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Preface

In the recent decade, there has been growing interest in the numerical treatment of
high-dimensional problems. It is well known that classical numerical discretization
schemes fail in more than three or four dimensions due to the curse of dimension-
ality. The technique of sparse grids allows to overcome this problem to some extent
under suitable regularity assumptions. This discretization approach is obtained from
a multi-scale basis by a tensor product construction and subsequent truncation of the
resulting multiresolution series expansion.

Hans-Joachim Bungartz, Jochen Garcke, Michael Griebel, and Markus Hegland
organized a workshop specifically to strengthen the research on the mathematical
understanding and analysis of sparse grid discretization. Particular focus was given
to aspects arising from applications. More than 40 researchers from four different
continents attended the workshop in Bonn, Germany, from May 16–20, 2011.

This volume of LNCSE now comprises selected contributions from attendees of
the workshop. The contents range from numerical analysis and stochastic partial
differential equations to applications in data analysis, finance, and physics.

The workshop was hosted by the Institut für Numerische Simulation and the
Hausdorff Research Institute for Mathematics (HIM) of the Rheinische Friedrich-
Wilhelms-Universität Bonn as part of the Trimester Program Analysis and Numerics
for High Dimensional Problems. Financial support of the HIM is kindly acknowl-
edged. We especially thank Christian Rieger for his efforts and enthusiasm in the
local organization of the workshop and the staff of the HIM for their assistance.

Bonn, Germany Jochen Garcke
Michael Griebel
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An Adaptive Sparse Grid Approach for Time
Series Prediction

Bastian Bohn and Michael Griebel

Abstract A real valued, deterministic and stationary time series can be embedded
in a—sometimes high-dimensional—real vector space. This leads to a one-to-one
relationship between the embedded, time dependent vectors in R

d and the states
of the underlying, unknown dynamical system that determines the time series. The
embedded data points are located on an m-dimensional manifold (or even fractal)
called attractor of the time series. Takens’ theorem then states that an upper bound
for the embedding dimension d can be given by d � 2mC 1.

The task of predicting future values thus becomes, together with an estimate on
the manifold dimension m, a scattered data regression problem in d dimensions. In
contrast to most of the common regression algorithms like support vector machines
(SVMs) or neural networks, which follow a data-based approach, we employ in
this paper a sparse grid-based discretization technique. This allows us to efficiently
handle huge amounts of training data in moderate dimensions. Extensions of the
basic method lead to space- and dimension-adaptive sparse grid algorithms. They
become useful if the attractor is only located in a small part of the embedding space
or if its dimension was chosen too large.

We discuss the basic features of our sparse grid prediction method and give the
results of numerical experiments for time series with both, synthetic data and real
life data.

B. Bohn (�) �M. Griebel
Institute for Numerical Simulation, University of Bonn, 53115, Bonn, Germany
e-mail: bohn@ins.uni-bonn.de; griebel@ins.uni-bonn.de

J. Garcke and M. Griebel (eds.), Sparse Grids and Applications, Lecture Notes
in Computational Science and Engineering 88, DOI 10.1007/978-3-642-31703-3 1,
© Springer-Verlag Berlin Heidelberg 2013

1



2 B. Bohn and M. Griebel

1 Introduction and Problem Formulation

One of the most important tasks in the field of data analysis is the prediction of
future values from a given time series of data. In our setting, a time series

�
sj
�1
jD1 is

an ordered set of real values. The task of forecasting can now be formulated as:

Given the values s1; : : : ; sN , predict sNC1!

To tackle the forecasting problem, we assume that the values sj stem from an
underlying stationary process which evolves in time. The aim is then to reconstruct
the domain of this process as good as possible from the data s1; : : : ; sN and to
use this reconstruction for the prediction of the value sNC1. To this end, let M0

represent the phase space of the underlying system, let � W M0 ! M0 denote the
corresponding equations of motion and let o W M0 ! R be an observable which
defines a time series by

�
sj
�1
jD1 D �

o
�
�j .x0/

��1
jD1 ; (1)

where x0 2 M0 is an arbitrary initial condition of the process and

�j D � ı � ı : : : ı �
„ ƒ‚ …

j times

:

In practice M0, � and o are of course not known, but only the values sj of the time
series are given. To tackle the forecasting problem, we need to find a connection
between the past values of the time series and the next one.

Takens’ theorem [2, 25] provides the theoretical background to construct algo-
rithms for this purpose. Assuming that a given equidistant time series consists of
measurements, i.e. evaluations of the observable o, of an m-dimensional process
which follows some deterministic equation of motion �, there is the possibility to
find a regular m-dimensional submanifold U of R2mC1 which is diffeomorphic to
the phase space M0 of the underlying system. The most common construction of
such a submanifold works via delay embedding. In this case the time-dependent
observations sj are themselves used as coordinates to represent U � R

2mC1.
Here, since an element x 2 U corresponds to one specific point in phase space,
the dynamics of the process and thus the evolution of the time series itself are
completely determined by x and the forecasting problem translates into an ordinary
regression-like task in R

2mC1. For an overview of the delay embedding scheme and
different approaches to time series analysis see [21].

In this paper we use a regularized least squares approach to find an adequate
approximation to the solution of the prediction problem. In combination with
a FEM-like grid discretization this leads to a non-data-based approach whose
computational costs grow only linearly in the number of elements of the given
time series. Then, in contrast to most data-based techniques like support vector
machines or standard neural networks using radial basis functions, this approach
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is able to handle huge time series. But, if d D 2m C 1 denotes the dimension of
the ambient space and 2t is the number of grid points in one direction, the number
of points in a conventionally discretized ambient space would grow like O

�
2td
�
.

Thus, this naive approach suffers from the curse of dimensionality which restricts
the application of a conventional discretization to low-dimensional, i.e. to one-, two-
or three-dimensional spaces.

To circumvent this problem the sparse grid discretization [1] is used in this paper.
A first approach for the prediction of financial time series with sparse grids has been
presented in [8]. For regular sparse grids, the number of grid points increases only
like O.2t � td�1/, i.e. the curse of dimensionality is now just present with respect to
the term t . This way, we are able to efficiently deal with huge amounts of data in
moderate dimensions up to about d D 10. Moreover, for most time series the high-
dimensional data does not fill the whole space. The process obtained by using the
delay embedding method then visits only a small fraction of the whole discretized
area. This observation justifies a space-adaptive sparse grid [13] discretization
which resolves the trajectory of the process. Finally, an ANOVA-like approach
leads to dimension-adaptive sparse grids [10, 17] that are useful if our a priori
choice of d is too large.

Thus, we will introduce two different adaptive algorithms in this paper: The
space-adaptive algorithm locally adapts to features of the prediction function
whereas the dimension-adaptive algorithm refines by employing subspaces which
are relevant for an efficient representation of the prediction function in its ANOVA-
decomposition.

In summary, each of our algorithms processes the following steps:

1. Estimation of the dimensionm of the underlying process
2. Rewriting the forecasting problem as a regression problem in R

d with d D
2mC1

3. Approximating the solution of the regression problem in a discretized (regular,
space-adaptive or dimension-adaptive) sparse grid space

4. Predicting the value sNC1 by point evaluation of the computed sparse grid
function at .sN�2m; : : : ; sN /T

Altogether, we obtain a new class of algorithms for the prediction of time series
data which scale only linearly with the length of the given time series, i.e. the
amount of data points, but still allow us to use reasonably large window sizes for the
delay embedding due to our sparse grid approach. The new methods give excellent
prediction results with manageable computational costs.

The remainder of this paper is organized as follows: In Sect. 1, we describe the
delay embedding scheme and review some crucial issues concerning the application
of Takens’ theorem. In Sect. 2, we show how the forecasting problem can be
rewritten as a regression problem. We also derive the regularized least squares
functional which determines our predictor function. In Sect. 3, we deal with the
regular sparse grid approximation. We deduce the associated linear system and solve
it using a preconditioned CG-algorithm. Then, we introduce and discuss space- and
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dimension-adaptive sparse grid algorithms. In Sect. 4, we give the results of
numerical experiments which illustrate the favorable properties of our new methods.

2 Takens’ Theorem and the Delay Embedding Scheme

We now provide the essential theory concerning Takens’ theorem [25] and give a
hint to some modifications from [2].

For an arbitrary d 2 N we can create vectors

tj WD �
sj�dC1; sj�dC2; : : : ; sj�1; sj

�T 2 R
d ; j � d

following the so-called delay embedding scheme. Each vector consists of d
consecutive past time series values. A connection between these delay vectors and
the unknown evolution of the process in the phase space is established by the
following theorem:

Theorem 1. Let M0 be a compact m-dimensional C2-manifold, let � W M0 ! M0

denote a C2-diffeomorphism and let o 2 C2 .M0;R/. Then, �.�;o/ W M0 ,! R
2mC1

defined by

�.�;o/ .x/ WD �
o .x/ ; o .� .x// ; o

�
�2 .x/

�
; : : : ; o

�
�2m .x/

��
(2)

is generically1 an embedding.

This is Takens’ theorem for discrete time series, see [19, 25]. The embedding �.�;o/
establishes a one-to-one connection between a state in the phase space M0 and a
.2m C 1/-dimensional delay vector constructed by (2). It can formally be inverted
and we obtain

�j�2m .x0/ D ��1.�;o/
��
o
�
�j�2m .x0/

�
; o
�
�j�2mC1 .x0/

�
; : : : ; o

�
�j .x0/

���

D ��1.�;o/
��
sj�2m; sj�2mC1; : : : ; sj

��

D ��1.�;o/
�
tj
�

1Here, “generically” means the following:
If Xl WD ˚

x 2M0 j �l .x/ D x
�

fulfills jXl j < 1 for all l � 2m and if the Jacobian matrix�
D�l

�
x of �l at x has pairwise distinct eigenvalues for all l � 2m; x 2 Xl , then the set of all

o 2 C2 .M0;R/ for which the embedding property of Theorem 1 does not hold is a null set. As
C2 .M0;R/ is an infinite dimensional vector space, the term “null set” may not be straightforward.

It should be understood in the way that every set Y �
n
o 2 C2 .M0;R/ j �.�;o/ is an embedding

o

is prevalent.
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for all j � d with tj 2 R
2mC1 and thus d D 2mC 1. Applying o ı �2mC1 on both

sides we obtain
o
�
�jC1 .x0/

� D o
�
�2mC1

�
��1.�;o/

�
tj
���

: (3)

This means that the value sjC1 D o
�
�jC1 .x0/

�
is completely determined by the

previous 2mC1 values sj�2m; : : : ; sj .2 Note that not necessarily all of the preceding
2m C 1 values are essential to specify the current one, but Theorem 1 states that
2m C 1 values are always sufficient to do so. Note furthermore that not only the
next but all following values are determined by 2m C 1 consecutive time series
values. To see this one can just recursively follow the scheme in (3). Thus, if we
have for example an equidistant time series with a 1 min gap between successive
values but are interested in a 15 min forecast, we can still use 2m C 1 consecutive
values as input in our regression algorithm later on.3

Often, the equations of motion are described by a system of time-continuous
differential equations instead of a time-discrete mapping � as in Theorem 1. To
this end, let V denote a vector field in C2 .M0; TM0/, let o 2 C2 .M0;R/ and let
z W RC ! M0 fulfill the differential equation

dz
dt

D V.z/; z.0/ D z0 (4)

for given z0 2 M0. We define �t .z0/ WD z.t/ as the flow of the vector field V. Now
�� can be used in Theorem 1 instead of � for an arbitrary � 2 R

C and the time-
continuous setting is covered as well. For a thorough treatment of this case we refer
to [2, 25].

A main requirement for Takens’ theorem is the compactness of the manifold
M0, i.e. the domain of the process which contains all possible states. Sometimes
the dynamics tends to form a so-called “strange attractor”, which means that the
trajectories of the system do not form a manifold anymore but just a point set
A of non-integer dimension. In [2] it was shown that it is possible to generalize
Theorem 1 also to this case:

Theorem 2. Let A � M0 � R
k where M0 is an open subset of Rk and A is

a compact subset of M0 which possesses box-counting dimension bdim .A/ D m.
Furthermore, let � W M0 ! M0 be a C2-diffeomorphism and let o 2 C2 .M0;R/.
Then, for �.�;o/ W M0 ,! R

b2mC1c defined as in (2), the properties

2All functions on the right hand side of (3) are at least twice differentiable. As M0 is compact,
the concatenation of these functions lies in the standard Sobolev space H2.�.�;o/.M0//, where

�.�;o/.M0/ � R
2mC1 denotes the image of M0 under �.�;o/.

3 An alternative would be to simulate a time series with 15 min gaps by omitting intermediate
values which would lead to a considerable reduction of the number of points. This is however not
advantageous, as more points usually lead to better prediction results for the numerical algorithm.
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1. �.�;o/ is one-to-one on A and
2. �.�;o/ is an immersion on each compact subset C of a smooth manifold contained

in A

generically4 hold.

Here, bac denotes the largest integer which is smaller or equal to a 2 R
C.

In real world applications, the set A is not a priori known. But for the delay
embedding scheme to work we only need to know the box-counting dimension
bdim .A/ of the set A. Its estimation is an elaborate task by its own. To this end,
various approaches exist in the literature [22, 23, 26]. Here, we recommend using
the Grassberger-Procaccia algorithm [12] to estimate the correlation dimension Qm
as an approximation of the box-counting dimensionm since this worked best in our
experiments. The delay length is then set to d D b2 QmC 1c.

In summary we have a theory which provides us with a justification to use
delayed vectors like in (2) as input for a learning tool.

3 The Regression Problem and the Regularized Least
Squares Approach

In this section, we describe how the task of predicting a time series can be
recast into a higher-dimensional regression problem by means of delay embedding.
Furthermore, we motivate a specific regularized least squares approach.

We assume that we have an infinite time series
�
sj
�1
jD1 which is just an

observation of a deterministic process on an m-dimensional attractor, compare
Sect. 2. From now on, let d WD b2mC 1c denote the embedding dimension used for
the delay scheme. We define

tj WD �
sj�dC1; sj�dC2; : : : ; sj�1; sj

�T 2 R
d ; j � d; (5)

to be the j -th delay vector. Due to Takens’ theorem, there exists a Og W Rd ! R,
with Og WD o ı �d ı ��1.�;o/, cf. (3), such that

Og �tj
� D sjC1 for all j � d: (6)

If we assume that
�
sj
�N
jD1 is known a priori then our goal is to find a good

approximation g to Og with the help of N � d C 1 training patterns

4Here “generically” means the following:
If QXl WD

˚
x 2 A j �l .x/ D x

�
fulfills cdim

� QXl
� � l

2
for all l � b2m C 1c and if

�
D�l

�
x has

pairwise distinct eigenvalues for all l � b2mC 1c; x 2 QXl , then the set of all o 2 C2 .M0;R/ for
which the properties in Theorem 2 do not hold is a null set.
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�
tj ; sjC1

� 2 R
d � R; j D d; : : : ; N � 1: (7)

Thus, we now have to deal with a regression problem instead of the forecasting
problem. Our approach is to choose g 2 X � ˚

f W Rd ! R
�

as

g D arg minf 2XF .f /

where F W X ! R
C [ f1g is a functional that expresses how good functions from

X approximate Og. The function space X still has to be specified.
To this end, as we do not know any embedded points on which we want to

evaluate g afterwards, it is common to minimize the expectation of some Lebesgue
measurable cost function c W R � R ! R

C [ f1g with respect to the density
p W Rd � R ! Œ0; 1� of all possible input patterns. This leads to

F.f / D Ep Œc .y; f .x//�

and thus gives

g D arg minf2XEp Œc .y; f .x//� D arg minf2X

Z

Rd�R

c .y; f .x// p.x; y/ .dx ˝ dy/ :

Note here that we have to restrictX to contain only Lebesgue measurable functions
to make this term well-defined.

Since we have to cope with training patterns and do not know the exact density
p, we use the empirical density

Op .x; y/ D 1

N � d
N�1X

jDd
ıtj .x/ısjC1

.y/

instead of p. This results in the problem of finding the argument of the minimum of

F.f / D
Z

Rd�R
c .y; f .x// Op .x; y/ .dx ˝ dy/ D 1

N � d

N�1X

jDd
c
�
sjC1; f .tj /

�
:

(8)
Note that if we want to calculate the point evaluations f

�
tj
�
, then the set of

admissible functions X has here to be restricted further to contain only functions
for which point evaluations are well defined.

We decided to use c .a; b/ WD .a� b/2. One can easily show that for this specific
cost function a minimizer of F maximizes the likelihood of the given input data
under the assumption of a Gaussian noise term being added to each exact time series
value, see e.g. Sect. 3.3 in [24].5

5Other cost functions can be used as well but these might lead to non-quadratic or even non-convex
minimization problems.
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The minimization of (8) for f 2 X still leads to an ill-posed problem and a
further restriction of the space of admissible functions is therefore needed. To this
end, Tikhonov proposed to add a constraint of the form�.f / � c with an arbitrary
positive constant c and a nonnegative functional � W X ! R

C which is strictly
convex on a certain subspace depending on the problem itself, see [27]. Using the
method of Lagrange multipliers we then obtain the new minimization problem

g D arg minf 2XF.f / WD arg minf 2X

0

@ 1

N � d

N�1X

jDd
c
�
sjC1; f .tj /

�C ��.f /

1

A

(9)
which is well-posed if � is positive. We will employ the Sobolev semi-norm

�.f / WD jf jH1
mix

D
X

jaj1D1

ˇ
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
ˇ

da1

dxa11
: : :

dad

dxadd
f

ˇ
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
ˇ

2

L2.Rd /
(10)

since this perfectly fits after discretization to our basis functions as we will see later.
Here a D .a1; : : : ; ad / denotes a multi index and jaj1 WD maxiD1;:::;d jai j. We will
use the function g 2 X defined in (9) as continuous approximation to Og from now
on.

Instead of our H1
mix-semi-norm, a method using gradient penalties—which

corresponds to the H1 semi-norm—was presented in [9] and error bounds were
provided for a discrete solution achieved by the so-called combination technique.
Note that some of these results rely on the assumption of independent and uniformly
distributed samples. Nevertheless, similar results can be given for our case under
the assumption of independently drawn samples according to the probability
distribution on the reconstructed attractor. The resulting errors then refer to the
attractor measure instead of the Lebesgue measure.

3.1 Minimization for an Arbitrary Basis

Now let f�i g1iD1 be a basis of � WD ff 2 X j �.f / � cg. Our task is to find a

w WD .w1;w2; : : :/

with wi 2 R for each i 2 N n f0g, which minimizes

1

N�d
N�1X

jDd

 

sjC1�
1X

iD1
wi �i

�
tj
�
!2

C�
1X

iD1

1X

kD1

0

@wiwk
X

jaj1D1
hDa�i ;D

a�kiL2.Rd /

1

A

(11)
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where Da D da1

dx
a1
1

: : : dad

dx
ad
d

denotes a multivariate derivative. The corresponding

function

g.x/ D
1X

iD1
wi �i .x/

then would give us the approximate prediction sNC1 � g .tN / by point evaluation
at tN . As (11) is a sum of strictly convex functions, the argument g of the minimum
can be found by identifying the zeroes of d

dwl
F.f / for all l 2 N n f0g. For

	 WD .N � d/� this leads to the infinite system

N�1X

jDd
sjC1�l

�
tj
� D

1X

iD1
wi

0

@
N�1X

jDd
�l
�
tj
�
�i
�
tj
�C 	h .�i ; �l /

1

A (12)

for all l 2 N n f0g, where h W � � � ! R denotes the semi-definite bilinear form

h .s; t/ D
X

jaj1D1
hDas;DatiL2.Rd / :

3.2 Minimization for a Kernel Basis in a Reproducing Kernel
Hilbert Space

To derive a finite solution procedure, the following approach is standard in the
mathematical learning community. For the case �.f / D jjf jj2H, with H being
a reproducing kernel Hilbert space, we can write g from (9) as a finite linear
combination of evaluations of the reproducing kernel k W R

d � R
d ! R in the

points corresponding to the training patterns

g.x/ D
N�1X

jDd
gj k

�
tj ; x

�

with some real-valued weights gj . This is known as the representer theorem for
reproducing kernel Hilbert spaces, see e.g. [24]. Analogous observations as above
result with the property

˝
k .ti ; �/ ; k

�
tj ; �

�˛
H D k

�
ti ; tj

�
in the finite system

N�1X

jDd
sjC1k

�
tj ; tl

� D
N�1X

jDd
gj

 
N�1X

iDd
k
�
ti ; tj

�
k .ti ; tl /C 	k

�
tj ; tl

�
!
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for all l 2 fd; : : : ; N � 1g. If the
�
k
�
tj ; x

��N�1
jDd are linearly independent6 this leads

to the linear system
s D .K C 	I/ g (13)

where K 2 R
.N�d/�.N�d/ is the kernel matrix with entries Ki;j D k

�
ti ; tj

�
,

I 2 R
.N�d/�.N�d/ is the identity matrix and g D .gd ; : : : ; gN�1/T 2 R

N�d ,
s D .sdC1; : : : ; sN /T 2 R

N�d .
Note that for the case (10) we only regularized with a semi-norm of a reproducing

kernel Hilbert space but still get the representation

g.x/ D
N�1X

jDd
gj k

�
tj ; x

�C g0.x/

with a g0 W Rd ! R from the null space of � and a certain kernel function k, see
[24].

One could now try to solve the linear system (13). The major problem of this
approach—besides the knowledge of an explicit formulation of the reproducing
kernel7—is the complexity with respect to the number of input patterns. The direct
solution of (13) would involve a number of operations of the order O

�
N3
�

since
we have to deal with a full system matrix here. But even if one does not compute
the inverse of K C 	I directly and uses an appropriate iterative scheme instead, the
complexity for solving this system is at least O

�
N2
�

because of the dense kernel
matrix K. Therefore, in the next section, we will consider the infinite system (12)
in the first place and resort to a further approximation of our prediction problem by
discretization.

4 Discretization via Sparse Grids

To find an approximate solution to (12) we restrict ourselves to a finite dimensional
subspace �M WD span f�i gMiD1 � � WD ff 2 X j �.f / � cg for some M 2 N.
For the naive full grid approach the curse of dimensionality then shows up in the
number of necessary grid points which grows exponentially with d . To deal with
this issue, we will employ the sparse grid discretization technique and its adaptive
enhancements here. To this end, we will assume that the domain of Og (and thus g)
is the d -dimensional hypercube

Hd WD Œ0; 1�d :

6If this is not the case we can choose a linearly independent subsystem and continue analogously.
7See [28] for several reproducing kernels and their corresponding Hilbert spaces.
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Note that this is not a restriction since the domain of the underlying original
process is compact (cf. Theorems 1 and 2). By rescaling the resulting domain of
the reconstructed process we always can obtain the domain Œ0; 1�d .

