matrix Q € R4 satisfy

— . 2
gij = 8ij0;
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foralli, j = 1,...,d, the driftis

o2
Vi =i — +/ zi L{j;<13v(d2)
2 R4
fori = 1,...,d, and the Lévy measure v has finite activity and can be expressed by

d d d
v(de) = D Aikp s @)dz ® R 8(dzir) + A Q) k5,57 @)z (@)
i=1 i’=1 i=1

i’ i

In (4), the i -th summand represents the jumps in the i -th component of X generated
by the Poisson process N;(t) and the associated jump sizes (logV; ;)jen are
distributed with density «, ;; ;. » se€ (2). The remaining components are unaffected
by these jumps, which is expressed by the delta distribution ®i/¢l- 8(dz;r). The
last term in (4) is due to the Poisson process N(t) with jumps occurring in all
components at the same time. The jump sizes (log 17, j)jen in the i-th component
are distributed with the probability density «j, 5, 7, -

Remark 1. Even though the jump sizes are all independent, the stochastic processes
X;, and thus §;, are not. Otherwise, the right-hand side of

E (ei@,xm)) — e V®

could be written as a product in &j,...,&;, which is not possible since ¥ does
in general not decompose into a sum of one-dimensional functions over the
dimensions.

Note here that the product ®;1=1 K5 5 ii; (i) in (4) can be seen as a rank-one
approximation to a general finite Lévy measure. Then, this concept can easily be
carried over to more complex dependencies by adding further Poisson processes
in combination with jump sizes that are again independent of other dimensions.
This can be done in the spirit of a low rank approximation, see [5], i.e. as the
approximation of a non-separable density function by a small sum of separable
functions. Such a generalization would be treatable by the numerical approach
proposed in this paper as well.

2.4 Option Pricing

We now want to price a European option with the payoff g : RY — R depending on
the state of the process S at the time of maturity 7. In this paper, we predominantly
price put options with strike price K and unit weights, i.e.
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d
g(S(T)) = max(0, K — ) Si(T)). 5)

i=1

Note, however, that the same approach can also be used to valuate call options.
For the conventional Black—Scholes model, arbitrage considerations show that the
fair price of a European option is given by the discounted expected value of
the payoff function under the unique risk-neutral measure. Jump-diffusion models
lead to incomplete markets and a risk-neutral measure needs to be selected by,
e.g., the rational expectations equilibrium, see [21]. We assume that the risk-neutral
dynamics of our d price processes is given by

Si(t) = Si(0)exp(rt + X;(¢)) for i=1,...,d, (6)

where X is a Lévy process with a triplet (Q, v, y), s.t.

eSS, (1)
are martingales for i = 1,...,d. Then, the value of a European option at time ¢
with payoff g can be given by
V(t,s) =E@ " g(S(T)) | S(t) =s). @)

This function V' is known to satisfy the PIDE (8) of the following theorem, see [9,
27] for further information.

Theorem 1 (Backward PIDE for European options). Let S be an exponential
Lévy model (6) with Lévy triplet (Q,v,y), which has a non-vanishing diffusion
matrix Q, and let v satisfy

e“v(dz) < oo
|z|>1
fori =1,...,d. Then, the function
VeC?((0.7) xRL) N CO ([0, T] x RLy)
given by (7) is a solution of the backward PIDE for European options

—(t s)+ = Z:s,sjqua 8 (t, s)+rZs, (t s) —rV(t.s)

lj—l i=1

+/R (V(t se’) —V(t,s) — Zs, (e —=1) —(t s)) v(dz) =0 ®)

i=1
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on (0,T) x R>0, where V(t,se*) = V(t,s1€%,...,5q5€%), with the terminal
condition given by
V(T,s) = g(s) for se€ Rio

Under the same constraints as in Theorem 1 and with the assumption of finite
activity, i.e. A = v(Rd ) < o0, which holds in case of the Kou model (3) with
A =3 A + A, we can rewrite the PIDE as

iu(f X) — Z qij a u(‘r X) + Au(t,X) — / w(t,x+2z)v(dz) =0 (9)

with e 7" "u(z,x) = V(¢,s). To this end, we use the variable transforms t = T — ¢
and

x; =logs; +t(r —& — %) with & = / (e“ = 1)v;(dz) (10)
Rd

fori = 1,...,d, with v; being the marginal distribution of v in the i-th direction.
Then, the terminal condition becomes an initial condition for T = 0, and reads

u(0,x) = g(exp(x))

with the exp-function applied componentwise to the vector x € R¢.

3 Numerical Treatment

In this section, we discuss the numerical treatment of the transformed PIDE (9).
We start with a simple 6-scheme for time discretization and a Galerkin method
using generalized sparse grids for space discretization. The resulting set of linear
equations is then solved by an optimally preconditioned iterative method, which we
discuss in Sect. 3.3. To this end, we present a fast matrix-vector multiplication for
the sparse grid generating systems in combination with non-local operators and the
Galerkin recurrence formula for the Kou model. All these ingredients are essential
to obtain an overall solution method with optimal linear complexity in the degrees
of freedom of our discretization.

3.1 Time Discretization and Weak Formulation

First, we localize our space domain R to a rectangular domain

:((X],ﬂl)x"'x(ad,ﬂd) (11)
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and assume zero boundary conditions. This truncation can be understood as an
approximation of the price of the option by that of a barrier option, i.e. as an option
that has no payoff if the underlying price process has left D during the time to
maturity. It is well-known that the pointwise error introduced by this approximation
decreases exponentially with the domain size, see for example [10].

The upper and lower bounds in (11) are chosen by

o = x; —y/T -var(X;(T)), (12)
Bi = xi +y/T -var(X;(T)), (13)

where y is a proportionality constant relating the domain size and the standard
deviation of the stochastic process in that direction. Furthermore, x = (xj....,xg)
denotes a point of interest, which might be, like e.g. in (10), a transformed initial
state vector s for an option we want to price by the evaluation of e u(T,x) =
V(0,s).

We then can write the PIDE (9) with the definition

d
1 0?
Lu(t,x) := 3 E qij mu(r, x) — Au(t,x) + Ad u(t,x + z)v(dz)
ij=1 e

as
du(t, x)

at
with an extension of u by zero outside of D, i.e. u| 7yxga\p = 0, which is relevant
to the integral term.
For the time discretization, we subdivide the interval [0, 7'] into M +1 equidistant
time-steps

— Lu(r,x) =0 on 0,T)xD, (14)

t; = iAt, i=0,...,.M,

with At = % and apply the well-known 0-scheme with 6 = %.1 Then, (14) can be
expressed fori = 0,..., M — 1 as a sequence of stationary elliptic PIDEs

u D (x) — u®(x) I

& (0u" TV (x) + (1 - O)u(x)) =0

on D with u®(x) ~ u(t;,x),i =0,..., M.
Next, a weak formulation in space will give us a sequence of HO1 (D)-elliptic
problems: Find u*tV € H] (D), s.t.

A WY vy, + Oa@ Y vy = rD () Vv e H(D) (15)

"More sophisticated techniques, e.g. space-time sparse grids [17], are available, but this is beyond
the scope of this work.
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with
u(x) av(x)
au,v) = / Z dij ox; 8xj
+A(u,v)p, — /D /]Rd u(t, x + z)v(dz)v(x)dx
and

r(i)(v) — At_l(u(i), V)Lz — a((l — Q)M(i), v)-

Before Eq. (15) can be discretized in space, we need to transform the domain D
to 2 := (0, l)d, see (11). This is done by a linear affine scaling 7 : D — 2

T()—( a‘..,xd_ad). (16)

B —a Ba — g

When we apply the domain transformation (16), and take the assumptions made
about (q,-j)f{ ;=1 and v in Sect.2.2 into account, the bilinear form a(u,v) in the
variational equation (15) can be given on £2 by

d 2

o; du(x) dv(x)
IZ:; 28 —ai)* Jo 0x; Ox;

a(u,v) =

dx + )L/ u(x)v(x)dx 17
2

— Z(,B, — o)A / / u(X + zi€;)Kp, n; i ((Bi — o)z )dz; v(x)dx

i=1

_/\/ / u(x +z) 1_[(,31 Ol,)l(p, i oL ((Bi — @i)zi)dz v(x)dx,

i=1

(18)

where e; denotes the i -th unit vector and

d d
A= Z/\i(ﬂi —o;) + il_[(,Bi — ;).

i=1 i=1

3.2 Space Discretization by a Sparse Grid Generating System

What is finally missing is a discretization of (15) with bilinear form (17) in space.
To this end, we introduce a sparse grid generating system based on linear splines.
First, we consider a one-dimensional multilevel system on the interval (0, 1). On
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Level
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000000000000000
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Fig. 1 The first four levels of a one-dimensional multilevel generating system (left). Two-
dimensional tensorization and the sparse subspace (right)

level I, n; = 2! — 1 hat functions
¢r1.:(x) = max(1 — 2" |x — x;,].0)
exist, which are centered at the points of an equidistant mesh
xi =27

fori = 1,...,n;. The left side of Fig. 1 shows all functions on the first four levels.
The spaces
Vi =span{¢y; | 1 <i <n;}.l €N

possess the simple inclusion relation V; C Vj4;. This makes the union of their
basis functions Uf=1{¢l,ls ..., @1} a generating system and not a basis. The
multi-dimensional case is based on the domain 2 = (0, l)d . By tensorization, we
obtain spaces associated to a multi-index1 = (/y,...,1;) € N4

d
=@V

i=1

For a given 1, W is the space of d-linear functions on a possibly anisotropic full grid
space with

d
vl =[]e"-n=o0e"

i=1
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degrees of freedom. It is spanned by the functions

DLi(x) = @i (x1) - buyiy (xa)

with
iepn={i=0G,....i0)eN:1<i;j<n;,j=1,....d}.

V=>"V
1eNd

is equal to the underlying Sobolev space HO1 (£2) up to completion with the
H'-norm, see [3]. For our numerical computation, we have to resort to a
finite-dimensional subset. To this end, we use an index set Z C N¢, |Z] < oo,
which defines the subspaces included in the discretization as

Vr=Y W

leZ

The space

A proper choice of Z now depends—besides the error we want to achieve—on the
smoothness of the function class we want to approximate. For example, the full grid
space with index set

I = 1e N i |l|o <k}

has the approximation property

inf ||M — V”%.Is(g) f C2_2(I_S)k

2
VEV (00) ”u”HI(Q)
Tk

withrate? 7 —s and u € H((2). Its number of degrees of freedom grows by O2kd).

Thus the accuracy as function of the degrees of freedom deteriorates exponentially

with rising d, which resembles the well-known ‘curse of dimensionality’, cf. [2].
Assuming additional mixed smoothness u € HJ . (§2), the sparse grid index set

7" ={1leN' I, <k +d -1} (19)

circumvents this problem to some extent. The rate of the best approximation in
dependence of k

. o2 —2(t—s)k [, 112
vellrflzf(l) e = Vllks () = €2 ||u||Hrtnix(Q)

k

2This holds for a range of parameters 0 < s < ¢t < r with r being the order of the spline of the
space construction. In our case of linear splines r = 2 holds.
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is the same? as for the full grid space, i.e.  —s, but the number of degrees of freedom
now only grows by O(2Kk?~"). This is a substantial improvement in comparison to
the full grid case. For further details, see [14]. A related approach, adaptive sparse
grids based on a linear spline basis, has been employed for option pricing without
jumps in [4].

Next, to compensate for the transformation (16), we want our discretization to
have a refinement level in each dimensioni = 1,...,d, which is logarithmically
proportional to the size §; — «; of the respective dimension in D. This then leads to
anisotropic sparse grids. First, we need to determine the level shifts

Br—a :|
pi = |logy —— [+ 1
[ P B —

fori = 1,...,d, that are necessary to compensate for the former anisotropies.

Then, the index set

Lh—1 lg—1

I ={leNnd: ——— 4.4 47 < 20
k { max(k — py, 1) max(k — pg,1) — j (20)

gives us an anisotropic sparse grid on level k, with the classical sparse grid as a
special case for p; = --- = pg = 1. Anisotropies may reduce the sparse grid cost
complexity even further, see [13] for a discussion in this direction.

Remark 2. 1t is furthermore possible to adapt the index set Z a-posteriori to a
given function by means of a proper error estimation and successive refinement
procedure. This approach results in adaptively refined sparse grids, see e.g. [11,12].
For algorithmic reasons, we then need the additional condition

leZ,keN k<l=>keZ, 1)

where k < 1is understood componentwise.