4.1 Multilevel Hierarchical Bases and Regular Sparse Grids

First, we recall the construction of a full grid space using a piecewise linear
hierarchical basis and discuss its relation to a sparse grid space. Let the one-
dimensional hat function � W R ! Œ0; 1� be defined by

�.x/ WD
�
1 � jxj; if x 2 Œ�1; 1�
0 else

and let
�l;i .x/ WD �.2l � x � i/jŒ0;1�

for any l; i 2 N be a dilated and rescaled version of � restricted to the interval
Œ0; 1�. One can easily see that supp .�l;i / D �

.i � 1/2�l ; .i C 1/2�l
� \ Œ0; 1�.

The construction of a d -dimensional hat function is straightforward via the tensor
product

�l;i.x/ WD
dY

jD1
�lj ;ij .xj /;

where l D .l1; : : : ; ld / 2 N
d is the multivariate level and i D .i1; : : : ; id / 2 N

d

denotes the multivariate position index. Furthermore, we define xl;i WD i � 2�l,
where the multiplication has to be understood componentwise, i.e. xl;i D
�
xl1;i1 ; : : : ; xld ;id

�T
with xlj ;ij WD ij � 2�lj . For a fixed l 2 N

d , we then have with

˝l WD ˚
xl;i j 0 � i � 2l�

the full grid of level l. Here, the inequalities are to be understood componentwise
and 0 D .0; : : : ; 0/ is the null index. The space of piecewise d -linear functions on
the grid ˝l is

Vl WD span fBlg with Bl D ˚
�l;i j 0 � i � 2l� :

Bl is called nodal basis since the value of a function fl.x/ D P
0�i�2l fl;i � �l;i.x/ 2

Vl on one of the grid points xl;j of ˝l is given by the coefficient fl;j 2 R that
corresponds to �l;j.

Now, let

Il WD
�

i 2 N
d

ˇ
ˇ̌
ˇ
0 � ij � 1; if lj D 0

1 � ij � 2lj � 1; ij odd if lj > 0
for all 1 � j � d

�
: (14)
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Then, Wl WD span
˚
�l;i j i 2 Il

�
is a hierarchical increment space (or detail space)

because of the property

Wl D span

8
<

:
Bl n

d[

jD1
Bl�ej

9
=

;

where ej denotes the j -th unit vector and Bk WD ; for each k D .k1; : : : ; kd / with
kj < 0 for some j D 1; : : : ; d . Thus we get

Vl D
M

k�l

Wk D span
˚ QBl

�

with the hierarchical basis

QBl WD ˚
�k;i j i 2 Ik;k � l

�
:

Now, we can define the space of piecewise d -linear functions on the regular
(isotropic) full grid

˝t WD ˝.t;:::;t / D ˚
xk;i j jkj1 � t; i 2 Ik

�

of level t 2 N by
Vt WD V.t;:::;t / D

M

jkj1�t
Wk:

If
ft D

X

jkj1�t

X

i2Ik

fk;i�k;i

is the interpolant of f 2 H2 .Hd / in Vt it holds that

jjf � ft jjL2.Hd /
D O

�
2�2t

�
: (15)

Next, we define the regular sparse grid of level t by

˝s
t WD ˚

xk;i j nd .k/ � t; i 2 Ik
�

(16)

and the corresponding function space by

V s
t WD

M

k2Nd
nd .k/�t

Wk;

where nd .0/ WD 0 and

nd .k/ WD jkj1 � d C jfm j km D 0gj C 1
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for every other k 2 N
d . Here, jkj1 WD Pd

jD1 jkj j denotes the `1 norm. This specific
definition of nd guarantees that the resolution of grids on the boundary is the same
as the resolution of grids in the interior of the domain.

If
f s
t .x/ D

X

k2Nd
nd .k/�t

X

i2Ik

˛k;i�k;i.x/ 2 V s
t

is the interpolant of f 2 H2
mix.Hd / in V s

t , it holds that

jjf � f s
t jjL2.Hd /

D O
�
2�2t td�1

�
:

Thus, compared to (15), the accuracy is only slightly worse by a factor td�1.
However, the number of points in the full grid is j˝t j D O

�
2td
�

and suffers
from the curse of dimensionality for large d whereas, in the sparse grid case,
M WD j˝s

t j D O
�
2t � td�1� holds and the exponential dependence of d now

only affects the level t instead of 2t . For a thorough treatment of sparse grids,
approximation results and complexity issues we refer to [1] and the references
therein.

By solving (9) in the discrete space V s
t � � we get (analogously to (12))

N�1X

jDd
sjC1�l;i

�
tj
� D

X

k2Nd Wnd .k/�t;
m2Ik

˛k;m

0

@
N�1X

jDd
�l;i

�
tj
�
�k;m

�
tj
�C 	h

�
�l;i; �k;m

�
1

A

(17)
for all l 2 N

d W nd .l/ � t and i 2 Il.
A preconditioned multilevel conjugate gradient (pCG) algorithm is used to solve
the linear system (17) iteratively. Here, for reasons of simplicity, we employ as
preconditioner the inverse of the diagonal of the system matrix of (17) after its
transformation to a prewavelet representation, see [15]. As we only need to imple-
ment matrix-vector-multiplications for the pCG algorithm, the system matrices are
not assembled explicitly. The hierarchical structure and the compact support of our
basis functions allow a fast application8 of the first term in the brackets on the right
hand side of (17) in O

�
N � td � operations. Because of the product structure of

H1
mix an efficient implementation of the unidirectional principle can be employed

for the on-the-fly multiplication of the term corresponding to the bilinear form h,
see e.g. [4]. This needs O.M/ operations. Thus, the costs of a single iteration of
the pCG algorithm are only O

�
N � td CM

� D O
�
.N � t C 2t / � td�1� operations.

For a detailed review of computational issues on the implementation of sparse grid
methods, grid traversal strategies and linear system solvers, we refer to [4]. See
Fig. 1 for two sparse grid examples.

8 Note that the use of the combination technique [16] even allows here for a slight improvement to
O
�
N � t d�1

�
. In both cases, however, the constant in the O-notation grows exponentially with d .
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a b

Fig. 1 Different sparse grid examples in two dimensions. (a) Regular sparse grid of level 5. (b)
Space-adaptive sparse grid

4.2 Space-Adaptive Sparse Grids

Since most attractors only fill a sparse pattern of Hd , it is obvious that a regular grid
is not necessarily the best structure to approximate a function on such an attractor.
On the one hand, there might not be enough grid points in relevant regions to fit
the function which leads to bad approximations. On the other hand, there might be
too many grid points in irrelevant areas which causes overfitting and results in an
unnecessary high cost complexity, see [9] for a thorough treatment of this issue. One
would prefer a grid which rather matches the shape of the trajectory than the ambient
space Hd . Such a grid (and of course the corresponding function space) can be
derived using an iterative algorithm which adaptively creates finer grid resolutions
where needed. The main component of such a procedure is an appropriate error
indicator which decides if the grid has to be locally refined in a certain region. We
here simply use


l;i WD ˇ
ˇ
ˇ
ˇ˛l;i�l;i

ˇ
ˇ
ˇ
ˇ
L1.Hd /

D ˇ
ˇ˛l;i

ˇ
ˇ

as such an indicator. For more elaborate techniques and details on how to choose
a reliable and efficient indicator 
l;i for the case of specific norms of the error, we
refer to [13].

Our overall algorithm proceeds as follows: First, it starts with a regular sparse
grid for some low level ˝s

adp D Q̋ s
adp WD ˝s

t and solves (17) on this grid. Then, it

checks for each
n
.l; i/ j xl;i 2 Q̋ s

adp

o
if 
l;i > ", where " 2 R

C is some fix threshold.

If this is the case for the pair .l; i/ with odd ij or ij D 0 for each j 2 f1; : : : ; d g, all
of its child nodes are inserted into the grid ˝s

adp if they are not already contained.9

In the one-dimensional case the child nodes are defined as

9Note here that it is not enough to check the surplus of points which have been inserted in the
last iteration. The hierarchical surplus of all other points can change as well when calculating the
solution on the refined grid.
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child .xl;i / WD
8
<

:

fxlC1;2i˙1g if l > 0;
fx1;1g if l D 0; i D 1;

fx0;1g if l D 0; i D 0:

(18)

In the multivariate case we define child
�
xl;i
�

as

�
xk;m 2 ˝k

ˇ
ˇ
ˇ
ˇ

There exists j 2 f1; : : : ; d g; s.t. xkj ;mj 2 child
�
xlj ;ij

�

and kh D lh;mh D ih for all h 2 f1; : : : ; d g n fj g
�
: (19)

After the insertion it has to be guaranteed—by e.g. inserting further nodes where
needed—that all hierarchical ancestors of every inserted point are contained in
the resulting grid. Otherwise, an incorrect hierarchical basis representation for the
corresponding function space would result and common grid traversal algorithms
would run into problems. To achieve this we simply insert each missing direct
ancestor and proceed recursively with the inserted points until each direct ancestor
to every grid point has been inserted into ˝s

adp. The direct ancestors of points xl;i

with odd ij or ij D 0 for each j D f1; : : : ; d g are defined by

directAnc
�
xl;i
� WD ˚

xk;m 2 ˝l j xl;i 2 child
�
xk;m

��
: (20)

Algorithm 1 The space-adaptive sparse grid algorithm

Input: starting level t , threshold ", #iterations L, error indicators 
l;i, time series
�
sj
�N
jD1

,
embedding dimension d , regularization parameter �
Output: space-adaptive sparse grid ˝s

adp

initialize: ˝s
adp ˝s

t , Q̋ sadp  ˝s
t , It 0

while It < L do
solve (17) on Q̋ sadp

for all .k; m/ with odd mj or mj D 0 for each j 2 f1; : : : ; dg and xk;m 2 Q̋ sadp do
if 
k;m > " then

˝s
adp ˝s

adp [ child
�
xk;m

�

end if
end for
if Q̋ sadp D ˝s

adp then
return ˝s

adp
end ifQ̋ s

adp ˝s
adp

for all xk;m with odd mj or mj D 0 for each j 2 f1; : : : ; dg and xk;m 2 Q̋ sadp do
˝s

adp ˝s
adp [ AllAncestors(k, m, d )

end forQ̋ s
adp ˝s

adp
It ItC1

end while
return ˝s

adp
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Algorithm 2 AllAncestors(l, i, d )
Input: multivariate level l, multivariate index i, embedding dimension d
Output: set X of all ancestors of xl;i

initialize: X  ;
X  X [ directAnc

�
xl;i
�

for all xk;m 2 directAnc
�
xl;i
�

with odd mj or mj D 0 for each j 2 f1; : : : ; dg do
X  X [ AllAncestors(k, m, d )

end for
return X

When every relevant grid point of Q̋ s
adp has been visited and treated accordingly,

we set Q̋ s
adp D ˝s

adp and start anew. This iteration runs until either no point needs to
be refined or the number of iterations reaches some fixed limit L 2 N. A summary
of the procedure can be found in Algorithm 1. For details on runtime and technical
issues we refer to [4].

4.3 Dimension-Adaptive Sparse Grids

In the case of attractors which fill a highly anisotropic part of the ambient space Hd

or in case the ambient space dimension was overestimated, it is desirable to employ
dimension-adaptive refinement instead of pure space-adaptive refinement. There,
refinement takes place globally but only in directions which are relevant for the
construction of a good forecasting function. Dimension-adaptivity for sparse grids
has been introduced in [17]. The application of dimension-adaptive algorithms has
been studied for integration in [10] and for approximation in [6, 7]. The approach
which we use in the following is a little bit different though, it can be found in [4].

To motivate the idea of dimension-adaptive grids we will shortly review the
concept of the ANOVA (Analysis of Variance) decomposition. We introduce a
splitting

V D 1 ˚ C (21)

of a space V of univariate functions with domain Œ0; 1� into the space of constant
functions 1 and the remainder C. This is done using the identity

f D P.f /C .f � P.f //

for some projector P W V ! 1 with P j1 D id.
For multivariate tensor product function spaces V we apply the splitting in every

direction, i.e.
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V D
dO

iD1
Vi D

dO

iD1
.1i ˚ Ci /

D11 ˝ : : :˝ 1d

˚
dM

iD1
.11 ˝ : : :˝ 1i�1 ˝ Ci ˝ 1iC1 ˝ : : :˝ 1d /

˚
dM

iD1

dM

jDiC1

�
11˝ : : :˝ 1i�1˝ Ci˝1iC1˝ : : :˝ 1j�1 ˝ Cj ˝ 1jC1 ˝ : : :˝ 1d

�

:::

˚C1 ˝ : : :˝ Cd ; (22)

and receive a unique splitting of a function f 2 V into the sum of a constant
function, d univariate functions, d.d�1/

2
bivariate functions, and so on, i.e.

f .x1; : : : ; xd / D f0C
dX

iD1
fi .xi /C

dX

iD1

dX

jDiC1
fij .xi ; xj /C: : :Cf1;:::;d .x1; : : : ; xd /:

(23)
We call f0 the ANOVA component of order 0, the fi are ANOVA components of
order 1, and so on.
The most common choice for P is

P.f / WD
Z

Œ0;1�

f .x/dx

for V � L2.Œ0; 1�/, which just gives the classical L2-ANOVA decomposition.
Another choice is

P.f / WD f .a/

which leads to a well-defined decomposition if the point evaluation in a is well-
defined for all functions in V . This results in the so-called anchored ANOVA
decomposition with anchor a. It is well suited to our piecewise linear basis
functions.

Here, to transfer the concept of the multivariate anchored ANOVA decomposition
to the piecewise linear hierarchical basis discretization, we have to change the index
set introduced in (14) as in [6]. We define

QIl WD

8
<̂

:̂
i 2 N

d

ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ

ij D 0; if lj D �1
ij D 1; if lj D 0

1 � ij � 2lj � 1; ij odd if lj > 0

for all 1 � j � d

9
>=

>;

(24)
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and allow the negative level �1. Furthermore, we define the one-dimensional basis
function ��1;0 WD �Œ0;1� to be the indicator function of the interval Œ0; 1�. With this
and the definition

QWl WD spanf�l;i j i 2 QIlg
we see10 that

QVl WD
M

�1�k�l

QWk D
M

�1�k�l

spanf�k;m j m 2 QIkg

D
M

0�k�l

spanf�k;m j m 2 Ikg D
M

0�k�l

Wk D Vl

for all l with lj � 0 for all j D 1; : : : ; d . This way, we just have split the
space of linear functions on Œ0; 1�, which was previously spanned by the two linear
basis functions associated to the two boundary points, further into the sum of
one constant (level �1) and one linear function (level 0). If we define the norm
of a multivariate level index with possibly negative coordinates as

jlj WD j.max.l1; 0/; : : : ;max.ld ; 0//j

we can maintain our previous definition for sparse grids (16) using

Qnd .k/ WD
�
0 if kj � 0 for all 1 � j � d

jkj1 � d C jfm j km � 0gj C 1 else

instead of nd .k/. But we now are able to identify functions which are constant in
direction j as they are elements of QV.l1;:::;lj�1;�1;ljC1;:::;ld /. This approach fits to a
discretized anchored ANOVA decomposition with a D 0. To this end, we now
define an infinite-dimensional univariate function space

V D QV�1 ˚
1M

iD0
QWi (25)

and, with the choice 1i D � QV�1
�
i

and Ci D
�L1

jD0 QWj

�

i
in (21), we again obtain

the splitting (22) which is now conform to the infinite-dimensional tensor product-
hierarchical basis. In other words, if we use the alternative basis that is defined by the
index set QIl , the only univariate basis function  for which P. / ¤ 0 is  D ��1;0
for P.f / WD f .0/ and the anchored ANOVA decomposition completely fits to the
hierarchical tensor product basis.

So far, the subspaces of the ANOVA decomposition are (up to the very first
one) still infinite-dimensional and need to be further discretized. To this end, for a

10Note that Wl and QWl are the same for a multilevel index l with lj � 1 for all j D 1; : : : ; d .



Sparse Grids for Time Series Prediction 19

regular sparse grid of level t , we truncate each term of the ANOVA-decomposition
as follows:

V s
t D 11 ˝ : : :˝ 1d

˚
dM

iD1

M

Qn1.ki /�t

ki2N

�
11 ˝ : : :˝ 1i�1 ˝ � QWki

�
i

˝ 1iC1 ˝ : : :˝ 1d
�

˚
dM

iD1

dM

jDiC1

M

Qn2.ki ;kj /�t

ki ;kj2N

�
11 ˝ : : :˝ � QWki

�
i

˝ : : :˝ � QWkj

�
j

˝ : : :˝ 1d
�

:::

˚
M

Qnd .k1;:::;kd /�t

k1;:::;kd2N

� QWk1

�
1

˝ : : :˝ � QWkd

�
d
:

Thus, we discretize every k-variate component function of the ANOVA decomposi-
tion (23) with a regular k-dimensional sparse grid, where k 2 f1; : : : ; d g.

A dimension-adaptive procedure can now be defined analogously to the space-
adaptive algorithm. To this end, we employ the error indicator


l WD max
i2QIl


l;i

which is just defined on the detail spaces QWl and does not rely on a single point
anymore. For refinement we now simply insert all the points belonging to the basis
functions of QWlCej for each direction j with lj ¤ �1. Thus, we only insert grid
nodes that lie in the same ANOVA component as nodes in QWl. By doing this,
refinement of the grid affects relevant ANOVA terms of the function but neglects
higher-order terms. As in the case of spatial adaptivity, ancestors of new points have
to be inserted into the grid.11 The whole refinement procedure is iterated in the same
way as previously.

Additionally, we compress the grid in an initial preprocessing step before starting
the dimension-wise refinement procedure. To this end, for a given ", starting with
a regular sparse grid of level t , every detail space QWk � V s

t for which 
k � "

holds, is marked first. Then, if the points in a marked subspace QWk are not needed
as an ancestor to a point in a non-marked subspace, all points belonging to QWk are
removed from the grid. This compression is done, since a regular sparse grid of
level 0 contains already part of each ANOVA component. Thus, it is not possible to

11 For the one-dimensional case one simply defines x0;1 to be the single child node of x�1;0. The
generalization to the multi-dimensional case is straightforward.
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identify relevant ANOVA components of a function just by looking at a current
adaptive grid. One would rather want to completely neglect components which
do not contribute to the representation of a function and then start the adaptive
procedure on a dimensionally reduced grid. The overall dimension-adaptive process
is given in detail in Algorithm 3. Note that we start with a grid consisting of at
least 2d points. Since lower order ANOVA terms do not contain any information
about the relevance of higher order terms, this is the only way to assure a correct
treatment of every ANOVA component. An alternative strategy which starts with
one grid point and iteratively adds ANOVA components can be found in [7].

Algorithm 3 The dimension-adaptive sparse grid algorithm using the basis defined
by (24)

Input: starting level t , threshold ", #iterations L, error indicators 
l, time series
�
sj
�N
jD1

,
embedding dimension d , regularization parameter �
Output: dimension-adaptive sparse grid ˝s

adp

initialize for compression: Y  ;
for all QWk � V s

t do
if 
k > " then

Y  Y [ ˚xk;m j m 2 QIk
�

end if
end for
Z Y

for all xk;m 2 Y do
Z Z [ AllAncestors(k, m, d )

end for

initialize for adaption: ˝s
adp  Z, Q̋ sadp  Z, It 0

while It < L do
solve (17) on Q̋ sadp

for all QWk with xk;m 2 Q̋ sadp for each m 2 QIk do
if 
k > " then

for all j 2 f1; : : : ; dg do
if kj > �1 then

˝s
adp  ˝s

adp [
˚
xkCej ;m j m 2 QIkCej

�

end if
end for

end if
end for
if Q̋ sadp D ˝s

adp then
return ˝s

adp
end ifQ̋ s

adp ˝s
adp

for all xk;m with odd mj or mj D 0 for each j 2 f1; : : : ; dg and xk;m 2 Q̋ sadp do
˝s

adp ˝s
adp [ AllAncestors(k, m, d )

end forQ̋ s
adp ˝s

adp
It ItC1

end while
return ˝s

adp
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5 Numerical Results

We will now present numerical results for our sparse grid algorithms when applied
to both, synthetically constructed time series and series which stem from real world
applications. All data has been properly scaled, such that the embedded points are
situated in Hd . The preconditioned conjugate gradient algorithm, which is used to
solve the linear system (17), is always iterated until the quotient jjrkjjD�1=jjr0jjD�1

is smaller than 10�13 whereD is the diagonal preconditioning matrix we used,12 rk

denotes the residual of (17) after the k-th iteration and jjrkjjD�1 WD
q
rTk D

�1rk .

5.1 Hénon Map in 2d

First, we show results concerning the famous Hénon map

znC1 WD a � z2n C bzn�1; (26)

see also [18]. Using the notation of Sect. 1 we have

�

		
x1

x2




D
	
a � x21 C bx2

x1




and

o

		
x1
x2




D x2;

where � and o are defined on R
2. It is easy to see that

det D� D �b;

where D� denotes the Jacobian matrix of �. We will restrict ourselves to the most
popular case a D 1:4, b D 0:3 for which the trajectory of the process approaches an
attractor of non-integer box-counting dimension 1:26. As j det D�j < 1, the process
is dissipative and the attractor is a compact subset of the ambient space. Therefore13

we can apply Theorem 2.
A direct application would lead to the embedding dimension d D b2 � 1:26 C

1c D 3. Nevertheless, we know from Eq. (26) that two dimensions are sufficient
and will use d D 2 in our experiments instead of Takens’ upper bound d D 3 to

12 To this end, the system matrix from (17) is first transformed into the prewavelet basis, see e.g. [4],
then, the inverse of its diagonal is taken as preconditioner.
13One can easily see that QXl is finite for l D 1; 2; 3. Nevertheless, there exist points x 2 R

2 for
which

�
D�l

�
x has eigenvalues with algebraic multiplicity 2 for l D 2; 3.
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Table 1 Resulting parameters and errors after threefold cross-
validation for regular sparse grids

T t log2 .�/ RMSEtrain RMSEtest

50 3 �17 5:42 � 10�3 1:41 � 10�2

500 6 �25 1:03 � 10�4 2:95 � 10�4

5;000 7 �22 9:25 � 10�5 1:01 � 10�4

Table 2 Resulting parameters and errors after threefold cross-validation for
the support vector machine

T log2 .C / log2 .�/ log2 ."/ RMSEtrain RMSEtest

50 14 �5 �10 1:46 � 10�3 1:60 � 10�3

500 10 1 �15 2:51 � 10�4 2:57 � 10�4

5;000 8 3 �17 2:07 � 10�4 2:06 � 10�4

a priori reduce the ambient space dimension as good as possible. The first N D
20;000 values of the Hénon map are taken into account to construct three different
scenarios:

1. The first T D 50 points (training data) are used to learn the target function, the
remainingN �T D 19;950 points (test data) are used to measure the forecasting
error.

2. The first T D 500 points (training data) are used to learn the target function, the
remainingN �T D 19;500 points (test data) are used to measure the forecasting
error.

3. The first T D 5;000 points (training data) are used to learn the target function, the
remainingN �T D 15;000 points (test data) are used to measure the forecasting
error.