Now we present the final equations that are being solved numerically for the
parameters and model assumptions specified in Sect.2.2, where also the domain
transformation (16) is being considered. For any valid index set Z C N¢, let us
denote by u = (bii)iez ey, @ block vector of N := )", .7 | x| coefficients used to
represent functions

u(x) = Y > wmii(x) € Vr.

1€ ieq

3For s = 0 an additional logarithmic term appears in the error estimate.
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Then, our variational problem (15) can be discretized as follows: For i =
0,....,.M —1findul*D st

(A7'M + 0A) uT) = (ArT'M + (0 — DA)u®, (22)

with the block-structured mass matrix M € RV*N

(M) ). kj) = /9 hi(X) Pk j(x)dx
and the stiffness matrix A € RV*V

(A)wi).kj) = a(ri» Pxj)

with the bilinear form a(:,-) from (17). The initial value u® is set to the
L,-projection of the payoff function into the space V7.

Note here that the representation of functions in Vz = )", ; ¥ is not unique,
since all subspaces 11,1 € 7 appear in our discretization. This means that operator
matrices A and M for this discretization have a non-trivial kernel and the system
matrix cannot be inverted. However, Krylov subspace methods will converge as
long as the right-hand side is within the range of the operator matrix, see [18, 19]
for further details.

3.3 Preconditioning

We now want to find an optimal preconditioner for our linear system (22). To this
end, we need to bound the quotient Ap,x(A)/Amin(A) independently of dim Vz,
where

~ Au,
Auin(A) = min ALY
ulker(d) |lull3

and A
T () = _max 1200

ax T
ulker(A) [[ul|3

denote the minimum and the maximum of the Rayleigh-quotient restricted to the
subspace {u : u L ker(A)}.

The preconditioning of generating systems on regular sparse grid spaces with
index set (19) is discussed in [15, 16] within the framework of multilevel subspace
splittings. A simple diagonal scaling results in condition numbers that are bounded
by O(k9~?), which is a substantial improvement, but does not give an optimal
method yet.
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To obtain optimal condition numbers of O(1) we proceed as follows: We rely on
the stable subspace splitting

(HY | (50 =D W 22Mee -1, (23)
1

where 1 € N? denotes a d-dimensional multi-index and W is the respective
L,-orthogonal complement space, see [14]. As the nodal basis on level 1 is a stable
splitting for 1] with a condition number independent of 1 and W, C W, we can derive
an optimal preconditioner by splitting a function into its orthogonal complements
and then representing them in our generating system subspaces 1.

To explain this in more detail, let us first describe the case of a one-dimensional
discretizationup to level k,i.e.Z = {(/): 1 <[/ <k}andd = 1.Let Q; : V; =V}
be the L;-orthogonal projection to V; and Q¢ = 0. Because of the nestedness

VicVy for I </,

the telescopic expansion

k
we=Y (Q1—Qr-ux, € Vi
=1

is an orthogonal decomposition with (Q; — Q—)ux € W,.
The multi-dimensional case can be obtained by tensorization arguments. Then,
for uz € Vr with an index set Z C N satisfying (21), the expression

w = Z (_l)lm‘l Qll—ml ..... ly—mga UT (24’)

me{0,1}4

denotes the orthogonal complement of u7 in the space W,1 € Z.
The algorithmic implementation is straightforward. We first have to compute the
projections by

(QluI, Vl)Lz = (MI, V])L2 for all V] € Vl, le”. (25)

To this end, all right-hand sides for 1 € Z are extracted from the result of one single
mass matrix multiplication applied to uz. The operator matrix on the left-hand side
of (25) is just a d-fold tensor-product of one-dimensional mass matrices, which
themselves are tridiagonal, and thus is easily invertible in O(2") operations for
a fixed 1. Secondly, after having calculated all discrete functions Qjuz, we have
to sum them up according to (24). This can also be done in O(2!') operations,
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payoff function
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Fig. 2 The payoff function of a one-dimensional put option in the log-space (top). The first six
orthogonal complements of this function (middle and bottom)

which is again linear in the degrees of freedom. After scaling with the l-dependent
weights in the norm equivalence (23) we then obtain an optimal preconditioner
with a condition number bounded independently of the space V7. Note that this
is achieved without explicitly discretizing the subspaces W and the overall system
matrix with prewavelets or similar, more complicated basis functions, but merely
by sticking to the more simple and natural generating system. A one-dimensional
example is given in Fig.2. We observe that the oscillations on finer scales occur
mainly at the position of the non-differentiable kink.

4The discretization in this example includes boundary functions otherwise not used for
computation.
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3.4 Operator Application

Within such an iterative solver the matrix-vector multiplication must be frequently
processed. Here, a complexity issue may occur due to the non-trivial interactions
between the different subspaces involved in the generating system approach and,
additionally, due to the integro-operator in the stiffness matrix. We now describe
how a general linear tensor product operator’

AV @AY ... AD (26)

can be applied to a sparse grid approximation u7 = [ui];e7 of u using a number
of operations, which is of optimal order, e.g. of O(2k?~") for regular sparse
grids (19). Consequently, all sums of tensor-product operators can then also be
applied with optimal cost complexity.

If the index set Z of our sparse grid would allow a representationZ = I} x---x 1
with I; C N,i = 1,...,d, we could easily apply the tensor-product operator (26)
dimension by dimension. But since the index Z can in general not be represented as a
simple cross product, we need a sophisticated algorithm known as the unidirectional
principle to maintain optimal complexity. Our aim is to calculate

_ ) @ oo AD )
= Z (All,lf ® Alz,lz’ Q- ® Ald,l;) n
rez
foralll € Z, where A;’ )I/ ,j = 1,...,d, denotes the operator matrix of AY) in the
it
weak formulation for discretization level [ j’ and test function level /;. First, let us
investigate the one-dimensional case.® Up to the level k, we have

k
v, = ZAl,l’ul’

r=1
/ k
= ZAl’l/ul/ + Z Ay, 27)
I’'=1 I'=l+1

Both sums in (27) need to be treated separately. To this end, we introduce the
matrices I;;; which serve as restriction operators for [ < [’ and as prolongation
operators for [ > [’. The matrices A; ;- can then be written as

SNote that the numbers (1),..., (d) in the exponents are no powers but indices, indicating that
different operations may be carried out in different dimensions.

For notational convenience we drop the dimension index /) in A;/ )l, in the following calculations.
il



138 M. Griebel and A. Hullmann
A[,[IU/ for 1 >1,
I[J/A[/’]/ for I <.

In the following two algorithms, the prolongations and restrictions are of central
importance to efficiently transport intermediate results.

3.4.1 BottomUp Algorithm
The BottomUp algorithm calculates all sums
k
vi= Y Ay (28)
I'=I+1

for/ = 1,...,k in linear time. If we express these operations (28) by means of a
matrix including all levels, we obtain an upper diagonal form

OA2 Az ... Akk 0ILi2A%, I13A33 ... I cAkk
0 A2,3 . Azﬁk 0 12,3A373 . Iz,kAk,k
0 Ap—1x 0 Li—1xAgk
0 0

Obviously, the matrix can be expressed using the restrictions I;;,] < [/,
and the isotropic matrices A;;. This gives rise to a recursive formulation for
Il=k—-1,...,1

k
vi= D Ay + A
=142

k
=Lt > Ay + A
V=(+1)+1

=T+ (Vg1 + Arprg41041) . (29)

Clearly, all v; for 1 < [ < k can be precalculated in linear time provided that the
restrictions I; ;4 and the application of the matrices A;; work in linear time.
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3.4.2 TopDown Algorithm

The TopDown algorithm uses a similar recursive relation to calculate the left-hand
sides of

I
vi=) Ay (30)
I'=1

for 1 <1 < k. The Egs. (30) can be rewritten as a matrix-vector multiplication with
matrix

Apg Apg

Ay Ay Arol ) Asp

As1 Asn Ass = | Asslzi Asslza Ass ,
Akt Ao Aks oo Ak Avilicn Akadin Akalis .o Ak

which can solely be expressed using the prolongations I; ;7,1 > I’, and the isotropic
operator matrices A;;. We can precalculate vectors w; for [ = 2,...,k using the
recursive relationship

I}
W) = ZIU/“V

I’'=1
-1

= > Ll +u
=1

= Lwi +w
starting with w; := u;. Now (30) can be expressed by

i l

v, = Z Aplpapy = Ay Z Lywr = A w. (31
=1 =1

As long as the prolongations I; ;—; and the application of the matrices A;; work in
linear time, the TopDown algorithm is of optimal order.
3.4.3 Multi-dimensional Case

The multi-dimensional case can be reduced to the application of the one-dimensional
algorithms by a splitting and rearrangement of the sum
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n = ZA(I) ® A(Z) ® ®A§j,)ll;ul/’

Il A
rez

which then leads to the equation

= ). (A,®I®-®D: (32)
I{<lywith
(If,/z ..... ld)EI
@ @
> (18l @ @A, )uy. (33)

45, ))€T

(2) (d)
+ ) (I®Azz,z;®“'®Azd,/,;)' (34)
(...l}) with
(b l))ET
(1)
Y. A ®I® - ®Dugy ). (39)

ll/>11 with
()05, 00)€eT

Now, (32) resembles the application of the one-dimensional TopDown algorithm,
and (35) resembles the application of the one-dimensional BottomUp algorithm.
The sums (33) and (34) are the result of a recursive application of the
multi-dimensional algorithm with the first dimension left unchanged. The condition
(21) ensures that the storage of intermediate results requires space and time just in
the same order as for uz and vz. Specifically, we know that

(11,...,1,1)61,1/ <L = (Z/,Zz,...,ld)EI

in (32) and
(... I)ez,l; >, = 0,,1,....I1))eT

in (34), which means that intermediate results can be represented as generalized
sparse grid functions on the same index set Z.

The origins of this algorithm trace back to [7, 8] with focus on partial
differential operators. Now, with the generic concept presented in this paper, it
is no longer necessary to specifically tailor the TopDown/BottomUp algorithms to
the operator in use. Moreover, it can be employed with non-local operators like
integro-differential operators. Note here that the cost complexity of the algorithm
is only linear with respect to the degrees of freedom if the cost complexity of the
univariate operator application is linear. But this is possible in the special case of
the Kou model, which we will show in the next subsection. Note furthermore that,
independently of this work, a similar abstraction of the unidirectional principle for
multilevel discretizations has been presented in [30].
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3.5 Galerkin Recurrence Formula for the Kou Model

9]
NARE
linear time. This is possible for differential operators, as their matrices are inherently
sparse for nodal basis functions. However, integral operators do not have this nice
property. In [29], a recurrence formula is used to apply the integral operator of the
Kou model for the finite difference case in linear time. We now derive a similar
result for the Galerkin method.

In the following, let {¢;}7_, be a set of one-dimensional linear spline basis
functions on level / with mesh-width 7 = 27 and the relation

In Sect. 3.4, we have assumed that the matrices A; . ,Afj)l, can be applied in
ta

¢>,-(x)=¢i+1(x+h), i=1,...,n—1. (36)

In the Galerkin approach for the integro-operator of the Kou model, we need to
calculate foralli = 1,...,n; the expression7

wzﬁﬂéwmumwﬂmmmw-

Here, k., is the Kou density function from (2), and u : [0,1] — R denotes a
function that can be represented by

u(x) = Zuf¢f (x).
j=1

This translates to the matrix-vector-product

v = Au
withv = (vi,...,vy), u = (uy,...,u,) and
(MuzﬁmA%@+@wW@&Wﬁw 37

N /[;) 1] /R(ﬁ] (DK p.ypu(z— x)i (x)dzdox.

The matrix A is dense but has Toeplitz structure: Applying (36) to both, ¢; and ¢;
in (37) gives (A);; = (A);+1,j+1. This property of the matrix would allow us to
execute the matrix-vector multiplication in O(n; logn;) instead of (’)(n,z).