We compare our regular sparse grid approach to a standard support vector machine
regression algorithm using radial basis functions (SVM = RBF "-SVR). To find
appropriate parameters we use three-fold cross-validation. We investigated t 2
f2; : : : ; 8g and � 2 f2�1; : : : ; 2�25g for the sparse grid algorithm. For calculations
concerning the SVM approach, we used libsvm, see [3] for implementations and
parameters. Here, we performed a three-fold cross-validation over the parameters
C 2 f20; : : : ; 215g, " 2 f2�20; : : : ; 2�1g and the kernel width � 2 f2�10; : : : ; 25g
of the RBF "-SVR. To measure the forecasting error of any function f on the
embedded test data we used the root mean squared error (RMSE). Given the test data
.sj /

N
jDTC1, we can build the embedded vectors tj as in (5) for T Cd � j � N �1.

Then

RMSEtest WD
vu
u
t 1

N � T � d
N�1X

jDTCd

�
sjC1 � f .tj /

�2
:

For the training data we define RMSEtrain analogously. The results, i.e. the deter-
mined best parameter values and the corresponding errors on training and test data
for these parameters, are given in Table 1 for regular sparse grids and in Table 2 for
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the support vector machine. We observe that the SVM algorithm performs somewhat
better than the sparse grid algorithm for the moderate value T D 50. But as we
increase the size of the training data set, the results for the sparse grid algorithm
get successively better. For T D 5;000, the sparse grid algorithm reaches a slightly
lower error than the RBF-SVM method while the involved computational costs are
substantially less anyway. The sparse grid method is able to use the newly added
training data points to discover more structure of the underlying process.

Note here that the number of possible parameter combinations is not the same for
the sparse grid method and the SVM. Thus, it is not representative to compare the
runtimes of their cross-validation processes. Nevertheless, this comparison gives a
hint of the behavior of the overall runtime when changing T : The cross-validation
process for the SVM algorithm was about 20 times faster than that of the sparse
grid approach for T D 50. For T D 500 the runtimes were almost equal and for
T D 5;000 the cross-validation process of the sparse grid algorithm was more than
three times faster than that of SVM.

In summary, while the SVM algorithm is favorable for few training points, the
benefits of the sparse grid algorithm with respect to both, achieved accuracy and
necessary computational cost, begin to prevail in situations with more and more
training points.

5.2 Jump Map in 5d

In this experiment we want to show the advantages of the space- and dimension-
adaptive sparse grid algorithms compared to the regular sparse grid approach.

Following the rule
znC1 WD .zn C zn�1/ mod 1; (27)

we get a time series by

�

		
x1

x2




D
	
.x1 C x2/ mod 1

x1




and

o

		
x1
x2




D x1;

where � and o are defined on Œ0; 1/2. Due to the modulo operation, � has a jump at
all points f.x1; x2/T 2 Œ0; 1/2 j x1Cx2 D 1g. For each other point of the domain the
process is conservative, i.e. jdet D�j D 1. Since � is not diffeomorphic, Theorem 2
cannot be invoked. Nevertheless, we will apply the delay embedding scheme and
test if the sparse grid solutions are still able to give a suitable predictor for (27).

Again, we use the first N D 20;000 values of the time series and construct three
scenarios with the same values of T , i.e. T D 50; 500; 5;000, as for the Hénon
map. We now assume that we were just given the time series of length N and do
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not know anything about the underlying process (27). Thus we have to estimate the
dimension m to be able to use the delay embedding scheme with d D b2m C 1c
before applying our sparse grid algorithms. For the small training data set of size
T D 50 we get an estimate ofm � 2:24 with the Grassberger-Procaccia dimension
estimator. For the other two scenarios, the estimated dimension is even closer to 2.
Taking m D 2 determines our embedding dimension to be d D 5 and we therefore
build the embedded vectors tj in R

5.
We use � D 10�4 in the following experiments. The results for a regular grid

discretization and for both, a space- and a dimension-adaptive procedure with 
 D
0:1 and starting level 1, are given in Table 3.

With substantially fewer grid points, both adaptive algorithms achieve the same
or even better RMSE values than the regular sparse grid method. The remarkably
smaller amount of grid points used in the dimension-adaptive variant is due to the
compression step before refinement starts.

Furthermore, note that the dimension-adaptive algorithm is able to reveal the
lower-dimensional structure of the embedded process. We can observe from the
constructed forecasting function how many grid points have been spent on its
different ANOVA components. To this end, counting all grid points with exactly
one non-zero coordinate we get the number of points spent on the representation of
univariate functions in the ANOVA decomposition. We can continue analogously
for bivariate functions (two non-zero coordinates) and so on.

In Fig. 2 we see the distribution of grid points among the ANOVA components
of different order for the example of the 5d jump map. The dimension-adaptive
algorithm successfully detected that there is no term of fifth order and thus grid
points are only spent on the boundary of H5. Terms of third and fourth order are still
present, but one observes that most grid points have been used for terms of order
1 and 2. Altogether, the inherent structure of the process was well detected by the
algorithm.

As less points are spent by the space- and the dimension-adaptive algorithm
there is a significant saving in storage for these methods. In addition, also the
absolute runtime of the dimension-adaptive algorithm—especially for the case of
few training points and high levels—is better than for the regular sparse grid case,
as we see in Table 4. The runtimes of the space-adaptive method and the regular
sparse grid algorithm are of the same order for the listed scenarios.

5.3 Small Dataset of the ANN and CI Forecasting Competition
2006/2007

We now consider the performance of the regular and the space-adaptive sparse grid
algorithm in a practical application.14 The reduced dataset of the “Artificial Neural

14 Since we restricted ourselves to d � 3 in this experiment, we did not apply the dimension-
adaptive algorithm to this problem.
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Table 3 RMSE for a regular, a space-, and a dimension-adaptive
sparse grid discretization for the jump map in 5d
(a) Regular sparse grid (SG) of level t

T t j˝s
t j RMSEtrain RMSEtest

50 3 3;753 7:67 � 10�2 2:34 � 10�1

50 4 12;033 4:91 � 10�2 2:20 � 10�1

50 5 36;033 2:57 � 10�2 1:47 � 10�1

500 3 3;753 1:12 � 10�1 1:41 � 10�1

500 4 12;033 7:12 � 10�2 1:11 � 10�1

500 5 36;033 4:39 � 10�2 8:53 � 10�2

5;000 3 3;753 1:27 � 10�1 1:32 � 10�1

5;000 4 12;033 9:11 � 10�2 9:61 � 10�2

5;000 5 36;033 6:43 � 10�2 6:99 � 10�2

(b) Space-adp. SG after #I t iterations

T #I t j˝s
adpj RMSEtrain RMSEtest

50 3 3;159 7:68 � 10�2 2:34 � 10�1

50 4 4;887 5:03 � 10�2 2:14 � 10�1

50 5 5;535 2:75 � 10�2 1:33 � 10�1

500 3 2;349 1:12 � 10�1 1:40 � 10�1

500 4 3;645 7:21 � 10�2 1:10 � 10�1

500 5 4;293 4:66 � 10�2 8:32 � 10�2

5;000 3 2;079 1:27 � 10�1 1:32 � 10�1

5;000 4 2;727 9:14 � 10�2 9:61 � 10�2

5;000 5 3;051 6:47 � 10�2 6:96 � 10�2

(c) Dim.-adp. SG after #I t iterations

T #I t j˝s
adpj RMSEtrain RMSEtest

50 2 576 7:90 � 10�2 2:43 � 10�1

50 3 704 5:26 � 10�2 2:22 � 10�1

50 4 832 2:93 � 10�2 1:39 � 10�1

500 2 302 1:15 � 10�1 1:40 � 10�1

500 3 368 7:76 � 10�2 1:08 � 10�1

500 4 424 5:29 � 10�2 8:12 � 10�2

5;000 2 310 1:28 � 10�1 1:32 � 10�1

5;000 3 326 9:21 � 10�2 9:60 � 10�2

5;000 4 342 6:55 � 10�2 6:96 � 10�2

Network (ANN) and Computational Intelligence (CI) Forecasting Competition
2006/2007” consists of 11 empirical business time series.15 Each of the time series
consists of 144 real values where the first 126 values should be used as training
data. The goal of the competition is to forecast the last 18 consecutive values. The
symmetric mean absolute percent error

15Further information concerning the setting and the dataset can be found at http://www.neural-
forecasting-competition.com/NN3/index.htm.
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Fig. 2 Distribution of grid points among ANOVA components of different order for the 5d jump
map and the dimension-adaptive algorithm

Table 4 Comparison of runtimes for the space- and the dimension-

adaptive sparse grid algorithm. Rdimadp.t; #I t/ is defined as
Rreg.t/

Rdimadp.#I t/
,

where Rreg.t / denotes the runtime of the regular sparse grid algorithm
with level t and Rdimadp.#I t/ denotes the runtime of #I t iterations of the
dimension-adaptive algorithm; Rspadp.t; #I t/ is defined analogously for
the space-adaptive algorithm

T t #I t Rspadp.t; #I t/ Rdimadp.t; #I t/

50 4 3 0:73 5:05

50 5 4 1:57 13:09

500 4 3 0:70 3:67

500 5 4 1:40 9:51

5;000 4 3 0:61 1:29

5;000 5 4 0:94 1:78

SMAPE WD 1

18

144X

jD127

2jsj � Osj j
jsj j C jOsj j

determines the quality of the forecast of one particular time series. The arithmetic
mean of the SMAPEs for each of the 11 time series determines the ranking of the
algorithm. Here Osj denotes the prediction of the j -th test data value. As consecutive
values have to be predicted, we cannot simply compute Osj D f .tj�1/ for a general,
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Table 5 SMAPE and average SMAPE for the 11 time series of the reduced dataset of the ANN
and CI Forecasting Competition 2006/2007

Time Series

1

2

3

4

5

6

7

8

9

10

11

Av. SMAPE

(a) Regular sparse grids

t log2.�/ d k SMAPE in %

7 �13 1 12 2:8398

6 �10 2 11 25:6872

2 �12 2 11 30:6692
4 �9 2 12 6:3690
3 �1 1 1 3:3801
4 �10 2 10 4:9186
4 �13 1 1 6:7220

2 �8 2 14 30:3151

6 �12 1 4 11:2487

7 �6 3 10 30:3352
2 �15 2 11 18:5016

15:5442

(b) Space-adaptive sparse grids

log2.�adp/ kadp SMAPEadp in %

�11 14 2:6309
�8 11 23:0448
�9 10 39:9194

�9 10 8:8058

�10 11 5:1977

�8 9 5:6765

�3 2 4:2933
�1 12 27:7111
�4 3 10:2458
�6 10 30:7120

�5 11 16:2794
15:8651

computed forecasting function f since the coordinates of the embedded vector tj�1
might not only stem from training data but also from unknown test data. Therefore,
we recursively define Osj D f .Otj�1/ with Otj�1 D �

sj�d ; sj�dC1; : : : ; Osj�2; Osj�1
�T

where a coordinate is set to sl if l � 126 and to Osl otherwise. Furthermore, we
introduce the time step size k which determines which future value is learned. So,
by building the vectors tj from training data, we are learning sjCk. In the examples
introduced earlier we always had set k D 1.

In our experiments with the regular sparse grid approach, the first 108 values of
a time series are used to learn a prediction model which is then evaluated on the last
18 values of the training data. This way, we determine the best combination of a
regularization parameter � 2 f2�15; : : : ; 2�1g, a level t 2 f2; : : : ; 7g, an embedding
dimension d 2 f1; 2; 3g and a future step size k 2 f1; : : : ; 18g. These parameters
are then employed to learn a model using the whole training data set. This model is
finally taken to predict the 18 values of the test data set. Proceeding in this fashion
for every time series we achieve the SMAPEs that can be found in Table 5a.

Alternatively, we fixed d D 3 and t D 1, started the space-adaptive algorithm
with a maximum iteration count of 7. We chose the optimal k and � in the same
fashion as for the regular sparse grid algorithm. The results are shown in Table 5b.
Even though the space-adaptive algorithm performs better than the non-adaptive
method for 6 of the 11 time series, the average SMAPE of the non-adaptive variant
is still smaller. This is mostly due to the bad performance of the space-adaptive
algorithm for time series 3. Anyway, with each of the two methods we perform better
than 36 of the 44 participants of the competition. Furthermore, we also outperform
8 of the 13 statistical and CI methods that entered the competition as benchmarks.
Note that the best score achieved in the competition was an average SMAPE of
13:07%.

By combining our two methods such that for every time series the SMAPE on the
last 18 values of the training data decides if the space-adaptive or the non-adaptive
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variant is chosen, we achieve an average SMAPE of 15:3082%. With this result we
outscore one more participant and one more statistical benchmark.

Thus, even when dealing with rather short empirical time series where data-
based approaches like SVM seem to be a more natural and promising approach,
our methods still achieve competitive results.

6 Concluding Remarks

In this article we introduced a sparse grid-based discretization approach to solve the
forecasting problem for time series. We gave a short review of Takens’ theorem
and showed how it can be applied to the field of time series forecasting if the
box-counting dimension of the attractor is a priori known or at least properly
estimated from the given data. We motivated the use of a regularized quadratic
loss-functional and emphasized the difference between kernel-based approaches
and arbitrary basis discretizations for the case of reproducing kernel Hilbert spaces.
To avoid the curse of dimensionality we introduced regular sparse grids based on
piecewise linear B-splines. Space- and dimension-adaptive refinement proved to be
useful enhancements, which further reduce costs as e.g. most of the attractors are not
uniformly spread across the embedding space. Finally, we have computed numerical
results which showed that our algorithms achieve the same or even better results
than common SVM-based regression algorithms. The experiments also proved that
dimension-adaptive refinement is useful if the embedding dimension of the attractor
has been overestimated.

The problem of finding reliable estimates for the box-counting dimension of an
attractor has not been discussed in this paper. This is a crucial step for the application
of Takens’ theorem to real world data. In our further experiments, the Grassberger-
Procaccia algorithm proved quite successful to this end.

Another main problem that leads to non-stationarity is noise. Almost all real
world data are non-deterministic because of the occurrence of noise as a stochastic
component. Several noise-reduction methods and dimension estimators can be
found in the literature, see [21] for an overview. These techniques will be incor-
porated into the sparse grid approach in the future.

Note finally that there are similarities to other existing methods: In [5], a sparse
grid approach for manifold learning applications was suggested. There also are
links to a density estimation method with grid-based discretizations, see [14]. An
approach that is closely related, but approximates the sparse grid solution by a
combination technique, can be found in [6]. A comparison of cost complexity and
achieved error between our approach and this technique has still to be done.

Finally, since the curse of dimensionality is still present with respect to the sparse
grid level, it is desirable to reduce the dimension of the problem beforehand as good
as possible by linear techniques like the well-known SVD [11] or the LT approach
of [20].
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18. M. Hénon. A two-dimensional mapping with a strange attractor. Communications in Mathe-

matical Physics, 50:69–77, 1976.
19. J. Huke. Embedding nonlinear dynamical systems: A guide to Takens’ theorem, 2006.

Manchester Institute for Mathematical Sciences EPrint: 2006.26.
20. J. Imai and K. Tan. Minimizing effective dimension using linear transformation. In Monte

Carlo and Quasi-Monte Carlo Methods 2002, pages 275–292. Springer, 2004.
21. H. Kantz and T. Schreiber. Nonlinear Time Series Analysis. Cambridge University Press, 2004.

2nd edition.
22. A. Krueger. Implementation of a fast box-counting algorithm. Computer Physics Communica-

tions, 98:224–234, 1996.
23. L. Liebovitch and T. Toth. A fast algorithm to determine fractal dimensions by box counting.

Physics Letters A, 141(8,9):386–390, 1989.
24. B. Schölkopf and A. Smola. Learning with Kernels – Support Vector Machines, Regularization,

Optimization, and Beyond. The MIT Press – Cambridge, Massachusetts, 2002.



30 B. Bohn and M. Griebel

25. F. Takens. Detecting strange attractors in turbulence. Dynamical Systems and Turbulence,
Lecture Notes in Mathematics, (898):366–381, 1981.

26. J. Theiler. Efficient algorithm for estimating the correlation dimension from a set of discrete
points. Physical Review A, 36(9):4456–4462, 1987.

27. A. Tikhonov. Solution of incorrectly formulated problems and the regularization method.
Soviet Math. Dokl., 4:1035–1038, 1963.

28. G. Wahba. Spline Models for Observational Data, volume 59 of CBMS-NSF Regional Confer-
ence Series In Applied Mathematics. SIAM: Society for Industrial and Applied Mathematics,
1990.



Efficient Analysis of High Dimensional Data
in Tensor Formats

Mike Espig, Wolfgang Hackbusch, Alexander Litvinenko,
Hermann G. Matthies, and Elmar Zander

Abstract In this article we introduce new methods for the analysis of high
dimensional data in tensor formats, where the underling data come from the
stochastic elliptic boundary value problem. After discretisation of the deterministic
operator as well as the presented random fields via KLE and PCE, the obtained
high dimensional operator can be approximated via sums of elementary tensors.
This tensors representation can be effectively used for computing different values
of interest, such as maximum norm, level sets and cumulative distribution function.
The basic concept of the data analysis in high dimensions is discussed on tensors
represented in the canonical format, however the approach can be easily used
in other tensor formats. As an intermediate step we describe efficient iterative
algorithms for computing the characteristic and sign functions as well as pointwise
inverse in the canonical tensor format. Since during majority of algebraic operations
as well as during iteration steps the representation rank grows up, we use lower-rank
approximation and inexact recursive iteration schemes.

1 Introduction

Let us give an example which motivates much of the following formulation and
development. Assume that we are interested in the time evolution of some system,
described by

d

dt
u.t/ D A.p/.u.t//; (1)
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where u.t/ is in some Hilbert space U and A.p/ is some parameter dependent
operator; in particular A.p/ could be some parameter-dependent differential opera-
tor, for example

@

@t
u.x; t/ D r � .�.x; !/ru.x; t//C f .x; t/; x 2 G � R

d ; t 2 Œ0; T � (2)

where �.x; !/ is a random field dependent on a random parameter in some
probability space ! 2 �, and one may take U D L2.G/.

One may for each ! 2 � seek for solutions in L2.Œ0; T �;U/ Š L2.Œ0; T �/˝ U .
Assigning

S D L2.Œ0; T �/˝ L2.�/;

one is looking for a solution in U ˝ S. L2.�/ can for random fields be further
decomposed

L2.�/ D L2.
O

j

�j / Š
O

j

L2.�j / Š
O

j

L2.R; �j /:

with some measures �j . Then the parametric solution is sought in the space

U ˝ S D L2.G/˝
0

@L2.Œ0; T �/˝
O

j

L2.R; �j /

1

A : (3)

The more tensor factors there are, the more difficult and high-dimensional the
problem will be. But on the other hand a high number of tensor factors in Eq. (3)
will also allow very sparse representation and highly effective algorithms—this is
of course assuming that the solution is intrinsically on a low-dimensional manifold
and we ‘just’ need to discover it.

This paper is about exploiting the tensor product structure which appears in
Eq. (3) for efficient calculations to be performed on the solution. This tensor
product structure—in this case multiple tensor product structure—is typical for such
parametric problems. What is often desired, is a representation which allows for the
approximate evaluation of the state of Eqs. (1) or (2) without actually solving the
system again. Sometimes this is called a ‘response surface’. Furthermore, one would
like this representation to be inexpensive to evaluate, and for it to be convenient for
certain post-processing tasks, for example like finding the minimum or maximum
value over some or all parameter values.

1.1 Tensorial Quantities

Computations usually require that one chooses finite dimensional subspaces and
bases in there, in the example case of Eq. (2) these are
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span f'ngNnD1 D UN � U ; dim UN D N;

span f�kgKkD1 D TK � L2.Œ0; T �/ D SI ; dim TK D K;

8m D 1; : : : ;M W
span fXjmgJmjmD1 D SII;Jm � L2.R; �m/ D SII ; dim SII;Jm D Jm:

Let P WD Œ0; T � ��, an approximation to u W P ! U is thus given by

u.x; t; !1; : : : ; !M / �
NX

nD1

KX

kD1

J1X

j1D1
: : :

JMX

jMD1
Ouj1;:::;jMn;k 'n.x/˝ �k.t/˝

 
MO

mD1
Xjm.!m/

!
: (4)

Via Eq. (4) the tensor Ouj1;:::;jMn;k represents the state u.x; t; !1; : : : ; !M / and is thus a
concrete example of a ‘response surface’.

To allow easier interpretation later, assume that fx1; : : : ; xN g � G are unisolvent
points for f'ngNnD1, and similarly ft1; : : : ; tKg � Œ0; T � are unisolvent points for
f�kgKkD1, and for each m D 1; : : : ;M the points f!1m; : : : ; !JmM g � �m are
unisolvent points for fXjmgJmjmD1. Then the same information which is in Eq. (4)
is also contained in the evaluation at those unisolvent points:

8n D 1; : : : ; N; k D 1; : : : ; K; m D 1; : : : ;M; jm D 1; : : : ; Jm W
uj1;:::;jm;:::;jMn;k D u.xn; tk; !

j1
1 ; : : : ; !

jm
m ; : : : ; !

JM
M /; (5)

this is just a different choice of basis for the tensor. In keeping with symbolic index
notation, we denote by .uj1;:::;jm;:::;jMn;k / the whole tensor in Eq. (5).

Model reduction or sparse representation may be applied before, during, or after
the computation of the solution to Eq. (1) for new values of t or .!1; : : : ; !M /. It may
be performed in a pure Galerkin fashion by choosing even smaller, but well adapted
subspaces, say for example UN 0 � UN , and thus reducing the dimensionality and
hopefully also the work involved in a new solution. This is sometimes termed ‘flat’
Galerkin. In this kind of reduction, the subspace UN 00 D UN � UN 0 is completely
neglected.

In nonlinear Galerkin methods, the part uN 0 2 UN 0 is complemented by a
possibly non-linear map � W UN 0 ! UN 00 to uN � uN 0 C �.uN 0 / 2 UN 0 ˚ UN 00 D
UN . The approximate solution is not in a flat subspace anymore, but in some possibly
non-linear manifold, hence the name. Obviously this procedure may be applied to
any of the approximating subspaces.

Another kind of reduction works directly with the tensor .uj1;:::;jMn;k / in Eq. (5). It

has formally R
00 D N � K � QM

mD1 Jm terms. The minimum number R of terms
needed to represent the sum is defined as the rank of that tensor. One might try to
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approximately express the sum with even fewerR
0 � R � R

00

terms, this is termed
a low-rank approximation. It may be seen as a non-linear model reduction.

In this way the quantity in Eq. (5) is expressed as

.uj1;:::;jm;:::;jMn;k / �
R

0

X

�D1
u�'� ˝ �� ˝

 
MO

mD1
X�m

!
; (6)

where '� 2 R
N , �� 2 R

K , and for each m D 1; : : : ;M : X�m 2 R
Jm .