"Here and in the following, we have omitted time related indices and the dependence on other
dimensions.
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A different approach that takes also the structure of k, , , into account achieves
even a linear runtime complexity. To this end, let us assume thati, j € N,n; > j >

i + 2. Then we know that the interior of the supports of ¢; and ¢; is disjoint and
that z > x for ¢; (z) # 0 and ¢; (x) # 0. This allows us to obtain

(A = /[01]A¢j(z)k(z_x)¢f(x)dz dx
— /[01]/l;¢j(z)pue_ﬂ(z—x)¢i+l(x+h)dz dx
- /[] 1+;]/R¢j(Z)p“e_“(z_xﬂ”dnﬂ(x)dz dr

= e " (A)it1,.

A similar argument gives (A); ; = e‘h”(A)i_l,j for1 < j <i —2.Now we can
introduce the splitting
vi =v v+

with
i—2 i+l o
= Wy, = 0 Ajug, v = ) (A
i=1 j=i—1 J=it+2

With the recursive relationships

i—3

Vo= Z(A)i’juj + (A)ii—2ui—
i=1

(i-1)—2

=M Y Aimrjuy + A)i—auia
j=1

= e 7"V + (A)ii—atti—

fori =4,...,n; and

n
Vi—> = Z (A),-,juj + (A)i,i+2“i+2
j=i+3
n

= e Z (A)itrjuj + (A)iivouito
j=(i+1)+2

—hp ,—
=e "+ (Aot
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for i=1,...,n; — 3, all v/~, v/ and v;” can be precalculated in linear time.
Altogether, we can compute the matrix-vector product v = Au in O(n;) complexity
even though the matrix A is dense.

So far, we have described the application of the integro-operator of the Kou
model to a one-dimensional linear spline discretization on level / only. This
approach now easily carries over to the multi-dimensional generating system
case by the unidirectional principle with the dimension-recursive form of the
algorithm (32)—(35), which exploits a given tensor product structure and requires
only one-dimensional non-hierarchical applications of the Kou integral-operator
in (29) and (31). This altogether allows the application of the operator matrices
in the discretized equation (22) in just linear time.

4 Numerical Experiments

In the following numerical experiments we use the described PIDE solver for
the pricing of European basket put options. The focus of our studies is on space
discretization, that means we have chosen the domain of computation large enough
and the time steps small enough such that the main error now stems from the space
discretization only. We are especially interested in the spatial convergence rates of
our method. To this end, we look at the L,-error of the solution at t = T and at
the relative error of the option price at a predefined point of evaluation. Assuming a
relationship

e<cN™“

with e being the error and N the total number of degrees of freedom, we can estimate
the convergence rate « by computing

__ loge;, —loge;
log N, —log N

for two successive discretization spaces with N; and N, degrees of freedom and
associated errors e; and e;, respectively. As all computational steps can be carried
out in linear complexity, this is a relevant measure for the efficiency of our method.

4.1 European Put Option

We now price a European put option on a single asset, i.e. d = 1, with the
parameters

T=02 K=10,r=0.00,§=1.0 0=02,
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Fig. 3 The relative pricing error at S; = 1.0 versus the degrees of freedom of the discretization

for the Black—Scholes model without jumps (/eft) and with Kou jumps (right)

and a jump part
A=02,1n=20, u=30and p =0.5
using the Eqs. (22). The domain is chosen as
D = (—35.781,35.773)

before being scaled down to §2 by (16), and the choice of Ar = 27!'T results
in 2048 equidistant time steps. The reference price is given by 0.042647805,
compare [29]. Without the jump part, the correct Black—Scholes price of the option
can be given analytically as 0.035670591. We will use both models to test our
method. Figure 3 shows the convergence plots of the relative pricing error with
respect to the degrees of freedom® with and without the jump part. Here and in
Table 1 we see that we essentially get the same rate of 2 as for the simple Black—
Scholes PDE. The last measured rate decreases slightly to about 1.8, which can be
explained by the time discretization and domain truncation error starting to kick in
at that level.

Figure 4 shows that the integro-term just adds a small constant factor to the
runtime. Moreover, we see that the runtime is asymptotically proportional to the
degrees of freedom as claimed in Sect. 3.5.

4.2 Two-Dimensional Example

We now define two underlyings by

Sl = 1.0, o] = 0.2,
Sz = 1.0, Oy = 0.2.

r = 0.00 and

8In one dimension, full and sparse grids are of course the same.
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Table 1 Relative errors and rates « for the one-dimensional option pricing problem with and
without jumps. The degrees of freedom (DOFs) refer to the size of the multilevel generating system

Without jumps With jumps
Level DOFs Pricing error Rate o Pricing error Rate o
2 4 8.53-10° N/A 6.98-10° N/A
3 11 8.23-10° 0.03 6.75- 10° 0.03
4 26 5.23-10° 0.53 4.26-10° 0.54
5 57 2.07-10° 1.18 1.66 - 10° 1.20
6 120 2.35-1071 2.93 1.68-107! 3.07
7 247 3.54-107! —0.57 2.94-107! —0.77
8 502 3.14-107" 0.17 2.55-107! 0.20
9 1,013 1.04-107! 1.58 8.38-1072 1.59
10 2,036 2.14-1072 2.26 1.73-1072 2.26
11 4,083 5.18-1073 2.04 4.21-1073 2.04
12 8,178 1.33-1073 1.96 1.09-1073 1.95
13 16,369 3.79-10~* 1.81 3.12-10~* 1.80

—e— with integro-term
102 |- | —m— without integro-term =
I slope 1 ]
n
= I g
Q
£ i |
is)
10!

Lol Lol Lol Lol L1
10! 10? 103 104

degrees of freedom

Fig. 4 The run time versus the degrees of freedom. The slope of 1 in this log-log plot relates to
the formula 3 - 1073 x, which indicates that the runtime grows linearly with the degrees of freedom

The first jump term

nm = 80, MH1 = 80, P11 = 00,
Ny = 8.0, M2 = 8.0, P2 = 0.0,

A =03 (38)

introduces negative jumps in both underlyings, while the second jump term

A =02, 7 =10.0, u =10.0and p; = 0.5 (39)



146 M. Griebel and A. Hullmann

10°
—e— sparse grid

1 —m— full grid
’Q 10 rate 2
- rate 1
310*2
o
o
8
£ 1073
5]
S
S 107

\
107°

10! 102 103 10* 10°
degrees of freedom

Fig. 5 L,($2) error of the solution for the geometric call option (40) at t = T with a full grid
level 10 as reference solution

only affects the first dimension. First, we consider the geometric call option with
payoff
g(x) = max(0,e2 77 — K) (40)

on the domain D = (§ % 2 for K = 1 as suggested in [24] for the Black-
Scholes model. Note here that with this particular choice the non-differentiable kink
is not included in the domain of computation, which is favorable for discretizations
that rely on additional smoothness constraints like sparse grids. We include both
jump terms and calculate the solution approximation uz(x based on our PIDE solver
approach with anisotropic sparse and full grids, compare (20). In this and in all
following experiments, we choose At = 23T, which results in 256 equidistant
time steps. In Fig. 5 the L,-error at T = 0.2 is measured against a full grid solution
on level 10 after the linear transformation (16) to the unit square 2 = (0, 1). As
we can see, we achieve roughly a rate of 2 with respect to the degrees of freedom
used for the sparse grids, while the full grid rate deteriorates to % = 1ford = 2.
Now we get back to our usual basket payoff

d
g(x) = max(0, K — Ze“"'), 41

i=1

which is equivalent to (5) after the logarithmic transformation of the coordinates
(10). Strike and maturity are chosen as K = 2 and T = 0.2, respectively. We want
to price the option on the underlyings with both jump terms and choose the domain

D = (—0.984,0.989) x (—0.942, 0.948),
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Fig. 6 L,($2) error of the
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which now includes the non-differentiable kink of the payoff function. In terms of
the L,-error at T = 0.2, we achieve asymptotically the rate 2 for the sparse grid
approach in contrast to the rate 1 for the full grid, see Fig. 6. This is a noteworthy
result, as the payoff function lacks the mixed smoothness regularity, which is
typically required by sparse grids. However, it is well-known [28] that the finite
element solutions to parabolic problems converge to full order due to the smoothing
effect of the solution/propagation operator even when the initial data are nonsmooth.

4.3 Three-Dimensional Option

As an example for a three-dimensional option we set

S, =10, 0y =02,
T =02 K=30r=000 and S, =10, o, = 0.1,
S; = 1.0, o7 = 0.05,

and choose a jump term

m =4.0, uy =5.0, pp =0.5,
A=02 {9 =100, ur = 11.0, p, = 0.3,
n3 = 13.0, u3 = 16.0, p3 =0.7.
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Fig. 7 Relative pricing error
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The option’s reference price of 0.04476 has been determined using a Monte Carlo
simulation. For our PIDE approach, the parameter choice y = 30 results in a domain

D = (—3.302,3.292) x (—1.554, 1.555) x (—0.873,0.870),

which includes the non-differentiable kink. Figure 7 shows the relative pricing
error with respect to the degrees of freedom for an anisotropic sparse grid and an
anisotropic full grid discretization.

We observe that the convergence rate of the full grid approach is close to % like
in the former experiments. The sparse grid error convergence is somewhat erratic,
but we clearly achieve a higher accuracy with less degrees of freedom.

Note here that the computation of a reference solution for the L,-error
measurement of the solution at maturity would be extremely demanding. We
therefore omitted experiments for the L,-norm and d = 3 here. Nevertheless,
we expect analogous results as for the case d = 2, compare Figs. 5 and 6.

S Concluding Remarks

We have presented a numerical method for the pricing of multi-dimensional basket
options under Kou’s jump-diffusion model. It involves a PIDE, i.e. a sum of
tensor-product operators, and employs a general sparse grid discretization, which
allows us to compute the solutions of moderate-dimensional problems. With the
implementation of the unidirectional principle for non-local operators, an optimal
preconditioner and a recurrence formula for the Kou model, we achieve linear
runtime complexity with respect to the total number of degrees of freedom. The
concept can easily be carried over to price more complex option types, e.g. early
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exercise options. It can also be generalized to a discretization by space-time sparse
grids along the lines of [17,25].
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The Use of Sparse Grid Approximation for the
r-Term Tensor Representation

Wolfgang Hackbusch

Abstract The sparse grid approach uses basis functions which are tensor products
of univariate basis functions. This gives a connection between sparse grids and the
tensor space setting. On the other hand, in the tensor calculus one is interested in
suitable representations of tensors (cf. Hackbusch, Tensor spaces and numerical
tensor calculus, Monograph in preparation). Then the storage size is in particular
described by certain rank parameters. Limited rank requires an approximation
of the tensors (functions). In particular, function approximations like polynomial
interpolation may lead to such representations. Here, we exploit the sparse grid
approximation. We show that the involved rank is not the sparse grid complexity
O(N1og?™'N), but O(N@—D/d 10g?=3 N).

1 Tensors, Tensor Representations

Concerning tensors, their representation and approximation we refer to [6]. In
Sects. 1-3, we give a brief introduction. The sparse grid approximation in Sect. 4
precedes the main result in Sect. 5.

LetV=V®V,®...® V; be a tensor space with finite dimensional vector
spaces V; = R" (n; € N). Each tensor v € V is uniquely determined by its entries

v[ii,...,igq] R forall 1 <i; <nj;.
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An elementary tensor is the tensor product
d d
u:®u(“, defined by u[iy, ..., i4] := l_[u(“[ij].
i—1 i=1

By definition of the algebraic tensor space, each v € V is a finite linear combination
of elementary tensors, i.e.,

r d
v:Z@vf”, for some r € N, v(.j)er. @))

1
i=1j=1

The smallest possible integer r in (1) is defined as the tensor rank of v, shortly
rank(v). On the other hand, (1) with fixed 7 € Ny is used as a representation scheme
for tensors. Set

R, :={v e V:rank(v) <r}.

All tensors v € 'R, with can be written in the r-term representation v =
i, ®;l=1 v for some v/ € V;, requiring a storage of r Z;l=1 n; < rdn,
where n := max; n;. Here, r—the number of terms—is called representation rank
(the latter is defined by the set R, not by v).

Alternatively, we can consider (infinite dimensional) function spaces V;. Let
I; C R be finite intervals and consider for instance the spaces V; = C(I;)
of continuous functions of /;. An elementary tensor u = ®§:1 u) of uni-
variate functions u) € V; in the variable x; is now the multivariate function
u(xy, ..., xg) = ]_[j?=1 u)(x ;) defined on the Cartesian productl := I;x ... xI.
The algebraic tensor space Vo = [,y R is dense in C(I), its closure is denoted
by V.= ®?=1 V; and coincides with C(I). For instance, polynomials belong
to the algebraic tensor space V, and have finite tensor rank, while for general
functions v not belonging to V,; we may define rank(v) = oo. All the more, we
need approximations as discussed in Sect. 2.