Hence Eq. (6) is an approximation for the response, another—sparse—‘response
surface’. With such a representation, one wants to perform numerous tasks, among
them

• Evaluation for specific parameters .t; !1; : : : ; !M /,
• Finding maxima and minima,
• Finding ‘level sets’.

2 Discretisation of Diffusion Problem with Uncertain
Coefficient

Since the time dependence in Eq. (1) doesn’t influence on the proposed further
methods we demonstrate our theoretical and numerical results on the following
stationary example

	div.�.x; !/ru.x; !// D f .x; !/ a.e. x 2 G; G � R
2;

u.x; !/ D 0 a.e. x 2 @G: (7)

This is a stationary diffusion equation described by a conductivity parameter
�.x; !/. It may, for example, describe the groundwater flow through a porous
subsurface rock/sand formation [6, 17, 22, 37, 48]. Since the conductivity parameter
in such cases is poorly known, i.e. it may be considered as uncertain, one may model
it as a random field.

Let us introduce a bounded spatial domain of interest G � R
d together with the

hydraulic head u appearing in Darcy’s law for the seepage flow 	�ru, and f as flow
sinks and sources. For the sake of simplicity we only consider a scalar conductivity,
although a conductivity tensor would be more appropriate. The conductivity �
and the source f are defined as random fields over the probability space �.
By introduction of this stochastic model of uncertainties Eq. (7) is required to hold
almost surely in !, i.e. P-almost everywhere.

As the conductivity � has to be positive, and is thus restricted to a particular case
in a vector space, we consider its logarithm as the primary quantity, which may
have any value. We assume that it has finite variance and thus choose for maximum
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entropy a Gaussian distribution. Hence the conductivity is initially log-normally
distributed. Such kind of assumption is known as a priori information/distribution:

�.x/ WD exp.q.x//; q.x/ 
 N.0; 	2q /: (8)

In order to solve the stochastic forward problem we assume that q.x/ has covariance
function of the exponential type Covq.x; y/ D 	2q exp.	jx	yj=lc/ with prescribed
covariance length lc .

In order to make sure that the numerical methods will work well, we strive to have
similar overall properties of the stochastic system Eq. (7) as in the deterministic case
(for fixed!). For this to hold, it is necessary that the operator implicitly described by
Eq. (7) is continuous and continuously invertible, i.e. we require that both �.x; !/
and 1=�.x; !/ are essentially bounded (have finite L1 norm) [2, 34, 37, 44]:

�.x; !/ > 0 a.e.; k�kL1.G��/ < 1; k1=�kL1.G��/ < 1: (9)

Two remarks are in order here: one is that for a heterogeneous medium each
realisation �.x; !/ should be modelled as a tensor field. This would entail a bit
more cumbersome notation and not help to explain the procedure any better. Hence
for the sake of simplicity we stay with the unrealistically simple model of a scalar
conductivity field. The strong form given in Eq. (7) is not a good starting point
for the Galerkin approach. Thus, as in the purely deterministic case, a variational
formulation is needed, leading—via the Lax-Milgram lemma—to a well-posed
problem. Hence, we search for u 2 U WD U ˝ S such that for all v 2 U holds:

a.v; u/ WD E .a.!/.v.�; !/; u.�; !/// D E .h`.!/; v.�; !/i/ DW hh`; vii: (10)

Here E .b/ WD E .b.!// WD R
�
b.!/ P.d!/ is the expected value of the random

variable (RV) b. The double bracket hh�; �iiU is interpreted as duality pairing between
U and its dual space U �.

The bi-linear form a in Eq. (10) is defined using the usual deterministic bi-linear
(though parameter-dependent) form:

a.!/.v; u/ WD
Z

G
rv.x/ � .�.x; !/ru.x// dx; (11)

for all u; v 2 U WD VH1.G/ D fu 2 H1.G/ j u D 0 on @Gg. The linear form `

in Eq. (10) is similarly defined through its deterministic but parameter-dependent
counterpart:

h`.!/; vi WD
Z

G
v.x/f .x; !/ dx; 8v 2 U ; (12)

where f has to be chosen such that `.!/ is continuous on U and the linear form `

is continuous on U , the Hilbert space tensor product of U and S.
Let us remark that—loosely speaking—the stochastic weak formulation is just

the expected value of its deterministic counterpart, formulated on the Hilbert tensor
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product space U ˝ S, i.e. the space of U-valued RVs with finite variance, which is
isomorphic to L2.�;PI U/. In this way the stochastic problem can have the same
theoretical properties as the underlying deterministic one, which is highly desirable
for any further numerical approximation.

2.1 Spatial Discretisation

Let us discretise the spatial part of Eq. (10) by a standard finite element method.
However, any other type of discretisation technique may be used with the same
success. Since we deal with Galerkin methods in the stochastic space, assuming this
also in the spatial domain gives the more compact representation of the problem. Let
us take a finite element ansatz UN WD f'n.x/gNnD1 � U [7,46,51] as a corresponding
subspace, such that the solution may be approximated by:

u.x; !/ D
NX

nD1
un.!/'n.x/; (13)

where the coefficients fun.!/g are now RVs in S. Inserting the ansatz Eq. (13) back
into Eq. (10) and applying the spatial Galerkin conditions [34, 37], we arrive at:

A.!/Œu.!/� D f .!/; (14)

where the parameter dependent symmetric and uniformly positive definite matrix
A.!/ is defined similarly to a usual finite element stiffness matrix as .A.!//m;n WD
a.!/.'m; 'n/ with the bi-linear form a.!/ given by Eq. (11). Furthermore, the right
hand side (r.h.s.) is determined by .f .!//m WD h`.!/; 'mi where the linear form
`.!/ is given in Eq. (12), while u.!/ D Œu1.!/; : : : ; uN .!/�T is introduced as a
vector of random coefficients as in Eq. (13).

The Eq. (14) represents a linear equation with random r.h.s. and random matrix.
It is a semi-discretisation of some sort since it involves the variable ! and is still
computationally intractable, as in general we need infinitely many coordinates to
parametrise�.

2.2 Stochastic Discretisation

The semi-discretised Eq. (14) is approximated such that the stochastic input data
A.!/ and f .!/ are described with the help of RVs of some known type. Namely,
we employ a stochastic Galerkin (SG) method to do the stochastic discretisation
of Eq. (14) [1–3, 14, 17, 22, 28, 36, 37, 43, 44, 48, 49]. Basic convergence of such an
approximation may be established via Céa’s lemma [34, 37].

In order to express the unknown coefficients (RVs) un.!/ in Eq. (13), let us
choose as the ansatz functions multivariate Hermite polynomials fH˛.�.!//g˛2J
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in Gaussian RVs, also known under the name Wiener’s polynomial chaos expansion
(PCE) [17, 27, 34, 36, 37]

un.�/ D
X

˛2J
u˛nH˛.�.!//; or u.�/ D

X

˛2J
u˛H˛.�.!//; (15)

where u˛ WD Œu˛1 ; : : : ; u
˛
n�
T . At this point we may forget the original probability

space .�;P/ and only work with .‚; � / with a Gaussian measure, all RVs from
now on to be considered as functions of � D .
1; : : : ; 
| ; : : :/ 2 ‚ instead of! 2 �.

The Cameron-Martin theorem assures us that the algebra of Gaussian variables
is dense in L2.�/. Here the index set J is taken as a finite subset of N.N/0 , the set
of all finite non-negative integer sequences, i.e. multi-indices. Although the set J is
finite with cardinality jJ j D R and N

.N/
0 is countable, there is no natural order on

it; and hence we do not impose one at this point.
Inserting the ansatz Eq. (15) into Eq. (14) and applying the Bubnov-Galerkin

projection onto the finite dimensional subspace UN ˝ SJ , one requires that the
weighted residuals vanish:

8ˇ 2 J W E �Œf .�/	 A.�/u.�/�Hˇ.�/
� D 0: (16)

With fˇ WD E
�
f .�/Hˇ.�/

�
and Aˇ;˛ WD E

�
Hˇ.�/A.�/H˛.�/

�
, Eq. (16) reads:

8ˇ 2 J W
X

˛2J
Aˇ;˛u˛ D fˇ; (17)

which further represents a linear, symmetric and positive definite system of equa-
tions of size N � R. The system is well-posed in a sense of Hadamard since the
Lax-Milgram lemma applies on the subspace UN ˝ SJ .

To expose the structure of and compute the terms in Eq. (17), the parametric
matrix in Eq. (14) is expanded in the Karhunen-Loève expansion (KLE) [16,18,35,
37] as

A.�/ D
1X

jD0
Aj �j .�/ (18)

with scalar RVs �j . Together with Eq. (10), it is not too hard to see that Aj can be
defined by the bilinear form

aj .v; u/ WD
Z

G
rv.x/ � ��j gj .x/ru.x/

�
dx; (19)

and .Aj /m;n WD aj .'m; 'n/ with �j gj .x/ being the coefficient of the KL expansion
of �.x; !/:

�.x; !/ D �0.x/C
1X

jD1
�j gj .x/�j .�/;
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where

�j .�/ D 1

�j
j ��.�; !/	 �0; gj

� jL2.G/D
1

�j

Z

G
.�.x; !/ 	 �0.x// gj .x/dx:

Now these Aj can be computed as “usual ”finite element stiffness matrices with
the “material properties ”�j gj .x/. It is worth noting that A0 is just the usual
deterministic or mean stiffness matrix, obtained with the mean diffusion coefficient
�0.x/ as parameter.

Knowing the polynomial chaos expansion of �.x; !/ D P
˛ �

.˛/.x/H˛.�/,
where coefficients �.˛/.x/ can be evaluated as multidimensional integrals over the
measure space ‚ with standard Gaussian measure:

�.˛/.x/ D 1

˛Š

Z

‚

�.x;�/H˛.�/P.d�/; (20)

compute the polynomial chaos expansion of the �j as

�j .�/ D
X

˛2J
�
.˛/
j H˛.�/;

where

�
.˛/
j D 1

�j

Z

G
�.˛/.x/gj .x/dx:

Later on we, using the PCE coefficients �.˛/.x/ as well as eigenfunctions gj .x/,
compute the following tensor approximation

�
.˛/
j �

sX

lD1
.�l /j

1Y

kD1
.�l; k/˛k ;

where .�l /j means the j -th component in the spatial space and .�l; k/˛k the ˛k-th
component in the stochastic space.

The parametric r.h.s. in Eq. (14) has an analogous expansion to Eq. (18), which
may be either derived directly from the R

N -valued RV f .!/—effectively a finite
dimensional KLE—or from the continuous KLE of the random linear form in
Eq. (12). In either case

f .!/ D
1X

iD0

p
�i i .!/f i ; (21)

where the �i are the eigenvalues [23,24,33], and, as in Eq. (18), only a finite number
of terms are needed. For sparse representation of KLE see [23,24]. The components
in Eq. (17) may now be expressed as fˇ D P

i

p
�if

i
ˇf i with f i

ˇ WD E
�
Hˇ i

�
.

Let us point out that the random variables describing the input to the problem are
f�j g and f i g (see examples of distribution functions in Fig. 1).
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Fig. 1 Shifted lognormal distribution with parameters f
 D 0:5; 	2 D 1:0g (on the left) and Beta
distribution with parameters f4; 2g (on the right)

Introducing the expansion Eq. (18) into Eq. (17) we obtain:

8ˇ W
1X

jD0

X

˛2J
�

j

ˇ;˛
Aju˛ D fˇ; (22)

where �
j

ˇ;˛
D E

�
Hˇ�jH˛

�
. Denoting the elements of the tensor product space

R
N˝NM


D1RR
 , whereR
 is the dimension of the space where �
 is approximated,
in an upright bold font, as for example u, and similarly linear operators on that space,
as for example A, we may further rewrite Eq. (22) in terms of a tensor products
[34, 37]:

Au WD
0

@
1X

jD0
Aj ˝ �j

1

A
 
X

˛2J
u˛ ˝ e˛

!
D
 
X

˛2J
f˛ ˝ e˛

!
DW f; (23)

where e˛ denotes the canonical basis in
NM


D1RR
 . With the help of Eq. (21) and
the relations directly following it, the r.h.s. in Eq. (23) may be rewritten as

f D
X

˛2J

1X

iD0

p
�if

i
˛fi ˝ e˛ D

1X

iD0

p
�ifi ˝ gi ; (24)

where gi WD P
˛2J f

i
˛ e˛ . Later on, splitting gi further (this result will be published

soon), obtain

f �
RX

kD1
Qfk ˝

MO


D1
gk�: (25)

The similar splitting work, but in application in another context was done in [5,
10–13]. Now the tensor product structure is exhibited also for the fully discrete
counterpart to Eq. (10), and not only for the solution u and r.h.s. f, but also for the
operator or matrix A.

The operator A in Eq. (23) inherits the properties of the operator in Eq. (10) in the
sense of symmetry and positive definiteness [34,37]. The symmetry may be verified
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directly from Eq. (17), while the positive definiteness follows from the Galerkin
projection and the uniform convergence in Eq. (23) on the finite dimensional space
R
.N�N/˝NM


D1R.R
�R
/. In order to make the procedure computationally feasible,
of course the infinite sum in Eq. (18) has to be truncated at a finite value, say at M .
The choice of M is now part of the stochastic discretisation and not an assumption.

Due to the uniform convergence alluded to above the sum can be extended far
enough such that the operators A in Eq. (23) are uniformly positive definite with
respect to the discretisation parameters [34, 37]. This is in some way analogous to
the use of numerical integration in the usual FEM [7, 46, 51].
The Eq. (23) is solved by iterative methods in the low-rank canonical tensor
format in [38]. The corresponding matlab code is implemented in [50]. Additional
interesting result in [38] is the research of different strategies for the tensor-rank
truncation after each iteration. Other works devoted to the research of properties of
the system matrix in Eq. (26), developing of Kronecker product preconditioning and
to the iterative methods to solve system in Eq. (26) are in [8, 9, 47].

Applying further splitting to �j (this result will be published soon), the fully
discrete forward problem may finally be announced as

Au D
0

@
sX

lD1
QAl ˝

MO


D1
�l�

1

A

0

@
rX

jD1
uj ˝

MO


D1
uj�

1

A D
RX

kD1
Qfk ˝

MO


D1
gk� D f;

(26)
where QAl 2 RN�N , �l� 2 RR
�R
 , uj 2 RN , uj� 2 RR
 , Qfk 2 RN and gk� 2
RR
 . The similar splitting work, but in application in another context was done in
[5, 10–13].

2.3 Quadrature Rules and Sparse Integration Grids

Sparse grids are usually used together with collocation method [39] or for com-
puting PCE coefficents of random fields �.x; !/, f .x; !/ and u.x; !/ (the last are
used, for instance, for building the response surface of the solution [29, 30]). Since
the number of deterministic code simulations in a stochastic PDE framework can
be very large (e.g., collocation, MC, quasi-MC methods) the very efficient sparse
grid methods are extremely important. With the usage of sparse grids the number of
expansive simulations can be drastically reduced [29, 30].

The integral in Eq. (20) is of the following type

�.x/ D E .�.x; !// D
Z

‚

�.x;�/ � .d�/: (27)

Such an integral may numerically be approximated by a weighted sum of samples
of the integrand

�.x/ � ‰Z D
ZX

zD1
wz�.x;� z/ D

ZX

zD1
wz�Z.� z/; (28)
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where evaluation points are �z 2 ‚, and wz are the weights. The textbook approach
to an integral like Eq. (28) would be to take a good one-dimensional quadrature rule,
and to iterate it in every dimension; this is the full tensor product approach.

Assume that we use one-dimensional Gauss-Hermite-formulasQk with k 2 N

integration points �j;k and weights wj;k; j D 1; : : : ; k. As is well-known,
they integrate polynomials of degree less than 2k exactly, and yield an error of
order O.k�.2r�1// for r-times continuously differentiable integrands, hence takes
smoothness into full account.

If we take a tensor product of these rules by iterating themM times, we have

‰Z D QM
k .�/ WD .Qk ˝ � � � ˝Qk/.�/ D

MO

jD1
Qk.�/

D
kX

j1D1
� � �

kX

jMD1
wj1;k � � � wjM ;k�Z.�j1;k; : : : ;�jM ;k/:

This “full” tensor quadrature evaluates the integrand on a regular mesh of
Z D kM points, and the approximation-error has order O.Z�.2r�1/=M /. Due to
the exponential growth of the number of evaluation points and hence the effort with
increasing dimension, the application of full tensor quadrature is impractical for
high stochastic dimensions, this has been termed the “curse of dimensions” [40].

Sparse grid, hyperbolic cross, or Smolyak quadrature [45] can be applied in much
higher dimensions—for some recent work see e.g. [15, 39–42] and the references
therein. A software package is available at [25, 26].

Like full tensor quadrature, a Smolyak quadrature formula is constructed from
tensor products of one-dimensional quadrature formulas, but it combines quadrature
formulas of high order in only some dimensions with formulas of lower order in the
other dimensions. For a multi-index � 2 N

M the Smolyak quadrature formula is

‰Z D SMk .�/ WD
X

k�j�j�kCM�1
.	1/kCM�1�j�j

�
k 	 1

j�j 	 k
� MO

jD1
Q�j .�/:

For a fixed k the number of evaluations grows significantly slower in the number
of dimensions than for full quadrature. The price is a larger error: full quadrature
integrates monomials �� D 


�1
1 � � � 
�MM exactly if their partial degree maxj �j does

not exceed 2k	1. Smolyak formulas SMk integrate multivariate polynomials exactly
only if their total polynomial degree j�j is at most 2k 	 1. But still the error is
only O.Z�r .logZ/.M�1/.rC1// with Z D O

��
2k=.kŠ/

�
Mk

�
evaluation points for

a r-times differentiable function [33]. This has been used up to several hundred
dimensions.

It may be seen that smoothness of the function is taken into account very
differently by the various integration methods, as this shows up in the asymptotic
error behaviour. The “roughest” is Monte Carlo, it only feels the variance, quasi
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Monte Carlo feels the function’s variation, and the Smolyak rules actually take
smoothness into account.

In [31, 32, 37] some numerical experiments are shown. The finding there is that
for low M normal quadrature is best. For higher to moderately high (several hun-
dred)M, sparse or Smolyak quadrature [15,25,26,42,45] is advisable. For very high
dimensions, we come into the region where first Quasi Monte Carlo [4], and then
finally for extremely high dimension Monte Carlo methods should be most effective.

3 The Canonical Tensor Format

Let T WD Nd

D1Rn
 be the tensor space constructed from .Rn
; h; iRn
 / (d � 3).

From a mathematical point of view, a tensor representation U is a multilinear
map from a parameter space P onto T , i.e. U W P ! T . The parameter space
P D �D

�D1P� (d � D) is the Cartesian product of tensor spaces P� , where
in general the order of every P� is (much) smaller then d . Further, P� depends
on some representation rank parameter r� 2 N. A standard example of a tensor
representation is the canonical tensor format.

Definition 1 (r-Terms, Tensor Rank, Canonical Tensor Format, Elementary
Tensor, Representation System). The set Rr of tensors which can be represented
in T with r-terms is defined as

Rr .T / WD Rr WD
8
<

:

rX

iD1

dO


D1
vi
 2 T W vi
 2 Rn


9
=

; : (29)

Let v 2 T . The tensor rank of v in T is

rank.v/ WD min fr 2 N0 W v 2 Rr g : (30)

The canonical tensor format in T for variable r is defined by the mapping

Ucp W �d

D1Rn
�r ! Rr ; (31)

Ov WD .vi
 W 1 � i � r; 1 � 
 � d/ 7! Ucp.Ov/ WD
rX

iD1

dO


D1
vi
:

We call the sum of elementary tensors v D Pr
iD1 ˝d


D1vi
 2 Rr a tensor represented
in the canonical tensor format with r terms, where an elementary tensor is of the
form

Nd

D1 v
 2 R1, v
 2V
. The system of vectors

�
vi
 W 1 � i � r; 1 � 
 � d

�

is a representation system of v with representation rank r .

Note that the representation rank refers to the representation system .vi
 W 1 �
i � r; 1 � 
 � d/, not to the represented tensor. In our applications we work
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only with tensors represented in a tensor format. A tensor u 2 Rr � T withQd

D1 n
 entities is represented on a computer system with a representation system

Ou D �
ui
 2 Rn
 W 1 � i � r; 1 � 
 � d

�
and the use of Ucp, i.e. u D Ucp.Ou/. The

memory requirement for the representation system Ou is only r
Pd


D1 n
. Later we
will see that the efficient data representation in tensor formats has several benefits
for the data analysis in high dimensions. For the data analysis we need operations
described in Lemma 1.

Lemma 1. Let r1; r2 2 N, u 2 Rr1 and v 2 Rr2 . We have

(i) hu; viT D Pr1
j1D1

Pr2
j2D1

Qd

D1

˝
uj1
; vj2


˛
Rn
 . The computational cost of

hu; viT is O
�
r1r2

Pd

D1 n


	
.

(ii) u C v 2 Rr1Cr2 .
(iii) uˇv 2 Rr1r2 , where ˇ denotes the point wise Hadamard product. Further, uˇv

can be computed in the canonical tensor format with r1r2
Pd


D1 n
 arithmetic
operations.

Proof. (i) and (ii) are trivial. For (iii), let u D Pr1
j1D1

Nd

D1 uj1
 and v D

Pr2
j2D1

Nd

D1 vj2
. We have

u ˇ v D
r1X

j1D1

r2X

j2D1

2

4
dO


D1
uj1


3

5ˇ
2

4
dO


D1
vj2


3

5 D
r1X

j1D1

r2X

j2D1

dO


D1

�
uj1
 ˇn
 vj2


�
;

where ˇn
 denotes the Hadamard product in Rn
 . Obviously, we need

r1r2
Pd


D1 n
 operations to determine a representation system of u ˇ v.

Later we will use operations like the Hadamard product and the addition of tensors
in the canonical format in iterative procedures. From Lemma 1 it follows that the
numerical cost grows only linear respect to the order d and the representation rank
of the resulting tensors will increase. The last fact makes our iterative process
not feasible. Therefore, we need an approximation method which approximates a
given tensor represented in the canonical format with lower rank tensors up to a
given accuracy.

Definition 2 (Approximation Problem). For given v 2 RR and ">0 we are look-
ing for minimal r" � R and Ox� 2 �d


D1R
n
�r"

 such that:

(i) kv 	 Ucp. Ox�/k � "kvk,
(ii) kv 	 Ucp. Ox�/k D dist .v;Rr"/ D min Ox2�d
D1R

n
�r kv 	 Ucp. Ox/k, where

Ox 2 �d

D1Rn
�r is bounded.

The solution of this problem was already discussed in [10, 12, 13]. In the following
we will denote a solution of the approximation problem from Definition 2 with
App".v/.
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Note 1. Let v 2 RR, " > 0 and Ucp. Ox�/ a solution of the approximation problem
as analysed in [10, 12, 13]. During the article, Ucp. Ox�/ is denote by

App".v/ WD Ucp. Ox�/: (32)

4 Analysis of High Dimensional Data

In the following section let I D �d

D1I
, where I
 D fi 2 N W 1 � i � n
g.

For the analysis of tensor structured data in high dimensions, the focus of attention
is a problem depended recursively defined sequence .uk/k2N�0 represented in the
canonical tensor format, i.e. we have a map ˚P W T ! T such that

uk WD ˚P .uk�1/; (33)

where u0 2 Rr0 is given. The map ˚P is constructed with the help of addition,
scalar and pointwise Hadamard multiplications of tensors represented in the
canonical tensor format. According to Lemma 1, the representation rank of uk from
Eq. (33) will increase. Therefore, we have to compute lower representation ranks
approximations and continue the iterative process. This results in the following
general inexact iteration scheme:

zk WD ˚P .uk�1/; (34)

uk WD App"k .zk/;

Where the convergence of such inexact iterations is analysed in [21].

4.1 Computation of the Maximum Norm and Corresponding
Index

We describe a approach for computing the maximum norm of u D Pr
jD1

Nd

D1

uj
 2 Rr ,

kuk1 WD max
i WD.i1;:::;id /2I

jui j D max
i WD.i1;:::;id /2I

ˇ̌
ˇ̌
ˇ̌
rX

jD1

dY


D1

�
uj

�
i


ˇ̌
ˇ̌
ˇ̌ ; (35)

and the corresponding multi-index. Since the cardinality of I grows exponential
with d , #I D Qd


D1 n
, the known methods are already inefficient for small values
of n
 and d . To build an efficient algorithm we use the special tensor structure of
u and show that computing kuk1 is equivalent to a very simple tensor structured
eigenvalue problem. Let i� WD .i�1 ; : : : ; i�d / 2 I be the index with
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kuk1 D jui� j D
ˇ̌
ˇ̌
ˇ̌
rX

jD1

dY


D1

�
uj

�
i�


ˇ̌
ˇ̌
ˇ̌ and e.i

�/ WD
dO


D1
ei�
 ;

where ei�
 2 Rn
 the i�
 -th canonical vector in Rn
 (
 2 N�d ). Then for the

pointwise Hadamard product of u ˇ e.i
�/ have

u ˇ e.i
�/ D

2

4
rX

jD1

dO


D1
uj


3

5ˇ
2

4
dO


D1
ei�


3

5 D
rX

jD1

dO


D1
uj
 ˇ ei�


D
rX

jD1

dO


D1

h
.uj
/i�
 ei�


i
D
2

4
rX

jD1

dY


D1
.uj
/i�


3

5

„ ƒ‚ …
ui� D

dO


D1
e.i�
 /;

from which follows
u ˇ e.i

�/ D ui�e
.i�/: (36)

Equation (36) is an eigenvalue problem. By defining the following diagonal matrix

D.u/ WD
rX

jD1

dO


D1
diag

�
.uj
/l


�
l
2N�n


(37)

with representation rank r , obtainD.u/v D u ˇ v for all v 2 T :

Corollary 1. Let u, i� and D.u/ are defined as described above. Then elements of
u are the eigenvalues of D.u/ and all eigenvectors e.i/ are of the following form:

e.i/ D
dO


D1
ei
; (38)

where i WD .i1; : : : ; id / 2 i is the index of ui . Therefore kuk1 is the largest
eigenvalue of D.u/ with the corresponding eigenvector e.i

�/.

There are different methods for the computation of the largest eigenvalue and
corresponding eigenvector [19]. In this example, we simple use the power iteration
to solve the eigenvalue problem. Since the tensor rank of zk grows up monotonically,
the power method described in Algorithm 4 is modified accordingly to Eq. (34).
Accordingly to [20] there are

O
�
d log max fn1; : : : ; nd g 	 log "

"

�
: (39)



46 M. Espig et al.

Algorithm 4 Computing the maximum norm of u 2 Rr by vector iteration

1: Choose y0 WD Nd

D1

1
n

1
, where 1
 WD .1; : : : ; 1/T 2 Rn
 , kmax 2 N, and take " WD

1� 10�7.
2: for k D 1; 2; : : : ; kmax do
3:

qk D u ˇ yk�1; �k D hyk�1; qki ; zk D qk=
phqk; qki;

yk D App".zk/:

4: end for

iteration steps necessary to compute the maximum norm of u up to the relative error
" 2 R>0. To guaranty convergence one takes the initial guess y0 as

y0 WD
n1X

l1D1
� � �

ndX

ldD1

dO


D1

1

n

el
 D

dO


D1

0

@ 1

n


nX

l
D1
el


1

A D
dO


D1

1

n

1
: (40)

We recall that the presented method is only an approximate method to compute
kuk1 and e.i

�/. In general the vector iteration is not appropriate for solving
eigenvalue problems. A possible improvement is the inverse vector iteration method,
which is applied on a spectrum shift of u. Therefore is computing of the pointwise
inverse necessary. Many other well-known methods require orthogonalisation,
which seems for sums of elementary tensors not practicable.

4.2 Computation of the Characteristic

The key object of the following approaches is a tensor which we call characteristic
of u 2 T in I � R.

Definition 3 (Characteristic, Sign). The characteristic �I .u/ 2 T of u 2 T in
I � R is for every multi-index i 2 I pointwise defined as

.�I .u//i WD


1; ui 2 I ;
0; ui =2 I .

(41)

Furthermore, the sign.u/ 2 T is for all i 2 I pointwise defined by

.sign.u//i WD
8
<

:

1; ui > 0;
	1; ui < 0;
0; ui D 0.

(42)
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Similar to the computation of the maximum norm, the computational cost of
standard methods grows exponential with d , since we have to visit

Qd

D1 n


entries of u. If u is represented in the canonical tensor format with r terms, i.e.
u D Pr

jD1
Nd


D1 uj
, there is a possibility to compute the characteristic �I .u/
since there are methods to compute the sign.u/.

Lemma 2. Let u 2 T , a; b 2 R, and 1 D Nd

D1 1
, where 1
 WD .1; : : : ; 1/t 2

Rn
 .

(i) If I D R<b , then we have �I .u/ D 1
2
.1 C sign.b1 	 u//.

(ii) If I D R>a, then we have �I .u/ D 1
2
.1 	 sign.a1 	 u//.

(iii) If I D .a; b/, then we have �I .u/ D 1
2
.sign.b1 	 u/	 sign.a1 	 u//.

Proof. Let i 2 I. (i) If ui < b ) 0 < b 	 ui ) sign.b 	 ui / D 1 ) 1
2
.1 C

sign.b 	 ui // D 1 D .�I .u//i . If ui > b ) b 	 ui < 0 ) sign.b 	 ui / D 	1 )
1
2
.1C sign.b 	 ui // D 0 D .�I .u//i .

(ii) Analog to (i). (iii) Follows from (i) and (ii).

In the following part we analyse bounds for the representation rank of the charac-
teristic �I .u/.

Definition 4 (Cartesian Index Set, Cartesian Covering). Let M � I be a subset
of multi-indices. We call M a Cartesian index set if there exist M
 � I
 such that
M D �d


D1M
. We call a set ccov .M/ D fU � I W U is Cartesiang a Cartesian
covering of M if

M D P[
U2ccov .M/

U;

where the symbol PS stands for disjoint union.

Note that for every set M � I there exist a Cartesian covering.

Lemma 3. Let I � R, u 2 T , andM WD supp�I .u/. We have

rank.�I .u// � minfm1;m2 C 1g; (43)

where m1 WD minf#C1 2 N W C1 is a Cartesian covering of M g and m2 WD
minf#C2 2 N W C2 is a Cartesian covering of Mc WD I nM g.

Proof. Let fMl D �d

D1Ml;
 W 1 � l � m1g a Cartesian covering of M and

fNl D �d

D1Nl; 
 W 1 � l � m2g a Cartesian covering of Mc . We have

�I .u/ D
X

i2M

dO


D1
ei
 D

m1X

lD1

X

i12Ml; 1

� � �
X

id2Ml; d

dO


D1
ei


D
m1X

lD1

dO


D1

2

4
X

i
2Ml;


ei


3

5 ) rank.�I .u// � m1;
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where ei
 2 Rn
 is the i
-th canonical vector in Rn
 . Further, we have

�I .u/ D 1 	
X

i2Mc

dO


D1
ei
 D 1 	

m2X

lD1

X

i12Nl; 1
� � �

X

id2Nl; d

dO


D1
ei


D 1 	
m2X

lD1

dO


D1

2

4
X

i
2Nl; 

ei


3

5 ) rank.�I .u// � m2 C 1:

The most widely used and analysed method for computing the sign function sign.A/
of a matrix A is the Newton iteration,

XkC1 D 1

2
.Xk CX�1

k /; X0 D A: (44)

The connection of the iteration with the sign function is not immediately obvious.
The iteration can be derived by applying the Newton’s method to the equation
X2 D I . It is also well known that the convergence of the Newton iteration is
quadratically, i.e. we have

kXkC1 	 sign.A/k � 1

2
kX�1

k kkXk 	 sign.A/k2:

The Newton iteration is one of the seldom circumstances in numerical analysis
where the explicit computation of the inverse is required. One way to try to remove
the inverse in Eq. (44) is to approximate it by one step of the Newton’s method for
the inverse, which has the form YkC1 D Yk.2I 	 BYk/ for computing B�1. This
leads to the Newton-Schulz iteration adapted to our tensor setting

ukC1 D 1

2
uk ˇ .31 	 uk ˇ uk/; u0 WD u: (45)

It is known that the Newton-Schulz iteration retains the quadratic convergence of
the Newton’s method. However, it is only locally convergent, with convergence
guaranteed for k1 	 u0 ˇ u0k < 1 in some suitable norm. According to Eq. (34)
the inexact Newton-Schulz iteration in tensor formats is described by Algorithm 5,
where the computation of the pointwise inverse is described in Sect. 4.4.

4.3 Computation of Level Sets, Frequency, Mean Value,
and Variance

For the computation of cumulative distribution functions it is important to compute
level sets of a given tensor u 2 T .

Definition 5 (Level Set, Frequency). Let I � R and u 2 T . The level set
LI .u/ 2 T of u respect to I is point wise defined by
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Algorithm 5 Computing sign.u/, u 2 Rr (Hybrid Newton-Schulz Iteration)
1: Choose u0 WD u and " 2 RC.
2: while k1 � uk�1 ˇ uk�1k < "kuk do
3: if k1 � uk�1 ˇ uk�1k < kuk then
4: zk WD 1

2
uk�1 ˇ .31 � uk�1 ˇ uk�1/

5: else
6: zk WD 1

2
.uk�1 C u�1

k�1/

7: end if
8: uk WD App"k .zk/
9: end while

.LI .u//i WD



ui ; ui 2 I ;
0; ui =2 I ,

(46)

for all i 2 I. The frequency FI .u/ 2 N of u respect to I is defined as

FI .u/ WD # supp�I .u/; (47)

where �I .u/ is the characteristic of u in I , see Definition 3.

Proposition 1. Let I � R, u 2 T , and �I .u/ its characteristic. We have

LI .u/ D �I .u/ˇ u (48)

and rank.LI .u// � rank.�I .u//rank.u/. Furthermore, the frequency FI .u/ 2 N of
u respect to I can by computed by

FI .u/ D h�I .u/;1i ; (49)

where 1 D Nd

D1 Q1
, Q1
 WD .1; : : : ; 1/T 2 Rn
 .

Proposition 2. Let u D Pr
jD1

Nd

D1 uj
 2 Rr , then the mean value u can be

computed as a scalar product

uD
*0

@
rX

jD1

dO


D1
uj


1

A;

0

@
dO


D1

1

n

Q1

1

A
+

D
rX

jD1

dO


D1

˝
uj
; Q1


˛

n

D

rX

jD1

dY


D1

1

n


 n
X

kD1
uj


!
;

(50)
where Q1
 WD .1; : : : ; 1/T 2 Rn
 . According to Lemma 1, the numerical cost is

O
�
r �Pd


D1 n

	

.

Proposition 3. Let u 2 Rr and

Qu WD u 	 u
dO


D1

1

n

1 D

rC1X

jD1

dO


D1
Quj
 2 RrC1; (51)
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then the variance var.u/ of u can be computed as follows

var.u/ D 1
Qd

D1 n


hQu; Qui D 1
Qd

D1 n


*0

@
rC1X

iD1

dO


D1
Qui

1

A ;

0

@
rC1X

jD1

dO

�D1
Quj�
1

A
+

D
rC1X

iD1

rC1X

jD1

dY


D1

1

n


˝Qui
; Quj

˛
:

According to Lemma 1, the numerical cost is O
�
.r C 1/2 �Pd


D1 n

	

.

4.4 Computation of the Pointwise Inverse

Computing the pointwise inverse u�1 is of interest, e.g. by improved computation of
the maximum norm and by iterative computations of sign.u/ or

p
u. Let us further

assume that ui ¤ 0 for all i 2 I. The mapping ˚k W T ! T from Eq. (34) is
defined as follows:

x 7! ˚.x/u�1 WD x ˇ .21 	 u ˇ x/: (52)

This recursion is motivated through application of the Newton method on the
function f .x/ WD u 	 x�1, see [21]. After defining the error by ek WD 1 	 u ˇ xk ,
we obtain

ek D 1 	 uxk D 1 	 uxk�1 .1 C ek�1/ D ek�1 	 uxk�1ek�1 D .1 	 uxk�1/ ek�1 D e2
k

0

and .xk/k2N converges quadratically for ke0k < 1. Then for ek have

u�1 	 xk D u�1ek D �
u�1 	 xk�1

�
u
�
u�1 	 xk�1

� D u
�
u�1 	 xk�1

�2
:

The abstract method explained in Eq. (34) is for the pointwise inverse of u specified
by Algorithm 6.

5 Complexity Analysis

All discussed methods can be viewed as an inexact iteration procedure as mentioned
in Eq. (34). For given initial guess and ˚P W T ! T we have a recursive
procedure defined in the following Algorithm 7. According to Lemma 1 and the
problem depended definition of ˚P the numerical cost of a function evaluation
zk D ˚P .uk�1/ is cheap if the tensor uk�1 is represented in the canonical tensor
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Algorithm 6 Computing u�1, u 2 Rr , ui ¤ 0 for all i 2 I
1: Choose u0 2 T such that k1 � u ˇ u0k < kuk and " 2 RC.
2: while k1 � u ˇ uk�1k < "kuk do
3:

zk WD uk�1 ˇ .21 � u ˇ uk�1/;

uk WD App"k .zk/;

4: end while

Algorithm 7 Inexact recursive iteration
1: Choose u0 2 T and " 2 RC.
2: while error.uk�1/ < " do
3:

zk WD ˚P .uk�1/;

uk WD App"k .zk/;

4: end while

format with moderate representation rank. The dominant part of the inexact iteration
method is the approximation procedure App"k .zk/.

Remark 1. The complexity of the method App"k .zk/ described in [10, 12] is

O

0

@
r"X

rDrk�1

mr �
2

4r � .r C rank.zk// � d2 C d � r3 C r � .r C rank.zk/C d/ �
dX


D1

n


3

5

1

A (53)

and for the method described in [13] we have

O

0

@
r"X

rDrk�1

Qmr �
2

4d � r3 C r � .r C rank.zk// �
dX


D1
n


3

5

1

A (54)

where rk�1 D rank.uk�1/ and mr is the number of iterations in the regularised
Newton method [10, 12] and Qmr is the number of iterations in the accelerated
gradient method [13] for the rank-r approximation.

6 Numerical Experiments

The following numerical experiments were performed on usual 2-year-old PC. The
multi-dimensional problem to be solved is defined in Eq. (7). The computational
domain is 2D L-shape domain with N D 557 degrees of freedom (see Fig. 2).
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Fig. 2 Mean (on the left) and standard deviation (on the right) of �.x; !/ (lognormal random field
with parameters 
 D 0:5 and 	 D 1)
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Fig. 3 Mean (on the left) and standard deviation (on the right) of f .x; !/ (beta distribution with
parameters ˛ D 4, ˇ D 2 and Gaussian cov. function)

The number of KLE terms for q in Eq. (8) is lk D 10, the stochastic dimension is
mk D 10 and the maximal order of Hermite polynomials is pk D 2. We took the
shifted lognormal distribution for �.x; !/ (see Eq. (8)), i.e., log.�.x; !/ 	 1:1/ has
normal distribution with parameters f
 D 0:5; 	2 D 1:0g. The isotropic covariance
function is of the Gaussian type with covariance lengths `x D `y D 0:3. The mean
value and the standard deviation of �.x; !/ are shown in Fig. 2.

For the right-hand side we took lf D 10, mf D 10 and pf D 2 as well as Beta
distribution with parameters f4; 2g for random variables. The covariance function is
also of the Gaussian type with covariance lengths `x D `y D 0:6. The mean value
and the standard deviation of �.x; !/ are shown in Fig. 3.

The Dirichlet boundary conditions in Eq. (7) were chosen as deterministic. Thus
the total stochastic dimension of the solution u is mu D mk Cmf D 20, i.e. the multi-
index ˛ will consist of mu D 20 indices .˛ D .˛1; : : : ; ˛mu//. The cardinality of the
set of multi-indices J is jJ j D .muCpu/Š

muŠpuŠ
, where pu D 2. The solution tensor

u D
231X

jD1

21O


D1
uj
 2 R557 ˝

20O


D1
R3

with representation rank 231 was computed with the use of the stochastic Galerkin
library [50]. The number 21 is a sum of the deterministic dimension 1 and the
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Fig. 4 Mean (on the left) and standard deviation (on the right) of the solution u

Table 1 Computation of sign.bkuk11�u/, where u is represented in the canonical tensor format
with canonical rank 231, d D 21, n1 D 557, and p D 2. The computing time to get any row is
around 10 min. Note that the tensor u has 320 � 557 D 1; 942; 138; 911; 357 entries.

b rank.sign.bkuk11 � u// max1�k�kmax rank.uk/ kmax Error

0:2 12 24 12 2:9� 10�8

0:4 12 20 20 1:9� 10�7

0:6 8 16 12 1:6� 10�7

0:8 8 15 8 1:2� 10�7

stochastic dimension 20. The number 557 is the number of degrees of freedom in the
computational domain. In the stochastic space we used polynomials of the maximal
order 2 from 20 random variables and thus the solution belongs to the tensor space
R557˝N20


D1R3. The mean value and the standard deviation of the solution u.x; !/
are shown in Fig. 4.

Further we computed the maximal entry kuk1 of u respect to the absolute
value as described in Algorithm 4. The algorithm computed after 20 iterations
the maximum norm kuk1 effectually. The maximal representation rank of the
intermediate iterants .uk/20kD1 was 143, where we set the approximation error
"k D 1:0 � 10�6 and .uk/20kD1 � R143 is the sequence of tensors generated by
Algorithm 4. Finally, we computed sign.bkuk11 	 u/ for b 2 f0:2; 0:4; 0:6; 0:8g.
The results of the computation are documented in Table 1. The representation ranks
of sign.bkuk11 	 u/ are given in the second column. In this numerical example,
the ranks are smaller then 13. The iteration from Algorithm 5 determined after
kmax steps the sign of .bkuk11 	 u/, where the maximal representation rank of
the iterants uk from Algorithm 5 is documented in the third column. The error
k1 	 ukmax ˇ ukmaxk=k.bkuk11 	 u/k is given in the last column.

7 Conclusion

In this work we used sums of elementary tensors for the data analysis of solutions
from stochastic elliptic boundary value problems. Particularly we explained how
the new methods compute the maximum, minimum norms (Sect. 4.1), sign and
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characteristic functions (Sect. 4.2), level sets (Sect. 4.3), mean, variance (Sect. 4.3),
and pointwise inverse (Sect. 4.4). In the numerical example we considered a
stochastic boundary value problem in the L-shape domain with stochastic dimension
20. Table 1 illustrates computation of quantiles of the solution (via sign function).
Here the computation showed that the computational ranks are of moderate size. The
computing time to get any row of Table 1 is around 10 min. To be able to perform
the offered algorithms the solution u must already be approximated in a efficient
tensor format. In this article we computed the stochastic solution in a sparse data
format and then approximated it in the canonical tensors format. In a upcoming
paper which will be submitted soon we compute the stochastic solution direct in the
canonical tensor format and no transformation step is necessary.
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Sparse Grids in a Nutshell

Jochen Garcke

Abstract The technique of sparse grids allows to overcome the curse of dimension-
ality, which prevents the use of classical numerical discretization schemes in more
than three or four dimensions, under suitable regularity assumptions. The approach
is obtained from a multi-scale basis by a tensor product construction and subsequent
truncation of the resulting multiresolution series expansion. This entry level article
gives an introduction to sparse grids and the sparse grid combination technique.

1 Introduction

The sparse grid method is a special discretization technique, which allows to cope
with the curse of dimensionality of grid based approaches to some extent. It is based
on a hierarchical basis [13, 42, 43], a representation of a discrete function space
which is equivalent to the conventional nodal basis, and a sparse tensor product
construction.

The sparse grid method was originally developed for the solution of partial
differential equations [5,22,45]. Besides working directly in the hierarchical basis a
sparse grid representation of a function can also be computed using the combination
technique [25], here a certain sequence of partial functions represented in the
conventional nodal basis is linearly combined. The sparse grid method in both its
formulations is nowadays successfully used in many applications.

The underlying idea of sparse grids can be traced back to the Russian mathe-
matician Smolyak [37], who used it for numerical integration. The concept is also
closely related to hyperbolic crosses [2, 38–40], boolean methods [11, 12], discrete
blending methods [4] and splitting extrapolation methods [31].
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For the representation of a function f defined over a d -dimensional domain the
sparse grid approach employs O.h�1

n � log.h�1
n /d�1/ grid points in the discretization

process, where hn WD 2�n denotes the mesh size and n is the discretization level. It
can be shown that the order of approximation to describe a function f , under certain
smoothness conditions, is O.h2

n � log.h�1
n /d�1/. This is in contrast to conventional

grid methods, which need O.h�d
n / for an accuracy of O.h2

n/. Therefore, to achieve
a similar approximation quality sparse grids need much less points in higher
dimensions than regular full grids. The curse of dimensionality of full grid method
arises for sparse grids to a much smaller extent and they can be used for higher
dimensional problems.

For ease of presentation we will consider the domain ˝ D Œ0; 1�d in the
following. This situation can be achieved for bounded rectangular domains by a
proper rescaling.