The second classical representation scheme (‘“Tucker format’) uses tensor sub-
spaces. Given a d-tuple r = (r1,...,ry) € N?, the set 7; is defined by all
vV € ®§:1 U;, where U; C V; are arbitrary subspaces with dim(U;) = r;.

Introducing bases {bfj Vil<i<r ;1 of U;, we obtain the equivalent definition

" ra 40
veViv=Y > afin....i] @ b,
j=1

r = =1 ig=l

where a € ®?=1 R/, b,-(jj) ev;

The disadvantage of this format, at least for d > 4, is the fact that it involves a

coefficient tensor a of size ]_[j{=1 r;, i.e., the storage is still exponential in d.
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Remark 1. Less storage is needed if the coefficient tensor a is sparse. i.e., a[i] # 0
occurs only for i € Igare, Where the cardinality #lgpare is much smaller than
]_[j?=1 r;. Note that in the latter case, v € 7, can also be viewed as v € R, with
r = #lgparse-

2 Tensor Approximations

As seen before, the storage needed for v € R, is rdn. Therefore, one likes to keep
r small. If rank(v) is large or even oo, the obvious remedy is to

find v e R, with [|[v—V|| =min{[|v—u| :ueR,} 2)

for some norm. However, this problem is in general not solvable, since a minimum
need not exist (cf. [4]). Furthermore, a missing minimum implies a numerical
instability for any sequence V. (¢ > 0) with ||[v—V.|| — 1nfue7gr |[v—u| as
& — 0in the way that max; || ® = v(1)|| of Ve =Y 1, ® - v does not remain
bounded and leads to cancellatlon effects. This comphcates the appr0x1mat10n in
‘R, and requires some regularisation (cf. [5]).

If we replace R, in (2) by 7, the minimum exists, but the computational cost is
again exponential in d.

3 Function Approximations

Another remedy is to replace R, in (2) by a closed subset. Instead of any univariate
functions u/) € V;, we may consider special ones. Here, we give two examples.

Let x = (x1,....xs) € [l,R]? (possibly with R = o0) and consider
v(x) := 1/]x|| (Euclidean norm). For the construction of a particular v €
R,, we approximate the univariate function ¢(z) = 1/+/f by exponential sums

> oy exp(—a,t), where ,, a, are optimal with respect to the maximum norm

in [d,dR?* (cf. [1]). Then we substitute ¢t = Zjl_lx and obtain v(x) =

Yo Wy ]_[j?=l exp(—a,x7). The right-hand side belongs to R,. The error in the
maximum norm is the same as for ¢ and has the bound O(exp(—cr)) if R < oo,
and O(exp(—c+/1)) if R = oo (¢ > 0 described in [1]).

The usual function approximations are, however, obtained by tensor subspaces
yielding v € 7;. An example is a polynomial v of degree r; — 1 with respect to
the variable x; (1 < j < d). Another example are finite element approximations,
provided that the basis functions are tensor products. To be more explicit, consider
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univariate (finite element) bases {bl.(j Jil<i< r} for each! direction j. Then the
multivariate basis is given by

d .
o ) . o d
b; = ®j=1bl.j forallieI:={1,...,r}. (3)
The approximation v € 7y withr = (r, ..., r) has the form
V= Ziela[l] b; 4

d

and is of the special formv € U = ®j=1 U; withU; = span{bi(j) 1 <i<r}

Note that U C 7;.
4 Sparse Grid Approximations

In the following we assume a sparse grid approach for the d-dimensional cube
[0, 1]¢ discretised by piecewise linear elements. This simplification implies identical

spaces V' = V;. We need a sequence of grids with step sizes h); = 2= hy,
A =1,..., ¢, leading to ansatz spaces
V = V(() D V(z_l) D...D V(z) D V(l), 5)

where V/(;) corresponds to step size 7. While the usual space V. = ®? V(e has
dimension O(27?), the sparse grid approach uses the sum of the following tensor

spaces:
d
ng = ng,( = Z ®j=l V(Zj)- (6)
Y tj=t+d—1

For the practical implementation, one uses hierarchical bases.’ V(1) uses the
standard hat function basis by := {(b;),<;<,,- The basis by of V|y) is by enriched
by n,/2 hat functions of V(). The latter additional basis functions are indexed by
ny +1 <i < ny+ ny/2 = ny. In general, the basis b, consists of b,_; and
additional 7, /2 hat functions of V(3. The space Vi, C V is the span of a much
smaller set of basis functions defining implicitly the set Lsparge:

Ve = span{b; : i € Iparse}- 7

!For simplicity, we assume r; = r for all directions J.

2For simplicity, we assume that dim(V)) = ny = 2*n. Depending on the boundary condition,
the true number canbe ny — 1 orn; + 1.
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The well-known statements about the sparse grid approximation are that the
interpolation error is almost the same as in the full space case of V, while the
complexity is reduced to

(oF/] (N) = #Isparse = O(NIOgd_l(N)) (8)
(cf. [2]), where
N:=ni2t,  L:=0+d-1.
The inequality Z;{=1 {; <L ={+d — 1 used for the summation in (6) is

equivalent to
d

. pdnlL
l_[j=lnj < N :=ny2~.
One concludes that all indices i involved in (7) satisfy the hyperbolic cross inequality
d

l_[jzlij <N. )

We may use (9) as the selection rule, and set ng := span{b; : i satisfies (9)}. Since
ng D V,,, this choice satisfies the same error estimates and (8) also holds for

Liparse := {i € I : i satisfies (9)}. (10)

5 From Sparse Grid to r-Term Tensor Format

According to Remark 1, the sparse grid approximation gives rise to an r-term
representation3 Vsg € Ry with r := #lgpare:

Vie =D gy alilbi (11)
In the following we show that r can be reduced further. For this purpose, we
introduce the fibres which are generalisations of columns and rows in the matrix
case. Given the product I = I; x ... x I; of index sets, the j-th fibers Flf’ Nl |
are associated to (d — 1)-tuples i’ € Ijjj := Iy x ... x Ij_y x Ij 41 x...x I; and
consist of

FY)=f(iel:ip=i{fork # jandi; € I;}  foralli €Iy.

Here, we have the following simple observation.

3When we consider (11) as r-term representation, we ignore that b; for different i may still involve
identical b;; . On the other hand, the factor a[i] may be included into the first factor b;, . Hence, the
storage requirement is #lparse - d - 1y
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Remark 2. For any j and i’ € Ij;) the sum Zi g a[i] b; can be written as the

elementary tensor:
./ ./ . ./ ./
bi®.. @by ® (Zijelj alif.....i%_y.ij il .,ld]bij) ®by, ®...0b;.

The same statement holds for Flfj ) replaced by a subset F' C Flf] ),
This leads to the following problem.

Problem 1. Given any subset L. C I, find a disjoint partition Ispare = U pep F,
with F, C Flfj ) for suitable i/, J such that #P is as small as possible.

By Remark 2, vy, from (11) can be written as a sum of #P elementary tensors,
i.e., Vso € R, with r := #P.If we have a constructive answer to Problem 1, we can
also represent vy, in R, constructively.

For the particular definition of I by (10), we give such a constructive
decomposition into fiber pieces. To illustrate the approach, we first consider the case
d =2andiji, < N = 16 (cf. (9)) in Fig. 1. While in this example #Lparse = 50,
only #P = 7 partitions are required: vq, € R7. This confirms the later result
#P ~ /#lsparse in the case d = 2.

For general d, the decomposition of L. can be achieved as follows. Let

: d-1 . d-1 -l
T := {(zl,...,td_l) e N1 .r}lj{({t,-}-ﬂjﬂt,» =< N}
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be a set of (d — 1)-tuples. Foreach ¢t := (¢1,...,ty—1) € T and 1 < k < d define
. o d—1
L=t te—t ik, tey oo ta—1) € Liparse With i > ma§<{tj}
=

I, x is part of a fibre in k-th direction. We claim that |, UZ:l L i = Lparse. For a
proof take any i = (i1, ....is) € Isparse and let k and m be indices of the largest and
second largest i;, i.e.,

i > in>i; forall j € {1,....d}\{k.m}withk # m.

Inequality i, < ir andi € Lgparse imply that iy, -] ] jkl) = ]_[j?:l ij < N.Therefore
the tuple ¢t := (iy,...,ix—1,ik+1,...,iq) belongs to T and shows thati € I, .
This proves Iparse C U, er UZ=1 I, x, while the direction ‘D’ is trivial because of
Ir,k C Isparse-

We conclude that {I,; : t € T,1 < k < d} is a (not necessarily disjoint)
decomposition of Ipare, whose cardinality is denoted by 74 (N). Each” set I, i gives
rise to an elementary tensor (cf. Remark 2) and proves vy, € R, where’

r <ty(N):=d-#T.

It remains to estimate #7. For ¢t := (t1,...,t4—1) € T let m be an index with
tm = max" —1{t }. From 12 ]_[] 2mtj = N we conclude that 1 < 7,, < V/N. In the

followmg, we distinguish the cases 7, < N'/? and N4 <, < N2
Ift, < N4 also t; < N4 holds and all such values satisfy the condition

]—1{t/} ]_[ ;i =< N. Hence, the number of (d — 1)-tuples t € T with
max;{t;} < Nl/d is bounded by

N@=D/d

Now we consider the case N'/¢ < t, < N'/2. The remaining components
t; satisfy® []; 4,1, < N/t;. We ignore the condition #; < f, and ask for
all (d — 2)-tuples (¢; : j € {1,....d — 1}\{m}) with ]_[Hémtj < N/i2. lts
number is 04— (N/t2) = 0(% logd_?’(%)) (cf. (8)). It remains to bound the sum

> wa <1<N1/2 tﬂz log? ™3 (%). Instead, we consider the integral

4Since the sets I, x may overlap, one must take care that each v; is associated to only one I, k-

St4(N) < d - #T may occur, since I,k = I, w may hold for k # k’. An example is the
decomposition from Fig. 1, where 7,(16) = 7.

6]_[1-#,,, abbreviates the product over {1,...,d — 1}\{m}.
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N1/2 N1/2
N N d
/ = log!™ (5 )dx < Nlog! PNty [ =
Nl/d X X Nl/d X

< Nlogd =3 (NW@=2/dy[N=1/d _ N=1/2] < N@=D/d 5gd=3(Nd=D/d)

Therefore, any tensor v = psparse (Isparse (Vi)iei’ can be written as v € R, with
representation rank r < O (N @=/d 10g?=3(N )) This proves that although #Lp,rc
is not bounded by O (N ), the asymptotic rank order is strictly better than O(N).

Proposition 1. For an index set Ipase C {i € N4 . 1_[;{=1 ij <N}, any tensor v=

Psparse (Lsparses (Vi)iei’) can be explicitly converted into v € R, with a representation

rankr = t4(N)< O(N @~/ 10g 73 (N)).