2 Sparse Grids

We introduce some notation while describing the conventional case of a piecewise
linear finite element basis. Let l D .l1; : : : ; ld / 2 �d denote a multi-index. We
define the anisotropic grid ˝l on N̋ with mesh size hl WD .hl1 ; : : : ; hld / D 2�l WD
.2�l1 ; : : : ; 2�ld /; ˝l has different, but equidistant mesh sizes hlt in each coordinate
direction t , t D 1; : : : ; d . This way the grid ˝l consists of the points

xl;j WD .xl1;j1 ; : : : ; xld ;jd
/; (1)

with xlt ;jt WD jt � hlt D jt � 2�lt and jt D 0; : : : ; 2lt . For a grid ˝l we define an
associated space Vl of piecewise d -linear functions1

Vl WD spanf'l;j j jt D 0; : : : ; 2lt ; t D 1; : : : ; d g D spanf'l;j j 0 � j � 2lg; (2)

which is spanned by the usual basis of d -dimensional piecewise d -linear hat
functions

'l;j .x/ WD
dY

tD1

'lt ;jt .xt /: (3)

The one-dimensional functions 'l;j .x/ with support Œxl;j � hl ; xl;j C hl � \ Œ0; 1� D
Œ.j � 1/hl ; .j C 1/hl � \ Œ0; 1� are defined by:

1“�” refers to the element-wise relation for multi-indices: k � l W, 8t kt � lt . Furthermore,
a � l implies 8t a � lt .
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a b

Fig. 1 Nodal and hierarchical basis of level n D 3. (a) Nodal basis for V3. (b) Hierarchical basis
for V3
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Fig. 2 Basis function '1;1 on grid ˝2;1

'l;j .x/ D
(

1 � jx=hl � j j; x 2 Œ.j � 1/hl ; .j C 1/hl � \ Œ0; 1�;

0; otherwise:
(4)

In Fig. 1a we give an example for the one-dimensional case and show all 'l;j 2 V3.
Figure 2 shows a two-dimensional basis function.

2.1 Hierarchical Subspace-Splitting

Till now and in the following the multi-index l 2�d denotes the level, i.e. the
discretization resolution, be it of a grid ˝l , a space Vl , or a function fl , whereas
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the multi-index j 2 �
d gives the spatial position of a grid point xl;j or the

corresponding basis function 'l;j .�/.
We now define a hierarchical difference space Wl via

Wl WD Vl n
dM

tD1

Vl�et
; (5)

where et is the t-th unit vector. In other words, Wl consists of all 'k;j 2 Vl (using

the hierarchical basis) which are not included in any of the spaces Vk smaller2 than
Vl . To complete the definition, we formally set Vl WD 0, if lt D �1 for at least one
t 2 f1; : : : ; d g. As can easily be seen from (2) and (5), the definition of the index
set

Bl WD
(

j 2 �d

ˇ̌
ˇ̌
ˇ
jt D 1; : : : ; 2lt � 1; jt odd; t D 1; : : : ; d; if lt > 0;

jt D 0; 1; t D 1; : : : ; d; if lt D 0

)
(6)

leads to
Wl D spanf'l;j jj 2 Bl g: (7)

These hierarchical difference spaces now allow us the definition of a multilevel
subspace decomposition. We can write Vn WD Vn as a direct sum of subspaces

Vn WD
nM

l1D0

� � �
nM

ld D0

Wl D
M

jl j1�n

Wl : (8)

Here, jl j1 WD max1�t�d lt and jl j1 WD Pd
tD1 lt are the discrete `1- and the discrete

`1-norm of l , respectively.
The family of functions

f'l;j jj 2 Bl gn

lD0 (9)

is just the hierarchical basis [13, 42, 43] of Vn, which generalizes the one-
dimensional hierarchical basis [13], see Fig. 1b, to the d -dimensional case with
a tensor product ansatz. Observe that the supports of the basis functions 'l;j .x/,
which span Wl , are disjunct for l > 0. See Fig. 3 for a representation of the supports
of the basis functions of the difference spaces Wl1;l2 forming V3.

Now, each function f 2 Vn can be represented as

f .x/ D
X

jl j1�n

X

j 2Bl

˛l;j � 'l;j .x/ D
X

jl j1�n

fl .x/; with fl 2 Wl; (10)

2We call a discrete space Vk smaller than a space Vl if 8t kt � lt and 9t W kt < lt . In the same way
a grid ˝k is smaller than a grid ˝l .
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W0,3 W1,3 W2,3 W3,3

W0,2 W1,2 W2,2 W3,2

W0,1 W1,1 W2,1 W3,1

W0,0 W1,0 W2,0 W3,0

Fig. 3 Supports of the basis
functions of the hierarchical
subspaces Wl of the space V3.
The sparse grid space V s

3

contains the upper triangle of
spaces shown in black

where ˛l;j 2 � are the coefficients of the representation in the hierarchical tensor
product basis and fl denotes the hierarchical component functions. The number of
basis functions which describe a f 2 Vn in nodal or hierarchical basis is .2n C 1/d .
For example a resolution of 17 points in each dimensions, i.e. n D 4, for a ten-
dimensional problem therefore needs 2 � 1012 coefficients, we encounter the curse of
dimensionality.

Furthermore, we can define

V WD lim
n!1

M

k�n

Wk;

which by a completion with respect to the H 1-norm, is simply the underlying

Sobolev space H 1, i.e. V
H 1 D H 1. Any function f 2 V can be uniquely

decomposed as [8]

f .x/ D
X

l 2�d

fl .x/; with fl 2 Wl:

Note also, that for the spaces Vl the following decomposition holds

Vl WD
l1M

k1D0

� � �
ldM

kd D0

Wk D
M

k�l

Wk:
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φ3,7φ3,1 φ3,3φ2,1 φ1,1 φ3,5 φ2,3

Fig. 4 Interpolation of a
parabola with the hierarchical
basis of level n D 3

2.2 Properties of the Hierarchical Subspaces

Now consider the d -linear interpolation of a function f 2 V by a fn 2 Vn, i.e. a
representation as in (10). First we look at the linear interpolation in one dimension,
for the hierarchical coefficients ˛l;j , l � 1, j odd, holds

˛l;j D f .xl;j / � f .xl;j � hl/ C f .xl;j C hl /

2
Df .xl;j / � f .xl;j �1/ C f .xl;j C1/

2

D f .xl;j / � f .xl�1;.j �1/=2/ C f .xl�1;.j C1/=2/

2
:

This and Fig. 4 illustrate why the ˛l;j are also called hierarchical surplus, they
specify what has to be added to the hierarchical representation from level l � 1 to
obtain the one of level l . We can rewrite this in the following operator form

˛l;j D
�
�1

2
1 � 1

2

�

l;j

f

and with that we generalize to the d -dimensional hierarchization operator as follows

˛l;j D
 

dY

tD1

�
�1

2
1 � 1

2

�

lt ;jt

!
f: (11)

Note that the coefficients for the basis functions associated to the boundary are just
˛0;j D f .x0;j /; j D 0; 1.

Now let us define the so-called Sobolev-space with dominating mixed derivative
H 2

mix in which we then will show approximation properties of the hierarchical basis.
First we consider mixed derivatives and define

Dkf WD @jkj1 f
@xk

D @jkj1 f
@x

k1

1 � � � @x
kd

d



Sparse Grids in a Nutshell 63

With that we define the norm as

kf k2
H s

mix
D

X

0�k�s

ˇ̌
ˇ̌
ˇ
@jkj1
@xk

f

ˇ̌
ˇ̌
ˇ

2

2

D
X

0�k�s

ˇ̌
Dkf

ˇ̌2
2

;

and the space H s
mix in the usual way:

H s
mix WD

n
f W ˝ ! �

ˇ̌
ˇkf k2

H s
mix

< 1
o

:

Obviously it holds H s
mix � H s . Furthermore we define the semi-norm jf jH 2

mix
WD

jf j
H

2
mix

by

jf j
H

k
mix

WD
ˇ̌
ˇ̌
ˇ
@jkj1
@xk

f

ˇ̌
ˇ̌
ˇ
2

D ˇ̌
Dkf

ˇ̌
2

:

Note that the continuous function spaces H s
mix, like the discrete spaces Vl , have a

tensor product structure [24, 28, 29, 41] and can be represented as a tensor product
of one dimensional spaces:

H s
mix D H s ˝ � � � ˝ H s:

We now look at the properties of the hierarchical representation of a function f ,
especially at the size of the hierarchical surpluses. We recite the following proofs
from [5–8], see these references for more details on the following and results in other
norms like k � k1 or k � kE . For ease of presentation we assume f 2 H 2

0;mix. N̋ /, i.e.
zero boundary values, and l > 0 to avoid the special treatment of level 0, i.e. the
boundary functions in the hierarchical representation.

Lemma 1. For any piecewise d -linear basis function 'l;j holds

k'l;j k2 D
�

2

3

�d=2

� 2�jl j1=2:

Proof. Follows by straightforward calculation.

Lemma 2. For any hierarchical coefficient ˛l;j of f 2 H 2
0;mix. N̋ / in (10) it holds

˛l;j D
dY

tD1

�hlt

2

Z

˝

'l;j � D2f .x/dx: (12)
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Proof. In one dimension partial integration provides

Z

˝

'l;j .x/ � @2f .x/

@x2
dx D

Z xl;j Chl

xl;j �hl

'l;j .x/ � @2f .x/

@x2
dx

D
�
'l;j .x/ � @f .x/

@x

�xl;j Chl

xl;j �hl

�
Z xl;j Chl

xl;j �hl

@'l;j .x/

@x
� @f .x/

@x
dx

D �
Z xl;j

xl;j �hl

1

hl

� @f .x/

@x
dx C

Z xl;j Chl

xl;j

1

hl

� @f .x/

@x
dx

D 1

hl

� �f .xl;j � hl / � 2f .xl;j / C f .xl;j C hl/
�

D � 2

hl

� ˛l;j :

The d -dimensional result is achieved via the tensor product formulation (11).

Lemma 3. Let f 2 H 2
0;mix. N̋ / be in hierarchical representation as above, it holds

j˛l;j j � 1

6d=2
� 2�.3=2/�jlj1 �

ˇ̌
ˇf jsupp.'l;j /

ˇ̌
ˇ
H 2

mix

:

Proof.

j˛l;j j D
ˇ̌
ˇ̌
ˇ

dY

tD1

�hlt

2

Z

˝

'l;j � D2f .x/dx

ˇ̌
ˇ̌
ˇ �

dY

tD1

2�lt

2
� k'l;j k2 �

���D2f jsupp.'l;j /

���
2

� 2�d �
�

2

3

�d=2

� 2�.3=2/�jlj1 �
ˇ̌
ˇf jsupp.'l;j /

ˇ̌
ˇ
H 2

mix

Lemma 4. For the components fl 2 Wl of f 2 H 2
0;mix. N̋ / from (10) holds

kfl k2 � 3�d � 2�2�jlj1 � jf jH 2
mix

: (13)

Proof. Since the supports of all 'l;j of fl are mutually disjoint we can write

kflk2
2 D

������

X

j 2Bl

˛l;j � 'l;j

������

2

2

D
X

j 2Bl

j˛l;j j2 � k'l;j k2
2:

With Lemmas 3 and 1 it now follows
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kfl k2
2 �

X

j 2Bl

1

6d
� 2�3�jl j1 �

ˇ̌
ˇf jsupp.'l;j /

ˇ̌
ˇ
2

H 2
mix

�
�

2

3

�d

� 2�jl j1

� 1

32d
� 2�4�jlj1 � jf j2

H 2
mix

which completes the proof.

2.3 Sparse Grids

Motivated by the relation (13) of the “importance” of the hierarchical components
fl Zenger [45] introduced the so-called sparse grids, where hierarchical basis
functions with a small support, and therefore a small contribution to the function
representation, are not included in the discrete space of level n anymore.

Formally we define the sparse grid function space V s
n � Vn as

V s
n WD

M

jl j1�n

Wl : (14)

We replace in the definition (8) of Vn in terms of hierarchical subspaces the condition
jl j1 � n with jl j1 � n. In Fig. 3 the employed subspaces Wl are given in black,
whereas in grey are given the difference spaces Wl which are omitted in comparison
to (8). Every f 2 V s

n can now be represented, analogue to (10), as

f s
n .x/ D

X

jl j1�n

X

j 2Bl

˛l;j 'l;j .x/ D
X

jl j1�n

fl .x/; with fl 2 Wl: (15)

The resulting grid which corresponds to the approximation space V s
n is called sparse

grid. Examples in two and three dimensions are given in Fig. 5.
Note that sparse grids were introduced in [22,45], and are often used in this form,

with a slightly different selection of hierarchical spaces using the definition

V s
0;n WD

M

jlj1�nCd�1

Wl ; lt > 0: (16)

This definition is especially useful when no degrees of freedom exist on the
boundary, e.g. for the numerical treatment of partial differential equations with
Dirichlet boundary conditions. Using V s

0;n the finest mesh size which comes from
the level of refinement n in the sparse grid corresponds to the full grid case again
when only interior points are considered.

The following results hold for both definitions V s
n and V s

0;n. The proofs are
somewhat easier without basis functions on the boundary, therefore we only
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Fig. 5 Two-dimensional sparse grid (left) and three-dimensional sparse grid (right) of level n D 5

consider this case here, full results can be found in the given literature, e.g. [5–8, 30].
Furthermore, in the following we use the sparse grid space V s

0;n, this allows us to
have the same smallest mesh size h�n inside the sparse grid of level n as in the
corresponding full grid of level n and more closely follows the referenced original
publications.

First we look at the approximation properties of sparse grids. For the proof we
follow [8] and estimate the error for the approximation of a function f 2 H 2

0;mix ,
which can be represented as

P
l fl , i.e. an infinite sum of partial functions from the

hierarchical subspaces, by f s
0;n 2 V s

0;n which can be written as a corresponding finite
sum. The difference therefore is

f � f s
0;n D

X

l

fl �
X

jl j1�nCd�1

fl D
X

jlj1>nCd�1

fl :

For any norm now holds

kf � f s
0;nk �

X

jl j1>nCd�1

kfl k: (17)

We need the following technical lemma to estimate the interpolation error

Lemma 5. For s 2 � it holds

X

jl j1>nCd�1

2�sjlj1 D 2�s�n � 2�s�d
1X

iD0

2�s�i �
 

i C n C d � 1

d � 1

!

� 2�s�n � 2�s�d � 2 �
�

nd�1

.d � 1/Š
C O �

nd�2
��

;

Proof. First we use that there are
�

i�1
d�1

�
possibilities to represent i as a sum of d

natural numbers
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X

jlj1>nCd�1

2�sjlj1 D
1X

iDnCd

2�s�i �
X

jl j1Di

1

D
1X

iDnCd

2�s�i �
 

i � 1

d � 1

!

D 2�s�n � 2�s�d �
1X

iD0

2�s�i �
 

i C n C d � 1

d � 1

!
:

We now represent the sum as the .d � 1/-derivative of a function and get

1X

iD0

xi �
 

i C n C d � 1

d � 1

!

D x�n

.d � 1/Š

 1X

iD0

xiCnCd�1

!.d�1/

D x�n

.d � 1/Š
�
�

xnCd�1 � 1

1 � x

�.d�1/

D x�n

.d � 1/Š
�

d�1X

kD0

 
d � 1

k

!
� �xnCd�1

�.k/ �
�

1

1 � x

�.d�1�k/

D
d�1X

kD0

 
d � 1

k

!
� .n C d � 1/Š

.n C d � 1 � k/Š
� xd�1�k � .d � 1 � k/Š

.d � 1/Š
�
�

1

1 � x

�d�1�kC1

D
d�1X

kD0

 
n C d � 1

k

!
�
	 x

1 � x


d�1�k � 1

1 � x
:

With x D 2�s it follows

1X

iD0

2�s�i �
 

i C n C d � 1

d � 1

!
� 2 �

d�1X

kD0

 
n C d � 1

k

!
:

The summand for k D d � 1 is the largest one and it holds

2 � .n C d � 1/Š

.d � 1/ŠnŠ
D 2 �

�
nd�1

.d � 1/Š
C O �

nd�2
��

which finishes the proof.

Theorem 1. For the interpolation error of a function f 2 H 2
0;mix in the sparse grid

space V s
0;n holds

jjf � f s
n jj2 D O.h2

n log.h�1
n /d�1/: (18)
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Proof. Using Lemmas 4 and 5 we get

jjf � f s
n jj2 �

X

jl j1>nCd�1

kfl k2 � 3�d � 2�2jlj1 � jf jH 2
mix

� 3�d � 2�2�n � jf jH 2
mix

�
�

nd�1

.d � 1/Š
C O.nd�2/

�
;

which gives the desired relation.

Note that corresponding results hold in the maximum-norm as well:

jjf � f s
n jj1 D O �

h2
n log.h�1

n /d�1
�

for f 2 H 2
0;mix and that for the energy norm one achieves O.hn/, here the order is

the same as in the full grid case [8].
We see that the approximation properties in the L2-norm for functions from

H 2
0;mix when using sparse grids are somewhat worse in comparison to full grids,

which achieve O.h2
n/. But this is offset by the much smaller number of grid points

needed, as we will see when we now look at the size of the sparse grid space.

Lemma 6. The dimension of the sparse grid space VV s
0;n, i.e. the number of inner

grid points, is given by

ˇ̌
ˇ VV s

0;n

ˇ̌
ˇ D O �

h�1
n � log.h�1

n /d�1
�

(19)

Proof. We again follow [8] and use in the first part the definition (16) and the size
of a hierarchical subspace jWl j D 2jl�1j1 . The following steps use similar arguments
as in the preceding Lemma 5.

ˇ̌
ˇ VV s

0;n

ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ̌

M

jlj1�nCd�1

Wl

ˇ̌
ˇ̌
ˇ̌ D

X

jlj1�nCd�1

2jl�1j1 D
nCd�1X

iDd

2i�d �
X

jl j1Di

1

D
nCd�1X

iDd

2i�d �
 

i � 1

d � 1

!
D

n�1X

iD0

2i �
 

i C d � 1

d � 1

!
:

We now represent the summand as the .d � 1/-derivative of a function evaluated at
x D 2

n�1X

iD0

xi �
 

i C d � 1

d � 1

!

D 1

.d � 1/Š

n�1X

iD0

�
xiCd�1

�.d�1/ D 1

.d � 1/Š

�
xd�1 � 1 � xn

1 � x

�.d�1/
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D 1

.d � 1/Š

d�1X

kD0

 
d � 1

k

!
� �xd�1 � xnCd�1

�.k/ �
�

1

1 � x

�.d�1�k/

D
d�1X

kD0

 
d � 1

k

!
� .d � 1/Š

.d � 1 � k/Š
� xd�1�k � .d � 1 � k/Š

.d � 1/Š
�
�

1

1 � x

�d�1�kC1

�
d�1X

kD0

 
d � 1

k

!
� .n C d � 1/Š

.n C d � 1 � k/Š
� xnCd�1�k � .d � 1 � k/Š

.d � 1/Š
�
�

1

1 � x

�d�1�kC1

D
d�1X

kD0

 
d � 1

k

!
�
	 x

1 � x


d�1�k � 1

1 � x

� xn �
d�1X

kD0

 
n C d � 1

k

!
�
	 x

1 � x


d�1�k � 1

1 � x
:

We observe that the first sum is constant in n and therefore not relevant for the order,
but note that for x D 2 that sum falls down to .�1/d anyway and get

.�1/d C 2n �
d�1X

kD0

 
n C d � 1

k

!
� .�2/d�1�k:

The summand for k D d � 1 is again the largest one and it holds

2n � .n C d � 1/Š

.d � 1/ŠnŠ
D 2n �

�
nd�1

.d � 1/Š
C O.nd�2/

�

which gives a total order of O.2n � nd�1/ or in other notation, with hn D 2�n, of
O.h�1

n � log.h�1
n /d�1/.

This is far less than the size of the corresponding full grid space j VVnj D
O.h�d

n / D O.2d �n/ and allows the treatment of higher dimensional problems
while still achieving good accuracy.

Note that a practical realisation of sparse grids involves suitable data structures
and special algorithms, e.g. for efficient matrix-vector multiplications in Galerkin
methods for the numerical solution of partial differential equations. Further details
and references can be found for example in [14, 34, 44].3 Also note that sparse grid
functions do not possess some properties which full grid functions have, e.g. a sparse
grid function need not be monotone [32, 34].

3Note that for the purpose of interpolation a sparse grid toolbox for Matlab is available at http://
www.ians.uni-stuttgart.de/spinterp/.
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The sparse grid structure introduced so far defines an a priori selection of
grid points that is optimal if certain smoothness conditions are met, i.e. if the
function has bounded second mixed derivatives, and no further knowledge of the
function is known or used. If the aim is to approximate functions which do not
fulfil this smoothness condition, or to represent functions that show significantly
differing characteristics, e.g. very steep regions beyond flat ones, spatially adaptive
refinement may be used as well. Depending on the characteristics of the problem
and function at hand adaptive refinement strategies decide which points, and
corresponding basis functions, should be incrementally added to the sparse grid
representation to increase the accuracy.

In the sparse grid setting, usually an error indicator coming directly from
the hierarchical basis is employed [14, 23, 34, 35]: depending on the size of the
hierarchical surplus ˛l;j it is decided whether a basis function should be marked for
further improvement or not. This is based on two observations: First, the hierarchical
surplus gives the absolute change in the discrete representation at point xl;j due to
the addition of the corresponding basis function 'l;j , it measures its contribution
in a given sparse grid representation (15) in the maximum-norm. And second, a
hierarchical surplus represents discrete second derivatives according to (12) and
hence can be interpreted as a measure of the smoothness of the considered function
at point xl;j . Further details on spatially adaptive sparse grids, their realisation and
the state of the art can be found in [14, 34, 35].

2.4 Hierarchy Using Constant Functions

An alternative hierarchical representation of a function in Vn is based on a slightly
different hierarchy, which starts at level �1 with the constant. To be precise, we
define the one-dimensional basis functionse'l;j .x/ by

e'�1;0 WD 1;

e'0;0 WD '0;1;

e'l;j WD 'l;j for l � 1;

with 'l;j defined as in (4). Obviously it holds '0;0 De'�1;0�e'0;0. The d -dimensional
basis functions are constructed as a tensor product as before

e'l;j .x/ WD
dY

tD1

e'lt ;jt .xt /: (20)
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W0,0 W1,0 W2,0 W3,0

W3,1W2,1W1,1W0,1

W0,2 W1,2 W2,2 W3,2

W2,3W1,3W0,3W–1,3

W–1,2

W–1,1

W–1,0

W–1,–1 W0,–1 W1,–1 W2,–1 W3,–1

W3,3

Fig. 6 Supports of the basis functions of the hierarchical subspaces Wl and eW l of the space V3.
The sparse grid space V s

3 contains the upper triangle of spaces shown in black, the space eV s
3

includes also eW 4;�1 and eW �1;4, which are not shown

We introduce index setseBl analogue to (6)

eBl WD
(

j 2 �d

ˇ̌
ˇ̌
ˇ
jt D 1; : : : ; 2lt � 1; jt odd; t D 1; : : : ; d; if lt > 0;

jt D 0; t D 1; : : : ; d; if lt 2 f0; �1g

)
:

Now we can define slightly modified hierarchical difference spaces eW l analogue to
(7) by

eW l D spanfe'l;j ; j 2 eBlg; (21)

see Fig. 6.
It is easy to see that eW l D Wl holds for l � 0: We now can define a full grid

space eV n by using the newly defined modified hierarchical subspaces
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eV n WD
nM

l1D�1

� � �
nM

ld D�1

eW l D
M

jl j1�n

eW l: (22)

Again it holds eV n D Vn for n � 0:

A corresponding definition of a sparse grid space eV s
n using

eV s
n WD

M

jlj1�n

eW l (23)

on the other hand does not give the original sparse grid space V s
n . But if we exclude

a few spaces it holds

V s
n D eV s

n n
M

jl j1Dn and
9lt D�1

eW l for n � 0; (24)

see Fig. 6.
As before, every f 2 eV s

n can now be represented, analogue to (15), as

f .x/ D
X

jlj1�n

X

j 2eBl

˛l;j 'l;j .x/ D
X

jl j1�n

fl .x/ with fl 2 eW l : (25)

The key observation is now that the partial functions fl with 9lt D �1 are lower-
dimensional functions: they are constant in those dimensions t where lt D �1; fl

possesses no degree of freedom in these dimensions. Such a function representation
for f .x/ can therefore be formally written in the ANalysis Of VAriance (ANOVA)
form, which is well known from statistics,

f .x/ D f�1 C
X

jlj1�n and
jflt jlt D�1gjDd�1

fl C � � � C
X

jl j1�n and
jflt jlt D�1gjD1

fl C
X

jlj1�n and
jflt jlt D�1gjD0

fl ; (26)

with fl 2 eW l . The ANOVA order, the number of relevant non-constant dimensions,
of the component functions fl grows from 0 on the left to d on the right.