The factor logd_3 may be an artifact of the rough estimate. Numerical tests show
that the asymptotic behaviour appears rather late. The next table shows y;(N) :=
log,(z4(N)/ta(N/2)) for N = 2". y;(N) should converge to (d — 1)/d. Finally,
we compare the quantities o7(N) (cardinality of the sparse grid) and t4(N) for
d =3andd = 6:

n 3 6 9 12 15 18 21 24 27 30

y3(2") 1.0 0.88 0.78 0.73 0.71 0.693 0.684 0.679 0.675 0.672 —>Z
y+(2") 14 1.15 096 0.89 085 0.825 0.806 0.794 0.784 0.777 —>%

N 10 100 1,000 10,000 100,000 1,000,000
03(N) 53 1,471 29,425 496,623 7,518,850 106,030,594
73(N) 12 102 606 3,265 16,542 81,050
06(N) 195 14,393 584,325 17,769,991 439,766,262 -
76(N) 51 2,047 36,018 502,669 5,812,401 59,730,405

6 Conclusion

The basis functions in sparse grid representations are tensor products univariate
functions. Therefore, the sparse grid approach may be seen as a particular tensor
representation. The number of sparse grid terms is typically O(N logd_lN ),
where N is related to the finest grid size. If a sparse grid approximation vy is
available, we have shown that an r-term representation of vy, is available for
r~ N@=D/d1og?=3(N),

We conclude with an hypothetic question. Given any tensor v € V, one can
compute the higher-order singular value decomposition
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d
v="> ali] @b

iel j=l1

where bfj ) are the (orthogonal) higher-order singular vectors (cf. [3]).
The connection to the usual singular value decomposition is given by the fact that
forany 1 < j < d there are singular values 01(’ ) > 02(] ) > . such that

U) _ . . .. - .
0 = E afiy,....0j—1,ij,ij—1,...,14] fori; € I;.

il,...,ij_l,ij_l,...,id

In this sense, the size of a[i] is decreasing, if one of the indices i; increases. For
tensors v associated to smooth functions, one can expect a fast decrease of the
singular values. This does not imply that the sparse grid error

> ali]®

i€l with [19—,i; <N

decays sufficiently fast. However, if this would be true—and numerical calculations
for electronic structure problems seem to point into this direction (cf. [7])—
the conversion into an approximate r-term representation with r < N can be
performed.
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On Multilevel Quadrature for Elliptic Stochastic
Partial Differential Equations

Helmut Harbrecht, Michael Peters, and Markus Siebenmorgen

Abstract In this article, we show that the multilevel Monte Carlo method for
elliptic stochastic partial differential equations is a sparse grid approximation. By
using this interpretation, the method can straightforwardly be generalized to any
given quadrature rule for high dimensional integrals like the quasi Monte Carlo
method or the polynomial chaos approach. Besides the multilevel quadrature for
approximating the solution’s expectation, a simple and efficient modification of
the approach is proposed to compute the stochastic solution’s variance. Numerical
results are provided to demonstrate and quantify the approach.

1 Introduction

The present article is dedicated to the numerical solution of elliptic second order
boundary value problems with a stochastic diffusion co-efficient. A principal
approach to solve such stochastic boundary value problems is the Monte Carlo
approach, see e.g. [19] and the references therein. However, it is extremely
expensive to generate a large number of suitable samples and to solve a deterministic
boundary value problem on each sample. To overcome this obstruction, the multi-
level Monte Carlo method (MLMC) has been developed in [1, 10, 11, 15, 16]. From
the stochastic point of view, it is a variance reduction technique which considerably
decreases the complexity. The idea is to combine the Monte Carlo quadrature of the
stochastic variable with a multilevel splitting of the Bochner space which contains
the random solution. Then, to compute the solution’s statistics, most samples can be
performed on coarse spatial discretizations while only a few samples must be per-
formed on fine spatial discretizations. As we will show, this proceeding is a sparse
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grid approximation of the expectation and variance. If we replace the Monte Carlo
quadrature by another quadrature rule for high dimensional integrals, we obtain for
example the multilevel quasi Monte Carlo method (MLQMC) or the multilevel poly-
nomial chaos method (MLPC). A related interpretation of MLMC and MLQMC in
financial mathematics as a sparse grid approach is presented in this volume in [8].

2 Sparse Grids

Let ) . )
vplevilcocvilco et i=1.2,

denote two sequences of nested, finite dimensional spaces with increasing approx-
imation properties in some abstract spaces H;. To approximate a given object
of the space H; x H, one canonically considers the full tensor product spaces
U, = Vj(l) ® Vj(z) . However, the cost dimU; = dim Vj(l) - dim Vj(z) are often
too expensive. This drawback can be avoided by considering the approximation in
so-called sparse grid or sparse tensor product spaces. To this end, one defines for
Jj = 0 the complement spaces

@ _ 0 @) s
WH_l—VH_l@VJ-, i=1,2,

and gains the multilevel decompositions
v =@w. w=v" i=12 (1)
i=0

Thus, the sparse grid space is defined by

)

= > wlew? )
U<

It contains, at most up to a logarithm, only max{dim Vj(l) ,dim Vj(z)}l degrees of
freedom but offers nearly the same approximation power as U; provided that
the object to be approximated offers some extra smoothness by means of mixed
regularity. For further details, see [12].

Sparse grids are used for the approximation of high-dimensional data or functions
[14] and for the numerical solution of partial differential equations [22]. Another
application issues from the construction of quadrature formulae [7]. For all the
details we refer the reader to the survey [2] and the references therein.

I'This holds under the assumptions that the dimensions of Vj(l) and V;z) scale like geometric
sequences.
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Fig. 1 Different representations of the sparse grid space U j

In the context of stochastic partial differential equations, the sequence {Vj(l)}
will correspond to a sequence of Bochner spaces which map the high dimensional
unit cube OJ onto nested finite element spaces. Whereas, the sequence {Vj(z)} will
correspond to a sequence of quadrature rules which computes the Bochner integral.
To arrive at the multilevel quadrature method we will make use of the following
equivalent representation of the sparse grid space (2). In view of (1), one can
rewrite (2) according to

J

j—=t J
77 1) (2) 1) (2
U= W ®(§ W} )=§jm ® V2,
=0

{=0 =0

(see Fig. 1 for an illustration). This makes the specification of the complement
spaces Wj(z) obsolete. Indeed, even the nestedness of the quadrature points can be
neglected since it is sufficient that the error of quadrature decreases as the dimension
of Vj(z) increases.

The rest of the article is organized as follows. We introduce the elliptic model
problem of interest in Sect.3 and transform it to a parametric diffusion problem
in Sect.4. The next two sections are dedicated to the discretization, namely the
quadrature rule for the stochastic variable (Sect.5) and the finite element method
with respect to the physical domain (Sect.6). The multilevel quadrature for the
random solution’s expectation is proposed in Sect.7. The computation of its
variance requires some modifications which are carried out in Sect. 8. Finally, in
Sect. 9, we provide numerical results to demonstrate and quantify the approach.
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3 Problem Setting

In the following, let D C R" for n = 2,3 be a polygonal or polyhedral domain.
Moreover, let (£2, X, P) be a probability space with o-field X C 2% and a complete
probability measure P, i.e., forall A C B and B € X with P[B] = 0 it follows
A € XY and P[A] = 0. We intend to compute the expectation E, := E(u) and
the variance V,, := V(u) of the random function u(w) € HJ (D) which solves the
stochastic diffusion problem

—div (ot(a))Vu(a))) = finD. 3)

for almost all w € 2.
To guarantee unique solvability of (3), we assume that a(w) is almost surely
uniformly elliptic and bounded

0 < otmin < a(®) < pax < 00 in D. 4)

For sake of simplicity, we further assume that the stochastic diffusion coefficient is
given by a finite Karhunen-Logve expansion

a(x,0) = E(®) + Y VApr ()Y (@) (5)

k=1

with pairwise L?-orthonormal functions ¢; € L (D) and stochastically indepen-
dent random variables ¥ (w) € [—1, 1]. Especially, it is assumed that the random
variables admit continuous density functions pi : [—1, 1] — R with respect to the
Lebesgue measure.

In practice, one generally has to compute the expansion (5) from the given
covariance kernel

Cova(x, y) = /9 (. ) — Ea (0} a(y. ) — Ea(y)} dP ().

If the expansion contains infinitely many terms, it is appropriately truncated which
will induce an additional discretization error. For all the details we refer the reader
to [9,17,20].

4 Deterministic Reformulation

The assumption that the random variables {{ (w)} are stochastically independent
implies that the respective joint density function and the joint distribution of the
random variables are given by
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p(y) == [ pc(v) and dP,(y) := p(y)dy.
k=1

Now we are able to reformulate the stochastic problem (3) by a parametric
deterministic problem by replacing the space L3 (£2) by Li(D) where OO0 :=

[—1, 1]™. Thus, the stochastic space 2 is identified with its image (] with respect to
the measurable mapping

v 2 -0 oY) := (wl(a)), .. .,lpm(a))).
Hence, the random variables ¥ are substituted by coordinates y; € [—1, 1]. With

this construction at hand, we define the parameterized and truncated diffusion
coefficienta : D x O — R via

a(x.y) =Es(x) + Y VApe(x) e
k=1

forallx € D andy = (y1, y2,--.,¥m) € 0. This leads to the following parametric
diffusion problem:
findu € L7(0: Hy (D)) such that (6)
—div (oc(y)Vu(y)) = fin D forally € OI.

Here and in the sequel, for a given Banach space X, the Bochner space
L,‘f([l; X), 1 < p < o0, consists of all functions v : [ — X whose norm

1/p
(/D IIV(y)Ilip(y)dy) . pP<o

esssup [[v(y)p(y)lx. p =00
yed

||V||L,€(D;X) =

is finite. If p = 2 and X is a Hilbert space, the Bochner space is isomorphic to
the tensor product space L,Z)(D) ® X. Finally, the space C(OJ; X) consists of all
continuous mappings v : 0 — X.

Remark 1. Bochner spaces are the canonical function spaces to define stochastic
fields v : O — X. The expectation is defined via the Bochner integral

E,(x) = /D v(x,y)p(y) dy

and the variance via
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V,00 = /D (. y)p(y) dy — E2(%).

For further details we refer the reader to [3, 5].

By the Lax-Milgram theorem, unique solvability of the parametric diffusion
problem (6) in L (0; Hy (D)) follows immediately from the condition (4) on
the stochastic diffusion coefficient. In [21], it has further been proven that the
solution u of (6) is analytical as mapping u : O — H}(D). At least in case
of uniformly distributed random variables {}, it is even analytical as mapping
u: 0 — H}(D)N H?(D), provided that the functions {¢; } in the Karhunen-Logve
expansion (5) are in W (D), see [4].

5 Quadrature in the Stochastic Variable

Having the solution u € L% (D; HOl (D)) of (6) at hand, then its expectation and
variance are given by the high dimensional integrals

E.(x) = /D u(x.y)p(y) dy € HL(D) ™

and
V,(0 = Ep(0) - E2(x) = /D (% y)p() dy — E2) € WD), (®)

To compute these integrals, we shall provide a sequence of quadrature formulae
{Q} for the Bochner integral

1:Ly(0:X) — X, Iv=/DV(-,y)p(y)dy

where X C L?(D) denotes a Banach space. The quadrature formula

Ny
Q¢ L})(D; X)—X, Qw= sz,iv(w&z,i)l’(sz,i) ©))

i=1
is supposed to provide the error bound
(1 = Qovlix < ecllvlinm:x) (10)

uniformly in £ € N, where {g;} is a null sequence and H(O; X) C LIZ)(D, X) a
suitable Bochner space. For our purpose, we assume that the number of points N,
of the quadrature formula Q, are chosen such that

&gy = 27t (1)
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The following particular examples of quadrature rules (9) are considered in our
numerical experiments:

e In the mean, the Monte Carlo method satisfies (10) with ¢, = N[l/ 2

H(O: X) = L2(0; X).
* The standard quasi Monte Carlo method leads typically to ¢, = _1 (log No)™

and the Bochner space H([J; X) = Wnlml((D X) of all functions v : |:| — X with
finite norm

[ Z /

lalloo

and

gllally
dy <oo, (12)

o dia 42 a. dm

Ay dys> - dym

see e.g. [18]. Note that this estimate requires that the densities satisfy p; €
Whee([=1.1)).

e If v : O — X is analytical with respect to the variable y, then one can apply
a tensor product Gaussian quadrature rule, yielding an exponential convergence
rate &g = exp(—lel/m) and H(O; X) = L°°(0; X). In fact, the polynomial
chaos approach introduced in [6] can be interpreted as a dimension weighted
tensor product Gaussian quadrature rule (with weights depending on the numbers

{(VAkllokll oo ()}

6 Finite Element Approximation in the Spatial Variable

In order to apply the quadrature formula (9), we shall calculate the solution u(y) €
HO1 (D) of the diffusion problem (6) in certain points y € O. To this end, consider a
coarse grid triangulation/tetrahedralization 7y = {to} of the domain D. Then, for
£ > 1, a uniform and shape regular triangulation/tetrahedralization 7, = {7y} is
recursively obtained by uniformly refining each triangle/tetrahedron t,—; ; into 2"
triangles/tetrahedrons with diameter h, ~ 27,

Define for p > 1 the finite element spaces

SP(D):={ve C(D):v|[pp =0andv|, € P, forall t € T;} C Hy(D),
where P, denotes the space of all polynomials of total degree p > 0. Then, the

solution u(y) € Sf (D) of a finite element method in the space Sf (D) admits the
following approximation properties. >

2Error estimates in respectively L?(D) and L'(D) are derived by straightforward modifications,
yielding the convergence rate 4—¢. Then, the error analysis of the multilevel quadrature can be
performed with respect to these norms, provided that the precision of the quadrature (10) is also
chosen as g = 47°¢.
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Lemma 1. Let the domain D be convex and f € L*(D). Then, the finite element
solution uy(y) € Sf (D) of the diffusion problem (6) satisfies the error estimates

lu@) — ue@) 1oy < 27 Nu®)ll a2 (13)

and
162 ) = i ) llwr oy < 27Ny (14)

Here, the constants hidden in (13) and (14) depend on omin and omax, but not on
yel

Proof. The parametric diffusion problem (6) is H2-regular since D is convex and
f € L?(D). Hence, the first error estimate immediately follows from the standard
finite element theory. We further find

1) — Wiy = [ (@) — 1) (@) + 1) |11,

< uy) — ue(Y) || g1 oy 1Y) + ue(¥)l 22y
+ [luy) — ue(Y) | 2oy lu(y) + ue¥) |l g1 (p)-

By using
||W(Y)||H1(D) = ””(Y)”HI(D) + [lu(y) — W(Y)”HI(D) <+ 2_£)||M(Y)||H2(D)

and the corresponding estimate in L?(D), we arrive at the desired estimate (14).
0

Remark 2. 1If the underlying diffusion problem is more than H?2-regular, for
example in the situation of isoparametric finite elements, one obtains higher order
error estimates if p > 2. The subsequent analysis can be modified in this case
straightforwardly.

7 Multilevel Quadrature Method for the Expectation

We now have to combine the quadrature method with the multilevel finite element
discretization. To this end, we define the ansatz spaces

Vj(l) = {G;(y)v(x,y) :ve C(O; Hy(D)) andy € O} C L;(D3:87(D)). (15)
Herein, G| (y) denotes the Galerkin projection
G;(y): Hol(D) — Sjl-)(D), Vi v,

defined via the Galerkin orthogonality
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/ a(x, y)V(v(x) —v; (x))ij (x)dx =0 forallw; € Sf(D).
D

Note that this bilinear form issues from the weak formulation of (6) in HO1 (D)3
To compute the expectation (7) we shall apply the quadrature rule Q ; to the finite
element solution in S f (D) which yields

Nj
E,(x) ~ Qj(Gj(Y)“(Xv Y)) = ij,iGj (Ej,i)“(xv gj,i)p(gj,i)‘ (16)

i=0

This can be interpreted as the full tensor approximation of the function E, in the

product space Vj(l) ® Vj(z) where the quadrature rule Q ; serves as “space” Vj(z) .
In contrast to this, setting G- 1(y) := 0 for all y € [, the sparse tensor product
Yo W;” ® Vj(i)[ is performed with the help of the complement spaces

w = {(Ge(y) — Go—1(y))v(x.y) : v € C(O: Hy(D)) andy € O} C v

Namely, we consider the sparse tensor approximation

J
E.(x) ~ Y 0j—(Ge(yu(x.y) — Ge1(y)u(x. y))

=0
j Nj—e
=33 0 (GelE;_p uxE ;) (17)

{=0 i=0

—Gr1 (& ux & ;0 ))p(E )

Loosely speaking, the function u € le, (D; HO1 (D)) is divided into j slices in
accordance with the modulus of its entity. Then, for every slice, the precision of
quadrature is properly chosen. We refer to Fig. 2 for a graphical illustration.

Theorem 1. Let u € H(E]; HJ(D) N HZ(D)) and let {Q} be a sequence of
quadrature rules which satisfy (10) and (11). Then, it holds

3There holds the identity V" = P;(L2(0; Hy(D))) where P;:L2(0; HJ(D)) — L2(C;
S7(D)) is the Galerkin projection with respect to the bilinear form A : L2(0J; Hy(D)) x
L2(0; Hy (D)) — R given by

AQvow) 1= /D /D (%, ) Vyv(x. y) Vow(x, y)p(y) dx dy.

This bilinear form stems from the weak formulation of the parametric diffusion problem (6) in the
Bochner space Lf, ( 0; 1] (D)). The equivalence of this weak definition to the pointwise definition
(15) follows immediately from the analyticity of the solutions to (6) in the parameter y.
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Fig. 2 Visualization of the multilevel quadrature

S 277 jllullro; o))
H'(D)

J
Eu@) = Y Q- e(Ge)ulx.y) — Groy (9)u(x.y))

£=0

Proof. Since u € H(D; Hj(D)N HZ(D)), the estimate (13) implies the decay

1Ge(Y)ux.y) = Ge1 (Nux. Y@ mi 0y < 27 ull o m2(py-

This, together with (10), (11), and (13), yields

J
Eu(x) = Y Q—e(Ge(yu(x,y) — Gr—1(y)u(x,y))

=0
< |Eu®) = 1(G; (yu(x.y)) ||H1(D)

J

>

=0

HY(D)

(I = Q-0 (Gey)u(x.y) = Ge—1(Y)u(x.y))

HY(D)

J
- —jn—t
S 277 lull 2 ;w2 + E 277727 lullyg s 2oy
(=0

< 27 jllull i a2 py)-

O

Remark 3. The convergence rate of the full tensor approximation (16) is 27/.
Therefore, the convergence rate of the sparse tensor approximation (17) is only



On Multilevel Quadrature for Elliptic SPDEs 171

the logarithmic factor j smaller. This factor can be removed, if the precision of
quadrature & is chosen as £~1+92~¢ for some § > 0 since

J J
sz—jz—[(‘j _ e)—(1+8) — 2—] Ze_(l+8) < 2—]

=0 =0

This choice was proposed in [1].

8 Multilevel Quadrature Method for the Second Moment

The determination of the random solution’s variance (8) requires the computation
of its second moment E» € WOI’I(D) which can be performed similarly to the
expectation. The full tensor approximation

EMZ(X) QJ(G (y)u(x y) Za)l G (&jz)u(x 8/1)) p(&jl)

i=0

corresponds to the approximation in the product “space” V;l) & Vj(z) with
VW= {(G;(yv(x.y))’ v e C(O:HL(D)) andy € O} € L2(0: 577 (D)).

To define the related sparse tensor approximation, we set

W= {(Geyv(x, )’ = (Gemi (PV(x, )
Ve C(D; HOI(D)) andy € D} C V;l).

Then, the approximation of [E,» in the sparse product “space” Zé —0 W(l) 2 ® V(z)
is given as

J
Ex() ~ Y 0j-e((G@utxy)’ = (G muix.y)’)

=0

Jj Nj—t

=33 e ((Gel o ux £,0))

(=0 i=1
e (CRIGERTCS JER) I

To estimate the discretization error of this sparse tensor approximation, we will need
to further estimate the expression
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[ = 0,0 ((Gu.y)) = (G e ), 08)

27 H (Ge@ux.y))” = (Ger (Vulx, y))ZHH(D'WI-I(D)).

If u € H(O: H(D) N H*(D)), then this is clearly possible by using (14) but

requires some further specification of the Bochner space H([J). For example, if
H(O) = L; (D), we arrive at

[(Gemuxv)* = (Grar @ D) | 12 oy = 27 Ml @iz

Whereas, if H(O) = wl! (0O), one gets, in view of (12), the estimate

mix
|| (G[(y)M(X, Y))Z - (G(—l (Y)M(X Y))Z || VV“;)I((D;WI-I(D)) 5 2_[ ”u“ilnlﬁx(D;HZ(D))’

where the norm in HrLix(E]; X) is defined in complete analogy to (12). Finally, in

case of H(O) = L;°(0J) we obtain

[(Gemux.y))* = (Gear @ D) | o @miioy < 2 Nl e @irzio:

These examples cover the three quadrature formulae specified in Sect.S5.
Therefore, it is reasonable to make the assumption that a second Bochner space
Z(O; H*(D)) c H(O; H*(D)) exists with which we can bound the right hand
side in (18).

Theorem 2. Let u € 'H(D; HJ(D) N HZ(D)) and let {Q} be a sequence of
quadrature rules which satisfy (10) and (11). Moreover, assume that

H (Gz@)“(xv.)’))z - (G(—l(y)u(xvy))z”H(D;WI.I(D)) 5 2_6”“”§(D;H2(D))' (19)

Then, there holds the following error estimate:

Proof. Analogously to the proof of the sparse tensor approximation to the expecta-
tion, we find

J
Ea@) = Y 0j—((Ge0)ut.)’ = (Geor ()utx.))’) H

£=0

Wwi1(D)

5 2 Jf(”u”L;t)(D;HZ(D)) + ||u||I(D;H2(D)))'
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J
Ea() = Y 0j—((Gemux.y))’ = (G mu(x.y)’) H
=0

Wwi1(D)

< B2 = (G, mux ) |y,

wii(D)’

#3000yt - Giesomin )|
(=0

Herein, the first term is estimated by
2 o
||IEIA2 - I(Gj (y)u(xs y)) ||W1.1(D) 5 2 / ”u'liﬁ(D,HZ(D))

By bounding the second term by (18) and (19), we derive the desired error estimate.
0

9 Numerical Results

In the implementation of our numerical examples we consider the L-shaped domain
D = (=1,1)>\ [0,1)> C R? and choose piecewise linear finite elements
on triangles for the discretization (i.e., the spaces {S 11 (D)}). Then, the variance
will be a piecewise quadratic finite element function which lives in the spaces
{S]Z(D)}. Therefore, the multilevel mesh transfer has to be performed by quadratic
prolongations.

It is well known that an approximation of the diffusion coefficient by elemen-
twise constant functions sustains the over-all approximation order achieved by
the piecewise linear finite elements on the finest mesh. On the coarser meshes,
the diffusion coefficient is successively replaced by its elementwise average with
respect to the current triangulation. This does not affect the stiffness matrices but
simplifies the computations considerably.

In the numerical experiments, we compare the following particular multilevel
quadrature methods:

e The multilevel Monte Carlo method where the number of sample points is chosen
as N, = 4'N, with Ny = 100. This choice ensures that the quadrature error
estimate (11) holds in the mean.

e The multilevel quasi Monte Carlo method using the Halton sequence [18]. It
satisfies the error estimate &, ~ N[l log™ (N¢). Since the term log” (Ny) is
unbounded as m — oo (which happens in the second numerical example), the
number of sample points is chosen as for the multilevel Monte Carlo method.

o The multilevel polynomial chaos method which is based on the polynomial
chaos method presented in [6]. The polynomial degree and thus the number
of quadrature points is coupled to the exact decay of the eigenvalues in the
Karhunen-Log¢ve expansion.
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Fig. 3 The expectation and the standard deviation of the solution in case of the load vector f(x) =
272 sin(rx;) sin(7wx,)

9.1 Finite Dimensional Stochastics

The first numerical example treats the stochastic diffusion problem with diffusion
coefficient determined by the statistics

Ey(x) = 6.5 + c1(x) + c2(x) + c3(x),
Covu(x,y) = c1(X)c1(y) + c2(x)c2(y) + c3(X)c3(y). (20)

where the coefficient functions are given by
c1(x) =x1x2, 2(x) =x2(1 —x1), c2(x) =x1(1 —x2).

By assuming further that the emerging random variables of the Karhunen-Loéve
expansion are independent and uniformly distributed on [—1, 1], we obtain the
uniqueness of the respective diffusion coefficient. Note that the covariance function
is intrinsically of rank 3 which results in the stochastic dimension m = 3. Hence,
this example fits perfectly into the considered setting of this article and is especially
well suited for the use of the multilevel quasi Monte Carlo method.

We consider two different load vectors for our computations, namely

£(x) = exp(0.5x; + x2) and f(x) = 272 sin(wx;) sin(7x,).

Figure 3 shows an illustration of the mean and the standard deviation of the solution
which corresponds to the first load vector. Whereas, Figure 4 shows the mean and
the standard deviation of the solution which corresponds to the second load vector.

We use the pivoted Cholesky decomposition to calculate the Karhunen-Loeve
expansion of the diffusion coefficient. The pivoted Cholesky decomposition
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Fig. 4 The expectation and the standard deviation of the solution in case of the load vector f(x) =
exp(0.5x; + x2)

provides a simple method to compute a low-rank approximation to the covariance
operator. It converges optimally if the eigenvalues of the covariance operator decay
sufficiently fast. In particular, if the rank of the covariance operator is finite, this
is captured by the algorithm. The major advantage of this approach is that, at any
time, the cut-off error of the Karhunen-Loeve expansion is rigorously controlled in
terms of the trace norm, cf. [13].