At this stage this is just a formal play with the representation, but it becomes quite
relevant when one can build such a representation for a given function in an adaptive
fashion, i.e. one chooses which component functions up to which ANOVA order are
used for a reasonable approximation of some f . If the ANOVA order can be limited
to q with q � d , the complexity estimates do not depend on the dimension d but on
the ANOVA order q, allowing the treatment of even higher dimensional problems. An
ANOVA-based dimension adaptive refinement algorithm in the hierarchical sparse
grid basis is presented and evaluated in [14].
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3 Sparse Grid Combination Technique

The so-called combination technique [25], which is based on multi-variate extrap-
olation [10], is another method to achieve a function representation on a sparse
grid. The function is discretized on a certain sequence of grids using a nodal
discretization. A linear combination of these partial functions then gives the sparse
grid representation. This approach can have numerical advantages over working
directly in the hierarchical basis, where e.g. the stiffness matrix is not sparse
and efficient computations of the matrix-vector-product are challenging in the
implementation [1, 3, 6, 14, 34, 44]. There are close connections of the combination
technique to boolean [11, 12] and discrete blending methods [4], as well as the
splitting extrapolation-method [31].

In particular, we discretize a function f on a certain sequence of anisotropic grids
˝l D ˝l1;:::;ld with uniform mesh sizes ht D 2�lt in the t-th coordinate direction.
These grids possess in general different mesh sizes for the different coordinate
directions. To be precise, we consider all grids ˝l with

jl j1 WD l1 C : : : C ld D n � q; q D 0; ::; d � 1; lt � 0: (27)

The grids employed by the combination technique of level 4 in two dimensions are
shown in Fig. 7.

Note that in the original [25] and other papers, a slightly different definition was
used:

jl j1 WD l1 C : : : C ld D n C .d � 1/ � q; q D 0; ::; d � 1; lt > 0:

This is again in view of situations where no degrees of freedom are needed on
the boundary, e.g. for Dirichlet boundary conditions, see (16) and the remarks
afterwards.

A finite element approach with piecewise d -linear functions 'l;j .x/ on each grid
˝l now gives the representation in the nodal basis

fl.x/ D
2l1X

j1D0

: : :

2ldX

jd D0

˛l;j 'l;j .x/:

Finally, we linearly combine the discrete partial functions fl.x/ from the different
grids ˝l according to the combination formula

f c
n .x/ WD

d�1X

qD0

.�1/q

 
d � 1

q

!
X

jl j1Dn�q

fl .x/: (28)

The resulting function f c
n lives in the sparse grid space V s

n , where the combined
interpolant is identical with the hierarchical sparse grid interpolant f s

n [25]. This
can be seen by rewriting each fl in their hierarchical representation (10) and some
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Fig. 7 Combination technique with level n D 4 in two dimensions

straightforward calculation using the telescope sum property, i.e. the hierarchical
functions get added and subtracted.

Lemma 7. For a given function f the interpolant f c
n using the combination

technique (28) is the hierarchical sparse grid interpolant f s
n from (15).

Proof. We write it exemplary in the two dimensional case, using Ofl1Cl2 2 Wl1;l2

instead of all the basis functions of Wl1;l2 for ease of presentation:

f c
n D

X

l1Cl2Dn

fl1;l2 �
X

l1Cl2Dn�1

fl1;l2

D
X

l1�n

X

k1�l1

X

k2�n�l1

Ofk1;k2 �
X

l1�n�1

X

k1�l1

X

k2�n�l1�1

Ofk1;k2

D
X

k1�l1Dn

X

k2D0

Ofk1;k2 C
X

l1�n�1

X

k1�l1

0

@
X

k2�n�l1

Ofk1;k2 �
X

k2�n�l1�1

Ofk1;k2

1

A

D
X

k1�l1Dn

X

k2Dn�l1

Ofk1;k2 C
X

l1�n�1

X

k1�l1

X

k2Dn�l1

Ofk1;k2

D
X

l1�n

X

k2Dn�l1

X

k1�n�k2

Ofk1;k2

D
X

k2�n

X

k1�n�k2

Ofk1;k2 D
X

k1Ck2�n

Ofk1;k2

This last expression is exactly (15).
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Alternatively, one can view the combination technique as an approximation of a
projection into the underlying sparse grid space. The combination technique is then
an exact projection into the sparse grid space if and only if the partial projections
commute, i.e. the commutator ŒPV1 ; PV2 � WD PV1PV2 � PV2 PV1 is zero for all pairs
of involved grids [27].

Note that the solution obtained with the combination technique f c
n for the

numerical treatment of partial differential equations, i.e. when the solutions on the
partial grids are combined according to the combination formula (28), is in general
not the sparse grid solution f s

n . However, the approximation property is of the same
order as long as a certain series expansion of the error exists [25]. Its existence was
shown for model-problems in [9].

Lemma 8. Assume that the exact solution f is sufficiently smooth and that the
pointwise error expansion

f � fl D
dX

iD1

X

j1;:::;jm�1;:::;d

cj1;:::;jm.hj1; : : : ; hjm/ � h
p
j1

� : : : � h
p
jm

; (29)

with bounded cj1;:::;jm.hj1 ; : : : ; hjm/ � �, holds for l � n. Then

jf � f c
n j D O �

h2
n � log.hd�1

n /
�

: (30)

Proof. Let us again consider the two dimensional case and consider the pointwise
error of the combined solution f � f c

n following [25]. We have

f � f c
n D f �

X

l1Cl2Dn

fl1;l2 C
X

l1Cl2Dn�1

fl1;l2

D
X

l1Cl2Dn

.f � fl1;l2 / �
X

l1Cl2Dn�1

.f � fl1;l2 / :

Plugging in the error expansion (29) leads to

f � f c
n D

X

l1Cl2Dn

�
c1.hl1/ � h2

l1
C c2.hl2/ � h2

l2
C c1;2.hl1 ; hl2/ � h2

l1
h2

l2

�

�
X

l1Cl2Dn�1

�
c1.hl1/ � h2

l1
C c2.hl2/ � h2

l2
C c1;2.hl1 ; hl2/ � h2

l1
h2

l2

�

D
0

@c1.hn/ C c2.hn/ C
X

l1Cl2Dn

c1;2.hl1 ; hl2 /

� 4
X

l1Cl2Dn�1

c1;2.hl1 ; hl2/

1

A � h2
n:
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And using ci � � we get the estimate (30)

jf � f c
n j � 2� � h2

n C
ˇ̌
ˇ̌
ˇ̌
X

l1Cl2Dn

c1;2.hl1 ; hl2/ � 4
X

l1Cl2Dn�1

c1;2.hl1 ; hl2/

ˇ̌
ˇ̌
ˇ̌ � h2

n

� 2� � h2
n C

X

l1Cl2Dn

jc1;2.hl1 ; hl2/j � h2
n C 4

X

l1Cl2Dn�1

jc1;2.hl1 ; hl2/j � h2
n

� 2� � h2
n C � � nh2

n C 4�.n � 1/h2
n

D � � h2
n.5n � 2/ D � � h2

n.5 log.h�1
n / � 2/

D O �
h2

n � log.h�1
n /
�

:

Observe that cancellation occurs for hli with li ¤ n and the accumulated h2
l1

h2
l2

-terms result in the log.h�1
n /-term. The approximation order O.h2

n � log.h�1
n // is

just as in Theorem 1. See [25, 33, 36] for results in higher dimensions.

Similar to (26) one can consider an ANOVA representation in the form of a
combination technique, which in general terms is a function representation for f .x/

of the type

f .x/ D
X

fj1;:::;jqg�f1;:::;dg
cj1;:::;jq fj1;:::;jq .xj1 ; : : : ; xjq /; (31)

where each fj1;:::;jq .xj1 ; : : : ; xjq / depends only on a subset of size q of the
dimensions and may have different refinement levels for each dimension. Again, one
especially assumes here that q � d , so that the computational complexity depends
on the so-called superposition (or effective) dimension q. The hierarchy here again
starts with a level �1 of constant functions and we note again that if one builds the
tensor product between a constant in one dimension and a .d � 1/-linear function
the resulting d -dimensional function is still .d � 1/-linear, one gains no additional
degrees of freedom. But formally introducing a level �1, and using this as coarsest
level, will allow us to write a combined function in the ANOVA-style (31), in other
words each partial function might only depend on a subset of all dimensions. The
size of each grid ˝l is now of order O.2q.jl j1 C .d � q//, where q D #fli jli � 0g.

An advantage of such a viewpoint arises if one can select which grids to employ
and does not use the grid sequence (27). In such a so-called dimension adaptive
procedure one considers an index set I which only needs to fulfil the following
admissibility condition [21, 26]

k 2 I and j � k ) j 2 I; (32)

in other words an index k can only belong to the index set I if all smaller grids j

belong to it. The combination coefficients for a dimension adaptive combination
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technique, which are related to the “inclusion/exclusion” principle from
combinatorics, depend only on the index set [20, 26, 27]:

f c
I .x/ WD

X

k2I

0

@
1X

zD0

.�1/jzj1 � �I.k C z/

1

Afk.x/ (33)

where �I is the characteristic function of I defined by

�I.k/ WD
(

1 if k 2 I;

0 otherwise:

Further details on dimension adaptive algorithms and suitable refinement strate-
gies for the sparse combination technique can be found in [17, 19, 21].

3.1 Optimised Combination Technique

As mentioned, the combination technique only gives the same order if the above
error expansion exists. In some cases even divergence of the combination technique
can be observed [15, 16, 27]. But an optimised combination technique [27] can be
used instead to achieve good approximations with a combination technique and
especially to avoid the potential divergence. Here the combination coefficients are
not fixed, but depend on the underlying problem and the function to be represented.
Optimised combination coefficients are in particular relevant for dimension adaptive
approaches [17, 19].

For ease of presentation we assume a suitable numbering of the involved
spaces from (28) for now. To compute the optimal combination coefficients ci one
minimises the functional

J.c1; : : : ; cm/ D
�����P s

n f �
mX

iD1

ci Pi f

�����

2

;

where one uses a suitable scalar product and a corresponding orthogonal projection
P stemming from the problem under consideration. By P s

n f we denote the
projection into the sparse grid space V s

n , by Pif the projection into one of the spaces
from (28).

By simple expansion one gets

J.c1; : : : ; cm/ D
mX

i;j D1

ci cj hPif; Pjf i � 2

mX

iD1

ci kPif k2 C kP s
n f k2:
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While this functional depends on the unknown quantity P s
n f , the location of

the minimum of J does not. By differentiating with respect to the combination
coefficients ci and setting each of these derivatives to zero we see that minimising
this expression corresponds to finding ci which have to satisfy

2
6664

kP1f k2 � � � hP1f; Pmf i
hP2f; P1f i � � � hP2f; Pmf i

:::
: : :

:::

hPmf; P1f i � � � kPmf k2

3
7775

2
6664

c1

c2

:::

cm

3
7775D

2
6664

kP1f k2

kP2f k2

:::

kPmf k2

3
7775 :

The solution of this small system creates little overhead. However, in general to
compute the scalar product hPi f; Pj f i of the two projections into the discrete
spaces Vi and Vj one needs to embed both spaces into the joint space Vk , with
kt D max.it ; jt /, into which the partial solutions Pl f D fl ; l D i ; j have to be
interpolated. One easily observes that Vk is of size O.h�2

n / in the worst case, as
opposed to O.h�1

n / for the Vl ; l D i ; j ; an increase in computational complexity
thus results, but does not depend on d . In specific situations the computational
complexity can be smaller though [16].

Using these optimal coefficients ci the combination formula for a sparse grid of
level n is now just

f c
n .x/ WD

d�1X

qD0

X

jl j1Dn�q

cl fl .x/: (34)

Finally note that one also can interpret the optimised combination technique as
a Galerkin formulation which uses the partial solutions as ansatz functions. That
way one can formulate an optimised combination technique for problems where the
projection arguments do not hold and are replaced by Galerkin conditions, which
for example is the case for eigenvalue problems [18].
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Abstract We present a machine learning approach using the sparse grid combi-
nation technique for the forecasting of intraday foreign exchange (FX) rates. The
aim is to learn the impact of trading rules used by technical analysts just from
the empirical behaviour of the market. To this end, the problem of analyzing
a time series of transaction tick data is transformed by delay embedding into
a D-dimensional regression problem using derived measurements from several
different exchange rates. Then, a grid-based approach is used to discretize the
resulting high-dimensional feature space. To cope with the curse of dimensionality
we employ sparse grids in the form of the combination technique. Here, the problem
is discretized and solved for a collection of conventional grids. The sparse grid
solution is then obtained by linear combination of the solutions on these grids. We
give the results of this approach to FX forecasting using real historical exchange data
of the Euro, the US dollar, the Japanese Yen, the Swiss Franc and the British Pound
from 2001 to 2005.
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1 Introduction

After the breakdown of the Bretton Woods system of fixed exchange rates in 1973,
the forecasting of exchange rates became more and more important. Nowadays the
amounts traded in the foreign exchange market are over three trillion US dollars
every day. With the emergence of the Euro in 1999 as a second world currency
which rivals the US dollar [29], the forecasting of FX rates got more necessary
but also more complicated. Besides incorporating basic economic and financial
news, reports by market analysts, and opinions expressed in financial journals, many
investors and traders employ in their decision process (besides their guts feelings)
technical tools to analyze the transaction data. These data consist of huge amounts
of quoted exchange rates, where each new transaction generates a so-called tick,
often many within a second.

Several academic studies have evaluated the profitability of trading strategies
based on daily or weekly data. However, such investigations of trading in the
foreign exchange market have not been consistent with the practice of technical
analysis [24, 27]. Technical traders transact at a high frequency and aim to finish
the trading day with a net open position of zero. In surveys of participants in the
foreign exchange market, 90 % of respondents use technical analysis in intraday
trading [25,32], whereas 25–30 % of all traders base most of their trades on technical
signals [4]. Evidence was presented in [28] that so-called support and resistance
levels, i.e. points at which an exchange rate trend is likely to be suspended or
reversed, indeed help to predict intraday trend interruptions. On the other hand,
the authors of [5] examined filter rules supplied by technical analysts and did not
find evidence for profit. Nevertheless, the existence of profit-making rules might be
explained from a statistical perspective by the more complex, nonlinear dynamics
of foreign exchange rates as observed in [18]. In [6] two computational learning
strategies, reinforcement learning and genetic programming, were compared to two
simpler methods, a Markov decision problem and a simple heuristic. These methods
were able to generate profits in intraday trading when transaction costs were zero,
although none produced significant profits for realistic values. In [27], with the
use of a genetic program and an optimized linear forecasting model with realistic
transaction costs, no evidence of excess returns was found, but some remarkable
stable patterns in the data were nevertheless discovered. In [37] multiple foreign
exchange rates were used simultaneously in connection with neural networks.
There, better performance was observed using multiple exchange rates than in a
separate analysis of each single exchange rate.

In this paper we tackle the problem of forecasting intraday exchange rates by
transforming it into a machine learning regression problem [9, 12, 15]. The idea
behind this approach is that the market will behave similarly in similar situations due
to the use of technical analysis by many market participants. In particular the trading
rules employed by traders result in a behaviour of the time series which does not
follow a pure Markovian process. The machine learning algorithm now attempts to
learn the impact of the trading rules just from the empirical behaviour of the market.
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To this end, the time series of transaction tick data is cast into a number of data
points in a D-dimensional feature space together with a label. The label represents
the difference between the exchange rates of the current time and a fixed time step
into the future. Therefore one obtains a regression problem. Here, the D features are
derived from a delay embedding of the data [26,31]. For example, approximations of
first or second derivatives at each time step of the exchange rate under consideration
can be used. Furthermore, we investigate especially the additional use of tick data
from further exchange rates to improve the quality of the prediction of one exchange
rate. Note that although the technical elements are present in this domain, the foreign
exchange market is still one of the most challenging forecasting domains.

Delay embedding is a powerful tool to analyze dynamical systems. Taken’s
theorem [31] gives the conditions under which a chaotic dynamical system can
be reconstructed from a sequence of observations. In essence, it states that if
the state space of the dynamical system is a k-dimensional manifold, then it can
be embedded in .2k C 1/-dimensional Euclidean space using the 2k C 1 delay
values f .t/; f .t � �/; f .t � 2�/; : : : ; f .t � 2k�/. Here, heuristic computational
methods, such as the Grassberger-Procaccia algorithm [16] can be used to estimate
the embedding dimension k.

In this work we apply our recent approach for data mining problems [11,12]. It is
based on the regularization network formulation [15] and uses a grid, independent
of the data positions, with associated local ansatz functions to discretize the feature
space. This is similar to the numerical treatment of partial differential equations
with finite elements. To avoid the curse of dimensionality, at least to some extent,
a so-called sparse grid [3, 36] is used in the form of the combination technique
[17]. The approach is based on a hierarchical subspace splitting and a sparse tensor
product decomposition of the underlying function space. To this end, the regularized
regression problem is discretized and solved on a certain sequence of conventional
grids. The sparse grid solution is then obtained by a linear combination of the
solutions from the different grids. It turns out that this method scales only linearly
with the number of data points to be treated [12]. Thus, this approach is well suited
for machine learning applications where the dimension D of the feature space is
moderately high, but the amount of data is very large, which is the case in FX

forecasting. This is in contrast to support vector machines and related kernel based
techniques whose cost scale quadratically or even cubically with the number of data
points (but allow to deal with very high-dimensional feature spaces). We show in
this article that sparse grid regression can indeed be a useful tool for intraday foreign
exchange rate forecasting using real transaction tick data and we present realizable
and practical trading strategies. Thereby, we achieve prediction accuracies of almost
60 %, profits of up to 25 % of the maximum attainable profit and we measure average
revenues per transaction larger than typical transaction costs.

The remainder of this article is organized as follows: In Sect. 2 we describe how
we transform the problem of forecasting a foreign exchange rate into a data mining
problem via delay embedding and discuss the resulting regularized regression
problem. Section 3 gives the basics of the sparse grid combination technique, our
employed numerical algorithm. Then, in Sect. 4, we give the results for our new
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approach using real historical exchange data of the Euro, the US dollar, the Japanese
Yen, the Swiss Franc and the British Pound from the years 2001 to 2005 and
compare its performance to a conventional strategy [2]. Here, we also comment
on tradeable strategies and transaction costs. Finally, Sect. 5 gives some concluding
remarks.

2 Exchange Rate Forecasting as a Data Mining Problem

We show how the historical intraday exchange rate data are given and discuss how
we can convert the FX forecast problem into a regularized least squares regression
problem in a high-dimensional space by delay embedding.

2.1 Input Data

Foreign exchange rate tick data consist of the bid and ask quotes of market
participants recorded by electronic transaction systems. Note that the tick data
are not the real transaction prices for this market, but only the quotes at which
market participants want to trade. This results in a small uncertainty in the data.
Nevertheless, exchange rate data is presented in this form by most financial news
agencies such as Reuters or Bloomberg, e.g. Such historical data are collected and
sold by these agencies and other data vendors. For example, the database of Olsen
Data has recorded in the year 2002 more than five million ticks for the EUR/USD

exchange rate—the most heavily traded currency pair—which gives about 20,000
ticks per business day. The bid and ask prices are typically converted to midpoint
prices: 1

2
(bid price + ask price). Note that the spread, that is the difference between

bid and ask prices, has to be included in the analysis of the performance at some
point in order to assess the expected trading efficiency of a forecasting tool.

In the following we assume that for each tick we have the date, time and one
exchange rate value, the midpoint. The raw data of each considered currency pair
therefore looks like

09.06.2002 09:18:54 0.95595
09.06.2002 09:18:55 0.95615
09.06.2002 09:18:58 0.95585
09.06.2002 09:18:59 0.95605
09.06.2002 09:19:11 0.95689.

Now the raw tick data are interpolated to equidistant points in time with a fixed
distance of � . Data from the future cannot be used, therefore the value at the latest
raw tick is employed as the exchange rate at these points, i.e. piecewise constant
upwind interpolation is applied. If the latest raw tick is more than � in the past,
which means it is the one used for the interpolated tick at the position before, the
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exchange rate is set to nodata. Furthermore, for all currency pairs the same positions
in time are taken. Some data providers already offer such mapped data in addition
to the raw data. This way, given J data points from R currency pairs, the input data
for exchange rate forecasting has the form

ftj ; fr .tj /g for j D 1; : : : ; J and r D 1; : : : ; R:

Here, tj denotes the j -th point in time, fr denotes the exchange rate of the r-th
currency pair and tj C1 D tj C � . Note here that, for reasons of simplicity, we
furthermore assume that the nominal differences between the interest rates for the
currencies are constant and therefore do not need to be taken into account.

2.2 Delay Embedding into a Feature Space

Based on these interpolated historical input data consisting of J � R data points we
now want to predict the value or trend of the exchange rate of the first currency
pair f1. Given a point in time tj we want to forecast the trend for f1 at some time
tj C Ok� in the future, where Ok denotes the number of ticks considered. To this end,
we convert the given series of transaction information through to time tj into data
in a D-dimensional feature space, also called attribute space, which is supposed to
describe the market situation at time tj . The D-dimensional vector in feature space,
where D will be made precise in the following, is put together by delay embedding
the given tick data (see, for example, [7, 21, 23]). For each exchange rate fr we
consider a fixed number K of delayed values

fr.tj /; fr .tj � �/; fr .tj � 2�/; : : : ; fr .tj � .K � 1/�/;

where K defines our time horizon Œtj �.K �1/�; tj � backward in time. The resulting
R �K delayed values could be directly used to give the D-dimensional feature space
with f1.t/ being the first coordinate, f1.t � �/ the second, and so on up to fR.t �
.K � 1/�/ being the .R � K/-th coordinate.