In the following, we denote the discretized expectation and the discretized covari-
ance operator of the diffusion coefficient by E, € R? and A € R?*?, respectively.
The arising mass matrix is neglected due to the choice of L2-orthonormalized
ansatz and test functions. Now the pivoted Cholesky decomposition yields the
approximation

|A—LLT[: <

for some prescribed precision & > 0 and a low-rank matrix L € R withm < d.
Since the eigenvalues of LLT € R?*? coincide with those of LTL € R, only
a small eigenvalue problem has to be solved. Here, a reasonable speed-up can be
achieved in comparison with other subspace methods for eigenvalue computation.

If vi,va,...,v, denote the orthonormal eigenvectors of the small problem, the
eigenvectors of the large matrix are given by Lv;,Lv,,...,Lv,. Obviously, we
have

LLT (LV,‘) = L(LTLV,') = Ai(LV,‘)
foralli = 1,2,...,m.Dueto
(LV,‘)T(LVJ') = V;-rLTLVj, = /\,‘3,'!]‘

with §; ; being the Kronecker symbol, a rescaling of the eigenvectors has to
be performed. Consequently, the discretized Karhunen-Loeve expansion of the
diffusion coefficient is simply given by
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Fig. 5 The scaled Karhunen-Lo¢ve modes of the covariance operator given by (19)

m
a(y) = Eq + ) Lviyx.
k=1

Figure 5 shows an illustration of these scaled, elementwise constant Karhunen-
Loeve modes of the covariance operator.

For the analysis of the convergence rates of the different quadrature rules, we
average the solutions of 10 runs of the multilevel Monte Carlo method on level 9.
This corresponds to more than three million elements, with about 107 samples on
the related coarse spatial mesh. As we pointed out in this article, this reference
solution is, up to a logarithmic factor, as accurate as the standard Monte Carlo
method for the finite element discretization on level 9 with the same number of
samples. Likewise, for the following convergence studies, we average the results of
10 runs of the multilevel Monte Carlo method on each particular level.

Figure 6 shows the convergence of the solution’s expectation and its second
moment in case of the load vector f(x) = 2n?sin(wx;)sin(;rx,). The three
different error curves behave quite similar. The dashed line corresponds to the
expected convergence rate 27/ . We however observe even a rate about 4~/ which is
much better than expected. We assume that the over-all error is still limited by the
actual accuracy of the finite element approximation.
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Fig. 7 Relative errors to the expectation and the second moment of the solution in case of f(x) =
exp(0.5x; + x,)

Figure 7 presents the convergence of the considered methods with respect to the
load vector f(x) = exp(0.5x; + x,). Here, the observed convergence rate is lower
than in the first example, but still better than the expected convergence rate of 27/

9.2 Infinite Dimensional Stochastics

The second example involves a covariance function of infinite rank. Namely, we
consider

E,(x) = 10, 21)

10 100
Covatx.y) = 5 oxp =5 Ik =313
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Fig. 9 Relative errors to the expectation and the second moment of the solution

Thus, we have to compute a finite approximation to the corresponding Karhunen-
Loeve expansion. How the approximation error affects the solution of the respective
diffusion problem is investigated in [20]. The load vector under consideration is

Jf(x) = exp(0.1x; + 0.2x7).

The computations for this example are carried out analogously to the previous
example. The only difference is that the Karhunen-Lo¢ve expansion needs to be
appropriately truncated. For example, it consists of 53 terms for the reference
solution and of 39 terms for the calculation on level 7. The mean and the standard
deviation of the random solution are found in Figure 8.

Figure 9 shows the convergence behaviour of the different quadrature rules
under consideration. Now, the convergence rate fits exactly the expected decay 27/
of the error in the case of the multilevel polynomial chaos method. In the case
of the multilevel Monte Carlo method and the multilevel quasi Monte Carlo
method the rates are better, although the choice of the number of quadrature points
for the multilevel quasi Monte Carlo method is heuristically.
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Local and Dimension Adaptive Stochastic
Collocation for Uncertainty Quantification

John D. Jakeman and Stephen G. Roberts

Abstract In this paper we present a stochastic collocation method for quantifying
uncertainty in models with large numbers of uncertain inputs and non-smooth
input-output maps. The proposed algorithm combines the strengths of dimension
adaptivity and hierarchical surplus guided local adaptivity to facilitate computa-
tionally efficient approximation of models with bifurcations/discontinuties in high-
dimensional input spaces. A comparison is made against two existing stochastic
collocation methods and found, in the cases tested, to significantly reduce the
number of model evaluations needed to construct an accurate surrogate model. The
proposed method is then used to quantify uncertainty in a model of flow through
porous media with an unknown permeability field. A Karhunen-Loéve expansion
is used to parameterize the uncertainty and the resulting mean and variance in the
speed of the fluid and the time dependent saturation front are computed.

1 Introduction

Knowledge of the sources and effects of uncertainty is needed for effective decision
making, policy and planning [20]. Once model uncertainties have been identified
and classified, the effects of such uncertainty should be traced through the system
thoroughly enough to allow one to evaluate their effects on the intended use of the
model. The models can be highly complex, nonlinear and often discontinuous. In
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these situations computational methods and software tools are needed to facilitate
analysis of model uncertainty. The most appropriate method and tool is dependent
on the goals of the uncertainty quantification analysis.

Recently stochastic Galerkin (SG) [2, 10, 25, 27] methods have emerged as
efficient and highly competitive means of constructing accurate surrogate models in
high dimensional spaces. SG methods are highly suited to dealing with ordinary and
partial differential equations and have the ability to deal with steep nonlinear depen-
dence of the solution on random model data [16]. Provided sufficient smoothness
conditions are met, SG estimates of uncertainty converge exponentially with the
order of the expansion and, for low dimensions, come with a small computational
cost. Despite these advantages the intrusive nature of these methods, which requires
the modification of often complex deterministic code, can make the application of
SG infeasible.

Stochastic collocation (SC) [1, 19, 23, 26] is an alternative that is gaining
popularity. SC endeavours to combine the strengths of non-intrusive sampling and
SG. As with Monte Carlo methods, SC requires only the solution of a set of
decoupled equations, allowing the model to be treated as a black box and run with
existing deterministic solvers.

Sparse grid interpolation has emerged as one of the most useful tools to construct
the multi-dimensional approximation. Sparse grids have been extensively used for
high-dimensional interpolation and quadrature [3,8]. The approach can yield several
orders of magnitude reduction in the number of collocation points required to
achieve the same level of accuracy as the full tensor grid [22,26].

Standard sparse grids are isotropic, treating all dimensions equally. Although an
advance on full tensor product spaces, such approximations can still be improved.
Many problems vary rapidly in only some dimensions, remaining much smoother in
other dimensions. Consequently it is advantageous to increase the level of accuracy
only in certain non-smooth dimensions, resulting in so-called adaptive or anisotropic
grids. In some cases the important dimensions can be determined a priori, but
in most cases the collocation points must be chosen during the computational
procedure. Examples of dimension-adaptive sparse grid collocation schemes are
given by Gana [7] and Nobile [21].

Ma and Zabaras [17, 18] developed an adaptive sparse grid collocation method
called Adaptive Sparse Grid Collocation (ASGC). This method uses piecewise
multi-linear hierarchical basis functions, based upon the wavelet based represen-
tations found in the deterministic sparse grid literature [11, 24]. ASGC achieves
the benefits of local adaptivity of the ME-gPC and Wiener—Harr expansions
whilst remaining non-intrusive and allowing application to higher-dimensional
problems.

The local refinement of the sparse grid is guided by the magnitude of the
so-called hierarchical surplus, which is the difference between the true function and
the approximation at a new grid point before that point is used in the interpolation.
The resulting method automatically concentrates function evaluations in rapidly
varying or discontinuous regions.



Local and Dimension Adaptive Stochastic Collocation for UQ 183

ASGC is implicitly dimension-adaptive and so the efficiency of this method
can be increased by including explicit dimension adaptivity. With this goal,
Ma [18] developed ASGC-HDMR which combines ASGC with a dimension-
adaptive ANOVA decomposition that iteratively constructs the important sub-
dimensional components of the anchored ANOVA decomposition of a function.
This extension provides a significant improvement in efficiency.

In this paper we present a stochastic collocation method based upon dimension
and locally-adaptive sparse grid algorithm designed for interpolating high-
dimensional functions with discontinuities [15]. The underlying dimension
adaptation procedure greedily identifies the model variables and variable
interactions that contribute most to the variability of the model. The hierarchical
surplus at each point within the sparse grid is used as an error indicator to guide
local refinement, with the aim of concentrating computational effort within rapidly
varying or discontinuous regions. This approach limits the number of points that
are invested in ‘unimportant’ dimensions and regions within the high-dimensional
domain. Piecewise polynomial bases are used to take advantage of any smoothness
in the model input-output map. The finite support of these basis functions facilitates
local adaptation which is not possible with global polynomial basis functions.

The stochastic collocation method is presented in Sect. 2 and the so called 2-GSG
on which it is based is summarised in Sect. 3. To facilitate a clear discussion the
ASGC-HDMR is presented in Sect.4 and then compared to adaptive generalised
sparse grid stochastic collocation methods and the /#-GSG stochastic collocation
method proposed in this manuscript. The paper is concluded by the application of
the proposed method to the quantification of uncertainty in a model of flow through
porous media.

2 Problem Formulation

Consider a model M defined on an s-dimensional bounded domain D € R* (s =
1,2,3)

y(x,t,§) =M.t ), xeD, teT el (D)
where x = (xy,..., xy) are the coordinates in R*, s > 1,7 = (¢, T] are the tem-
poral coordinatesin R, and § = (§,,...,&;) € I¢ C R, d > 11is a d-dimensional

vector of variables which describe the uncertainty in the model inputs.
We are interested in finding the stochastic solution

y(x,t,’g):D_xTxlg — R™

Without loss of generality, hereafter we assume (1) is a scalar system with n, = 1.
We also make the fundamental assumption that the problem (1) is well posed in /¢,

where I = Iz X --- x I, and I, are the one-dimensional ranges of the variables
Enn=1,...,d.
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Traditionally most uncertainty quantification (UQ) studies adopt a probabilistic
formulation to quantify the input uncertainty. It is typically assumed that the
distribution of the random variables & is known, with the most widely adopted
approach assuming the marginal distributions of & are known and all & are
independent from each other. In this paper, however, we wish to also consider the
case where the uncertainty is epistemic. That is, the distribution functions of §; are
not known, primarily due to our lack of understanding and characterization of the
physical system governed by the system of Eqs. (1). Under such conditions the focus
of UQ analysis is on the discovering the dependence of the solution on the uncertain
inputs &.

Stochastic collocation (SC) [1, 19,23,26] can be used to quantify both aleatory
and epistemic uncertainty [14]. The stochastic collocation method is equivalent to
solving N deterministic problems at a set of nodal points @Oy = {£® }¥_, and
constructing an approximation that interpolates the solution y at each node & ® =
& ).

That is given a set of nodes Oy = {g”‘)}{j:l € I¢ we solve

y(E®)=MEY) k=1,....N 2)

to obtain an associated set of solutions yy ={y(& (k))}]](v:l. This ensemble of
solutions is then used to build an approximation that enforces (1) at each node.
The problem (2) is decoupled and existing deterministic solvers can be applied to
find each realization of the solution.

The choice of N is made in accordance to the computational budget of the user.
The exact value of N is set by the method used to construct the approximation of (1),
and depends on the computational cost of the evaluating the model, and the desired
accuracy of the approximation. Throughout this paper we assume that the evaluation
of the model 2 is expensive and significantly outweighs the cost of constructing the
approximation. Consequently we would like to develop a collocation method that
for a given accuracy, N is smaller than the number of samples required by existing
methods to obtain the same accuracy.

3 A Stochastic Collocation Method

While the general strategy of stochastic collocation is straightforward, the options
for practical implementation are limited. Multivariate approximation is a challeng-
ing area with many open issues. In the following we propose a stochastic collocation
method based on the locally and dimension-adaptive sparse grid interpolation
method proposed in [15]. We summarize this self-titled /-Adaptive Generalised
Sparse Grid (h1-GSG) method here.
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3.1 Sparse Grids

Let y : R? — R be an unknown multi-variate function with d uncertain inputs in
some function space V. We may not know the closed form of y and only require
that we can evaluate y at arbitrary points in /¢ using a numerical code. Here we
will restrict attention to consider stochastic collocation problems characterised by
variables & with finite support normalized to fit in the domain /¢ = [0, 1¢.

Sparse grids [5] approximate functions y € V' via a weighted linear combination
of basis functions

N
w(E) =Y v Wi () 3)
k=1

The approximation is constructed on a set of anisotropic grids §2; on the domain /¢
wherel = (I,...,1y) € N9 is a multi-index denoting the level of refinement of the
grid in each dimension d. These rectangular grids have mesh size

by = (hy,,...,h,), where h =2""ifl, > 1, hy=05
and consist of the points
£ = G- Epi) = (ithi, o+ Jighg), 0<i, <2"ifl, >1,i, =1ifl,=0,Vn

where i denotes the location of a given grid point. The one-dimensional grid is
shown in Fig. 1a.

The multivariate basis functions ¥ are a tensor product of one dimensional basis
functions. Adopting the multi-index notation use above we have

d
i) = [ v &) €5

n=1

where there is a one-to-one relationship between ¥ in (3) and ¥;; and each ¥;
is uniquely associated with a grid point &, ;. Many different one-dimensional basis
functions v, ;, (§,) can be used. One such choice is the multi-linear piecewise basis
based upon the one-dimensional formula

1 ifl =0
max(l —2£,0) ifl=1A7=0
Vi(§) = , . &)

max(2§ —1,0) ifl=1Ai =2

V(Q'E—1i) otherwise,
where ¥ (§) = max(1 — |€|, 0). The one-dimension linear basis is shown in Fig. 1a.
Alternative basis functions include the piecewise polynomial basis functions
lI/lfi") (&) which are the tensor product of d one-dimensional basis functions w[(”p f”) (&)
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d
P& = [Tv" &)
n=1

where we have introduced the superscript p = (pi, ..., ps) to denote the degree
of the piecewise polynomial in each dimension. The exact construction of these
polynomials can be found in [15].

The multi-dimensional basis formed using this basis in conjunction with (4) span
the discrete space

Vi=span{¥; :icK)} Ki={i:i, = 0,....2"ifl, >0, i, =1ifl, =0,¥n}
To facilitate adaptivity we introduce the hierarchical difference spaces
W =span{¥; : iel}

where
L={i:i,=0,....2"" i,oddifl, # 1,i, =0,2ifl, =1,Vn},  (6)

Note that this index set is different to the set typically presented in the literature [6].
The traditional index set only deals with points on the interior of §2; and thus
assumes the functions being approximated have homogeneous boundary conditions.
The index set presented here allows for points on the boundary which facilitates
approximation of functions with inhomogeneous boundaries.

The hierachical index set (6) defines the hierarchical basis

{lI/k’i -k < l,i € Ik}

which also spans V. The one-dimensional hierarchical basis one-dimensional mesh
are shown in Fig. 1b.

These hierarchical difference spaces can be used to decompose the input space
such that for a functions space V'

o0 o0
W=Pw ad V= - P wm=E m
k<l k1=0  kys=0 keRd

For numerical purposes we must truncate the number of difference spaces used to
construct V' to some level /. Specifically the classical finite dimensional sparse grid

space is defined by
Vid = D W

<!
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Fig. 1 One-dimensional nodal and hierachical bases for level [ = 0,1,2. (a) Nodal basis.

(b) Hierarchical basis

With such a decomposition any function y(£) € V' can be approximated by

ye®) = ). nE=> wit @)

leL iely
where for traditional isotropic sparse grids
L={1: <1} ®)

Note the vij € R are the coefficient values of the hierarchical product basis,
also known as the hierarchical surplus. They are simply the difference between
the function value y(&,;) and y.(&,;) where y, does not contain the the basis
function ¥ ;. '

3.2 Moment Estimation

The extension from interpolation to quadrature is straightforward. We can approxi-
mate the integral of a function y

Iwmm=[ymn@wm
£

using the hierarchical sparse grid interpolant (7). Utilizing this formulation these
integrals can be approximated by
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Ia 0] = [ 303 it a(e) du(e)
3

1€ i€y

= Z Z vii(X, 1) wi

€T i€y

where the weights

WZL%@W@

can be calculated easily and with no need for extra function evaluations once the
interpolant has been constructed. One simply needs to store the volumes of the high-
order basis functions. For diu = 1 these volumes can be calculated analytically.

3.3 Adaptation Procedure

We are not limited to this formulation of the hierarchical level index set £ in (8).
The index set £ can be used to control the importance of each variable and the
importance of any interaction between a subset of a function’s variables. The
classical sparse grid construction (8) treats all dimensions equally and assumes
that the importance of any interaction between a subset of a function’s variables
decreases as the number of variables involved in the interaction (interaction order)
increases. In practice, often only a small subset of variables and interactions
contribute significantly to the variability of the function y. To utilise this property,
the #-GSG method constructs £ iteratively and restricts grid points (function
evaluations) to dimensions and interactions that contribute significantly to the
function variability, according to some predefined measure.

The index sets Ij control the location of the points &; in the input domain
I¢. The traditional construction in (6) considers all regions of the input space
uniformly. Frequently, however, only small regions within the input space possess
high variability. Ideally function evaluations should be concentrated in rapidly
varying or discontinuous regions. The coefficients v in (7), known as the hierarchical
surpluses, provide natural error indicators which can be used to adaptively select
points to be included in the sets Ij. In existing methods, typically either the set £ or
the sets Ij is adapted. The 2-GSG method overcomes this restriction and constructs
the index sets simultaneously, resulting in a method that is both dimension and
locally (regionally) adaptive. The adaption procedure is presented in Sect. 3.3.

The dimension adaptivity of the #-GSG method is based upon a generalisation
of the traditional isotropic sparse grid index set (8). Specifically the 2-GSG method
follows the pioneering work of Gerstner and Griebel [9] and Hegland [13] and
considers all index sets that satisfy the admissibility criterion

l—e;elforl<j<d[;>1 9
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This generalisation is extremely effective at determining the hierarchical difference
spaces that contribute significantly to the function variability, according to some
predefined measure. The dimension-adaptive procedure is a ‘greedy’ approach
which attempts to find the index set Z such that for a given number of points the
approximation error is minimized. Admissible grid indices 1 are only added to the
index set L if an error estimator r; > ¢, where ¢ > 0 reflects the desired accuracy in
the interpolant. Throughout this paper we employ the error measure

n= E VLi Wi

i€l)

This limits the creation of sub-components y; with r; << & which have little effect
on the accuracy of the approximation.

When using the traditional approach, each time a grid index 1 is added to the
sparse grid index set £ the function y (&) is evaluated at all the points in the set ;.
Such an approach is inefficient if a large proportion of the function variability is
concentrated in small regions of the input space. When using equidistant grids, the
creation of the grid 1 requires approximately two times the number of grid points
(and thus function evaluations) than those necessary to construct the index 1 —e;.

To incorporate local adaptivity into the dimension selection the 7-GSG method
defines the two sets A; and R; for each grid index 1. These sets are referred to as the
active point set and redundant point set of the grid index 1, respectively . The active
point set A contains all admissible points associated with the index 1 with an error
indicator y;; > ¢. The redundant point set R; contains all admissible points with
i < €. A point is admissible if one of its d possible ancestors exists in the grids
associated with the backwards neighbourhood of 1. The backwards neighbourhood
of an index is the set of 4 indices {l —e; : 1 < j < d}. If, and only if, a grid
point is admissible it is created (the function is evaluated) and the error indicator
n.i calculated. This drastically reduces the number of points generated when a new
grid index is created. The form of y; effects the efficiency of #-GSG and is problem
dependent.

Figure 2 shows an example of /-adaptivity integrated with the generalised sparse
grid algorithm. Here the grid index 1 = (2,2) has been deemed admissible by
the generalised sparse grid algorithm. Both the backwards neighbours (1 — e; =
(1,2) and 1 — e¢; = (2,1)) exist in the old index set. The active points in the
backwards neighbours are used to determine which points in the active index 1
should be evaluated. For any point in the active set of the n-th backwards neighbour
n=1,...,d the children of that point are created in the n-th axial direction. This
refinement is carried out for all points in the active point set of the backward
neighbour and for all backwards neighbours. The parent-child relationship is shown
in Fig. 3.
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i—e =(1,2) i=(22)

i—ey=(21)

Fig. 2 An example of local adaptation integrated with the generalised sparse grid algorithm. Let
us assume that the function only varies significantly in the /eft half of the domain. The fop left
and bottom right grids are the backwards neighbours of the grid being created. Squares represent
points in the active point sets, crosses are points in the redundant point sets and circles are points
associated with W that are not created. The active (square) points in the backwards neighbours are
refined to produce the set of new points that must be added. In this example only two new points
(squares in grid 1 = (2, 2)) are added

parent

2.1

child
3.1

child

&33

0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1

Fig. 3 The dyadic splitting of the one-dimension mesh. Children of a point &;; are the 2 points
(in one-dimension, 2d in d-dimensions) with level / + 1 and connected by one segment in the
binary tree
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4 An Existing Stochastic Collocation Alternative

The Adaptive Sparse Grid Collocation High Dimensional Model Representation
(ASGC-HDMR) method [18] is a recently developed stochastic collocation method
that can be used to facilitate UQ analysis of models with possibly hundreds of
uncertain input variables. ASGC-HDMR is based upon the ASGC method of
Ma and Zabaras [17]. As with the #-GSG method, the ASGC method uses the
hierarchical surplus to guide refinement of the sparse grid. If for any basis function
Y1 associated with the grid point §,; a predefined error indicator y;; is above a
pre-defined threshold e, the grid point is flagged for refinement. As with the 7-GSG
error indicator the form of y;; effects the efficiency of the method and is problem
dependent.

Refinement involves generating the left and right children of the grid point
&); in each axial direction. Again see Fig.3. Due to the binary tree structure of
the sparse grid any interior point will have 2d children. This refinement strategy
is implemented without regard of the effective dimensionality of the problem.
Consequently, the efficiency of the method can be improved further by imposing
further conditions on when the children of an active point are built. With this goal
Ma and Zabaras [18] combined ASGC with a dimension-adaptive scheme to only
generate points in dimensions which contribute “significantly” to the mean of the
function.

To adaptively select important dimensions, Ma and Zabaras consider the
anchored ANOVA decomposition of a function. Specifically given a set u C
D={1,...,d}, with cardinality |u|, we can define the set of projections P, :
v _s vl by

Pay(£) = y(E)ls=ae,

which projects the d -dimensional function onto a lower dimensional subspace. Here
&, denotes the |u|-dimensional vector that contains the components of & whose
indices belong to the set u and

y(§)|£=a\$,, = f(als---san—lsénvan+lv---vad)

Using these projections the function y can be decomposed into the finite sum

YE =D yul€y) (10)

ucDh

where the sub-dimensional components can be defined recursively by

yul€y) = Puy(E) — Y (&)

vCu

The first term is the zero-th order effect which is a constant throughout the
d-dimensional variable space.
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Each sub-dimensional component y, is approximated using the ASGC method
described above. Specifically

Yu = Z Vigiu P i

l=<!

where the n-th element of the multi-indices 1, and i, are only non-zero if n € u.

In practice it is not necessary to compute all the terms y,. Ma and Zabaras
utilise a modification of the dimension-adaptive algorithm advocated by Griebel
and Holtz [12] to adaptively select the important components. Given a subset S of
all indices u € D, the component v is computed if the admissibility condition

ueS and vCu — veS

is satisfied and if the dimension importance indicator 1, > &. Throughout this paper

we choose
77u = I § vlusiu Wlu~,iu|

l=<!

as suggested in [18].

5 Method Comparison

In this section we compare the proposed i#-GSG stochastic collocation method
with stochastic collocation based upon the generalised sparse grid method, and the
ASGC-HDMR method [18].

5.1 Algorithmic Comparison

The adaptive procedures of the #-GSG SC and ASGC-HDMR methods construct
the sparse index set Z differently. 7-GSG proceeds greedily and chooses index sets
only if they are admissible acc