Note that this is not the only way of delay embedding the data for time tj . Instead
of directly employing the exchange rates, (discrete) first derivatives f 0

r;k.tj / WD
.fr .tj /�fr .tj �k�/ /=k� with k D 1; : : : ; K �1 can be used in our backward time
horizon yielding K�1 coordinates for each exchange rate and R.K�1/ coordinates
in total. Normalized first derivatives

Qf 0
r;k.tj / WD fr .tj / � fr.tj � k�/

k�fr .tj � k�/

can be considered as well, this takes the assumption into account that trading
strategies look for relative changes in the market and not absolute ones. Alterna-
tively, a combination of exchange rates, first derivatives, higher order derivatives
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or statistically derived values such as variances or frequencies can be employed
as attributes. Note that the actual use of a given feature at all time positions of our
backward time horizon of size K , e.g. all K values of the exchange rates or all K �1

values of the first derivative, is usually not necessary. A suitable selection from the
possible time positions of a given attribute in the time horizon Œtj � .K � 1/�; tj �,
or even only one, can be enough in many situations.

In any case, the number of features obtained by the delay embedding can easily
grow large. Therefore, the number K of delay values, that is the size of our backward
time horizon, and the total number of derived attributes D have to be chosen
properly from the large number of possible embedding strategies. A good choice of
such derived attributes and their parameters is non-trivial and has to be determined
by careful experiments and suitable assumptions on the behaviour of the market.

In general, the transformation into feature space, i.e. the space of the embedding,
for a given point in time tj is an operator T W �R�K ! �

D

x.tj / D T
�
f1.tj /; : : : ; f1.tj � .K � 1/�/; f2.tj /; : : : ;

: : : ; f2.tj � .K � 1/�/; : : : ; fR.tj /; : : : ; fR.tj � .K � 1/�//

with the feature vector x.tj / D .x1; : : : ; xD/ 2 �
D, where the single features

xd ; d D 1; : : : ; D; are any of the derived values mentioned.
As the response variable in the machine learning process we employ the

normalized difference between the exchange rate f1 at the current time tj and at
some time tj C Ok� in the future, i.e.

y.tj / D f1.tj C Ok�/ � f1.tj /

f1.tj /
:

This will give a regression problem later on. If one is only interested in the trend, the
sign of y.tj / can be used as the response variable which will result in a classification
problem.

This transformation of the transaction data into a D-dimensional feature vector
can be applied at J � .K � 1/ � Ok different time points tj over the whole data
series, since at the beginning and end of the given time series data one has to allow
for the time frame of the delay embedding and prediction, respectively. Altogether,
the application of such an embedding transformation and the evaluation of the
associated forecast values over the whole time series results in a data set of the
form

S D f.xm; ym/ 2 �D ��gJ �.K�1/� Ok
mD1 ; (1)

with xm D x.tmCK�1/ and ym D y.tmCK�1/.
This dataset can now be used by any machine learning algorithm, such as neural

networks, multivariate adaptive regression splines or support vector machines, to
construct a function u W ˝ � �

D ! � which describes the relationship between
the features x, i.e. the market situation, and the response y, i.e. the trend. This
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relationship can then be evaluated at a future time t by using the same operator
T to transform its corresponding transaction data into a D-dimensional feature
vector x which describes this new market situation. Since we assume that the
market behaves similarly in similar situations, the evaluation of the reconstructed
continuous function u in such a new market situation x is supposed to yield a good
prediction u.x/.

2.3 Regularized Least Squares Regression

In the following we formulate the scattered data approximation problem in
D-dimensional space by means of a regularization network approach [8, 15]. As
stated above, we assume that the relation between x and y in the data set (1) can be
described by an unknown function u W ˝ � �D ! � which belongs to some space
V of functions defined over�D . The aim is now to recover the function u from the
given data S , of some size M , with e.g. M WD J � .K �1/� Ok, as good as possible.
A simple least squares fit of the data would surely result in an ill-posed problem.
To obtain a well-posed, uniquely solvable problem, we use regularization theory
and impose additional smoothness constraints on the solution of the approximation
problem. In our approach this results in the variational problem

min
u2V

R.u/

with

R.u/ D 1

M

MX

mD1

.u.xm/ � ym/2 C �kGuk2
L2

: (2)

Here, the mean squared error enforces closeness of u to the data, the regularization
term defined by the operator G enforces the smoothness of u, and the regularization
parameter � balances these two terms. Other error measurements can also be
suitable. Further details can be found in [8, 12, 33]. Note that there is a close
relation to reproducing kernel Hilbert spaces and kernel methods where a kernel
is associated to the regularization operator G, see also [30, 35].

3 Sparse Grid Discretization

In order to compute a numerical solution of (2), we restrict the problem to a finite
dimensional subspace VN � V of dimension dim VN D N . Common data mining
methods such as radial basis approaches or support vector machines work with
global ansatz functions associated to data points which leads to N D M . These
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methods allow to deal with very high-dimensional feature spaces, but typically scale
at least quadratically or even cubically with the number of data points and, thus,
cannot be applied to the huge data sets prevalent in foreign exchange rate prediction.
Instead, we use grid based local basis functions, i.e. finite elements, in the feature
space, similarly to the numerical treatment of partial differential equations. With
such a basis f'ngN

nD1 of the function space VN we can approximately represent the
regressor u as

uN .x/ D
NX

nD1

˛n'n.x/: (3)

Note that the restriction to a suitably chosen finite-dimensional subspace involves
some additional regularization (regularization by discretization [20]) which depends
on the choice of VN . In the following, we simply choose G D r as the smoothing
operator. Although this does not result in a well-posed problem in an infinite
dimensional function space its use is reasonable in the discrete function space
VN ; N < 1, see [12, 13].

Now we plug (3) into (2). After differentiation with respect to the coefficients
˛j , the necessary condition for a minimum of R.uN / gives the linear system of
equations [12]

.�C C B � BT /˛ D By: (4)

Here C is a square N � N matrix with entries Cn;n0 D M � .r'n; r'n0/L2 for
n; n0 D 1; : : : ; N , and B is a rectangular N � M matrix with entries Bn;m D
'n.xm/; m D 1; : : : ; M; n D 1; : : : ; N . The vector y contains the response labels
ym, m D 1; : : : ; M . The unknown vector ˛ contains the degrees of freedom ˛n and
has length N . A solution of this linear system then gives the vector ˛ which spans
the approximation uN .x/ with (3).

3.1 Sparse Grid Combination Technique

Up to now we have not yet been specific what finite-dimensional subspace VN and
what type of basis functions f'ngN

nD1 we want to choose. If uniform grids were
used here, we would immediately encounter the curse of dimensionality and could
not treat higher dimensional problems. Instead we employ sparse grid subspaces as
introduced in [3, 36] to discretize and solve the regularization problem (2), see also
[12]. This discretization approach is based on a sparse tensor product decomposition
of the underlying function space. In the following we describe the relevant basic
ideas, for details see [3, 9, 12, 36].

To be precise, we apply sparse grids in form of the combination technique [17].
There, we discretize and solve the problem on a suitable sequence of small and
in general anisotropic grids ˝l of level l D .l1; : : : ; lD/, which have different but
uniform mesh sizes hd D 2�ld ; d D 1; : : : ; D, in each coordinate direction. The
points of a given grid ˝l are numbered using the multi-index i D .i1; : : : ; iD/ with
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id 2 f0; : : : ; 2ld g for d D 1; : : : ; D. For ease of presentation, we assume the domain
˝ D Œ0; 1�D here and in the following, which can be always achieved by a proper
rescaling of the data.

A finite element approach with piecewise multilinear functions

�l;i .x/ WD
DY

dD1

�ld ;id .xd /; id D 0; : : : ; 2ld ; (5)

on each grid ˝l , where the one-dimensional basis functions �ld ;id .xd / are the so-
called hat functions

�ld ;id .xd / D
(
1 � j xd

hld

� id j; xd 2 Œ.id � 1/hld ; .id C 1/hld �

0; otherwise;

results in the discrete function space Vl WD spanf�l;i ; id D 0; : : : ; 2ld ; d D
1; : : : ; Dg on grid ˝l . A function ul 2 Vl is then represented as

ul .x/ D
2l1X

i1D0

: : :

2lDX

iDD0

˛l;i �l;i .x/:

Each multilinear function �l;i .x/ equals one at the grid point i and is zero at all
other points of grid ˝l . Its support, i.e. the domain where the function is non-zero,
is ˝D

dD1Œ.id � 1/hld ; .id C 1/hld �.
To obtain a solution in the sparse grid space V s

L of level L the combination
technique considers all grids ˝l with

l1 C : : : C lD D L C .D � 1/ � q; q D 0; : : : ; D � 1; lq > 0; (6)

see also Fig. 1 for an example in two dimensions. One gets an associated system of
linear equations (4) for each of the involved grids ˝l , which we currently solve by
a diagonally preconditioned conjugate gradient algorithm.

The combination technique [17] now linearly combines the resulting discrete
solutions ul .x/ from the grids ˝l according to the formula

uc
L.x/ WD

D�1X

qD0

.�1/q

 
D � 1

q

!
X

jl j1DLC.D�1/�q

ul .x/: (7)

The resulting function uc
L lives in the sparse grid space V s

L which has dimension
N D dim V s

L D O.h�1
L .log.h�1

L //D�1/, see [3]. It therefore depends on the
dimension D to a much smaller degree than a function on the corresponding uniform
grid ˝.L;:::;L/ whose number of degrees of freedom is O.h�D

L /. Note that for the
approximation of a function u by a sparse grid function uc

L 2 V s
L the error relation
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Fig. 1 Grids employed by the combination technique of level L D 4 in two dimensions

jju � uc
LjjL2 D O.h2

L log.h�1
L /D�1/

holds, provided that u fulfills certain smoothness requirements which involve
bounded second mixed derivatives [3]. The combination technique can be further
generalized [9, 19] to allow problem dependent coefficients.

Note that we never explicitly assemble the function uc
L but instead keep the

solutions ul which arise in the combination technique (6).
If we now want to evaluate the solution at a newly given data point Qx by

Qy WD uc
L. Qx/;

we just form the combination of the associated point values ul . Qx/ according to (7).
The cost of such an evaluation is of the order O.LD�1/.

4 Numerical Results

We now present results for the prediction of intraday foreign exchange rates with our
sparse grid combination technique. Our aim is to forecast the EUR/USD exchange
rate. First, we use just the EUR/USD exchange rate time series as input and employ
a delay embedding of this single time series. Here we compare the performance
with that of a traditional trading strategy using only EUR/USD information. We then
also take the other exchange rates into account and show the corresponding results.
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Table 1 Total and missing number of ticks, number of gaps, and maximum and average gap length
of the input data

Exchange rate Total ticks Missing ticks Number of gaps Max. gap length Avg. gap length

EUR/USD 701,280 168,952 6,403 879 26
USD/CHF 701,280 171,015 6,192 920 27
USD/JPY 701,280 184,264 4,144 911 44
GBP/USD 701,280 185,442 5,278 912 35

Furthermore, we present a strategy which involves trading on strong signals only
to cope with transaction costs. Based on that, we finally present a trading strategy
which in addition reduces the amount of invested capital. Moreover, we compare
these approaches and demonstrate their properties in numerical experiments.

4.1 Experimental Data

The data were obtained from Olsen Data, a commercial data provider. In the
following, we employ the exchange rates from 01.08.2001 to 28.07.2005 between
EUR/USD (denoted by e), GBP/USD .£/, USD/JPY (U) and USD/CHF (Fr.). To
represent a specific currency pairing we will use the above symbols instead of fr in
the following. For this data set the data provider mapped the recorded raw intraday
tick data by piecewise constant interpolation to values fr.tj / at equidistant points
in time which are � D 3 min apart. No data is generated if in the time interval
Œtj � �; tj � no raw tick is present. Due to this, the data set contains a multitude of
gaps, which can be large when only sparse trading takes place, for example over
weekends and holidays. The properties of this input data concerning these gaps is
shown in Table 1. Here, the total number of ticks in the time frame would be 701,280
for each currency pair, but between 168,000 and 186,000 ticks are missing due to
the above reasons. The number of gaps varies between about 4,000 and 6,000 while
the gap length varies between 1 and about 900 with an average of about 30. These
characteristics are similar for the four currency pairs.

Note that the trading volumes are not constant during the day. The main trading
starts each day in the East-Asian markets with Tokyo and Sydney as centers, then
the European market with London and Frankfurt dominates, while the main trading
activity takes place during the overlap of the European business hours and the later
starting American market with New York as the hub [18, 22].

For the following experiments with the sparse grid regression approach the
associated input data set S is obtained from the given tick data. Note that the
embedding operator T at a time tj depends on a certain number of delayed data
positions between tj � .K � 1/� and tj . Typically not all time positions in the
backward time horizon are employed for a given T . Nevertheless, the feature vector
at time tj can only be computed if the data at the positions necessary for T are
present, although small data gaps in between these required points are allowed.
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Note here that we employ the common practice of restricting the values of outliers
to a suitable chosen maximum value. Afterwards we linearly map the derived delay
embedded features into Œ0; 1�D .

In all our experiments we attempt to forecast the change in the EUR/USD

exchange rate. The aim of our regression approach is to predict the relative rate
difference y.tj / D .e.tj C Ok�/ � e.tj //=e.tj / at Ok steps into the future (future
step) in comparison to the current time. Such a forecast is often also called (trading)
signal.

For the experiments we separate the available data into training data (90 %) and
test data (10 %). This split is done on the time axis, otherwise a bias from the time
frame during which the prediction performance is evaluated might be introduced. On
the training data we perform three-fold cross-validation (again splitting in time) to
find good values for the level parameter L from (7) and the regularization parameter
� from (2) of our regression approach. To this end, the training data set is split into
three equal parts. Two parts are used in turn as the learning set and the quality of the
regressor (see the following section) is evaluated on the remaining part for varying
L and �. The pair of values of L and � which performs best in the average of all
three splittings is then taken as the optimum and is used for the forecast and final
evaluation on the 10 % remaining newest test data.

4.2 Quality Assessment

To judge the quality of the predictions by our sparse grid combination technique for
a given number M of data we use the so-called realized potential

rp WD cp=mcp

as the main measurement. Here cp is the cumulative profit

cp WD
MX

mD1

sign.uc
L.xm// � .f1.tm C Ok�/ � f1.tm//

f1.tm/
;

i.e. the sum of the actual gain or loss in the exchange rate realized by trading at the
M time steps according to the forecast of the method, while mcp is the maximum
possible cumulative profit

mcp WD
MX

mD1

jf1.tm C Ok�/ � f1.tm/j
f1.tm/

;

i.e. the gain when the exchange rate would have been predicted correctly for each
trade. For example M D J � .K � 1/ � Ok if we considered the whole training
data from Sect. 2.2. Note that these measurements also take the amplitude of the
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Fig. 2 Realized potential rp for the currency pair EUR/USD for all predictions (left) and for the
5 % ticks with the strongest predictions (right), L D 4 and � D 0:0001

potential gain or loss into account. According to practitioners, a forecasting tool
which achieves a realized potential rp of 20 % starts to become useful.

Furthermore, we give the prediction accuracy pa, often also called hit rate or
correctness rate,

pa WD #fuc
L.xm/ � .f1.tm C Ok�/ � f1.tm// > 0gM

mD1

#fuc
L.xm/ � .f1.tm C Ok�/ � f1.tm// 6D 0gM

mD1

which denotes the percentage of correctly predicted forecasts. Prediction accuracies
of more than 55 % are often reported as worthwhile results for investors [1, 34]. So
far, all these measurements do not yet directly take transaction costs into account.
We will address this aspect later in Sect. 4.5 in more detail.

4.3 Forecasting Using a Single Currency Pair

In a first set of experiments we aim to forecast the EUR/USD exchange rate from the
EUR/USD exchange data. We begin with using one feature, the normalized discrete
first derivative

Qe0
k D e.tj / � e.tj � k�/

k�e.tj � k�/
:

Here, back tick k is a parameter to be determined as is Ok, the time horizon for
the forecast into the future. The results of experiments for the prediction of the
EUR/USD exchange rate from the first derivative for several values of k and Ok are
shown in Fig. 2, where the performance is measured by the realized potential rp.
To evaluate the behaviour we consider all data and those data for which stronger
signals are predicted. For the latter we here consider for simplification the 5 % ticks
for which we obtain the strongest predictions, although in practise not a relative and
a posterior threshold, but an absolute and a priori would need to be considered. We
observe the best results, in particular taking the performance on the stronger signals
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Table 2 Three-fold cross-validation results for the forecast of EUR/USD at Ok D 15 ticks into the

future and the feature Qe0

9 for varying refinement level L and regularization parameter �

1 feature � D 0:0001 � D 0:001 � D 0:01 � D 0:1

Qe0

9 cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%

Level 2 1.89 1.72 50.7 2.10 1.91 50.6 2.40 2.18 50.6 2.40 2.18 50.6
Level 3 3.02 2.76 51.5 2.44 2.22 51.0 2.26 2.05 50.8 2.40 2.18 50.6
Level 4 3.37 3.07 51.9 3.08 2.81 51.6 2.33 2.12 51.0 2.40 2.18 50.6

Table 3 Three-fold cross-validation results for the forecast of EUR/USD at Ok D 15 ticks into the

future and the features Qe0

9 and Qe0

4 for varying refinement level L and regularization parameter �

2 features � D 0:0001 � D 0:001 � D 0:01 � D 0:1

Qe0

9; Qe0

4 cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%

Level 2 3.81 3.48 51.9 3.53 3.22 51.6 2.42 2.2 50.6 2.41 2.19 50.6
Level 3 4.69 4.29 52.6 4.57 4.17 52.4 3.56 3.25 51.8 2.25 2.05 50.8
Level 4 4.58 4.18 52.5 4.61 4.21 52.5 4.29 3.91 52.4 2.39 2.17 51.0

into account, for k D 9 and Ok D 15 which we will use from now on. Since we
consider a single currency pair we obtain just a one-dimensional problem here. The
combination technique then falls back to conventional discretization.

In Table 2 we give the results of the three-fold cross-validation on the training
data for several � and L. We observe the highest rp for � D 0:0001 and L D 4.
Using these parameters we now learn on all training data. The evaluation on
the remaining 10 % test data then results in cp D 0:741, rp D 2:29 %, and
pa D 51:5 % on 51,056 trades. Of course, such small values for rp and pa are far
from being practically relevant. Therefore we investigate in the following different
strategies to improve performance. We start by adding an additional feature.

To this end, we consider a two-dimensional regression problem where we take—
besides Qe0

9—the normalized first derivative Qe0
4 as the second attribute. We choose

the value k D 4 for the back tick since the combination with the first derivative Qe0
9

can be interpreted as an approximation to a normalized second derivative

Qe00
k D e.tj / � 2e.tj � k�/ C e.tj � 2k�/

.k�/2e.tj � k�/

with k D 4. The use of two first derivatives Qe0
9 and Qe0

4 captures more information
in the data than just the second derivative would.

The results from the three-fold cross-validation on the training data are shown
in Table 3. Again we pick the best parameters and thus use � D 0:0001 and
L D 3 for the prediction on the 10 % remaining test data. The additional attribute Qe0

4

results in a significant improvement of the performance: We achieve cp D 1:084,
rp D 3:36 %, and pa D 52:1 % on 50,862 trades, see also Table 4 for the
comparison with the former experiment using only one feature. In particular we
observe that rp grows by about 50 %. Furthermore, we observe that the profit is to
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Table 4 Forecast of the EUR/USD at Ok D 15 ticks into the future on the 10 % remaining test data
using first derivatives of the EUR/USD exchange rate

Features Data points L � Trades pa% cp mcp rp%

All ticks

1 feature Qe0

9 510,553 4 0.0001 51,056 51.5 0.741 32.37 2.29

2 features Qe0

9; Qe0

4 508,616 3 0.0001 50,862 52.1 1.084 32.28 3.36

Signal >1:0�4

1 feature Qe0

9 510,553 4 0.0001 460 56.7 0.070 0.650 10.8

2 features Qe0

9; Qe0

4 508,616 3 0.0001 916 58.6 0.291 1.206 24.2

a significant degree in the stronger signals. If we only take predictions into account
which indicate an absolute change1 larger than 1:0�4, we trade on 916 signals and
achieve cp D 0:291, rp D 24:2 % and pa D 58:6 %, see Table 4. Thus, trading on
1.8 % of the signals generates 26.8 % of the overall profit. In real life applications
the threshould in regard to the strong signals would be considered a parameter
as well, for simplifications we stick in the following to the value of 1:0�4. Note
again that a rp-value of more than 20 % and a pa-value of more than 55 % is often
considered practically relevant. Therefore trading on the stronger signals may result
in a profitable strategy. Nevertheless, the use of just two features is surely not yet
sufficient.

Before we add more features we need to put the performance of our approach
into context. To this end, we compare with results achieved by the moving average-
oscillator, a widely used technical trading rule [2]. Here buy and sell signals are
generated by two moving averages, a long-period average xl and a short-period
average xs . They are computed according to

xfs;lg.tj / D 1

wfs;lg

wfs;lg�1X

iD0

e.tj �i /;

where the length of the associated time intervals is denoted by wl and ws ,
respectively. To handle small gaps in the data, we allow up to 5 % of the tick
data to be missing in a time interval when computing an average, which we
scale accordingly in such a case. Furthermore we neglect data positions in our
experiments where no information at time tj , or tj C � Ok is present.

In its simplest form this strategy is expressed as buying (or selling) when the
short-period moving average rises above the long-period moving average by an
amount larger than a prescribed band-parameter b, i.e.

xs.tj / > b � xl .tj /

1Observe that a change of 1:0�4 in our target attribute is roughly the size of a pip (the smallest unit
of the quoted price) for EUR/USD.



96 J. Garcke et al.

Fig. 3 The prediction accuracy and the realized potential on the training data for the fixed-length
moving average trading strategy at Ok D 15 ticks into the future and varying lengths of the moving
averages

(or falls below it, i.e. xs.tj / < .2 � b/ � xl .tj /). This approach is called variable
length moving average. The band-parameter b regulates the trading frequency.

This conventional technical trading strategy is typically used for predictions
on much longer time frames and did not achieve any profitable results in our
experiments. Therefore we considered a different moving average strategy which
performed better. Here, a buy signal is generated as above at time tj when xs.tj / >

b � xl .tj /, but a trade only takes place if xs.tj �1/ � b � xl .tj �1/ holds as well. Such
a position is kept for a number Ok of time steps and is then closed. In the same way,
sell signals are only acted upon if both conditions (with reversed inequality sign) are
fulfilled. Here, several positions might be held at a given time. This rule is called
fixed-length moving average (FMA) and stresses that returns should be stable for a
certain time period following a crossover of the long- and short-period averages [2].

In Fig. 3 we give the results for EUR/USD of the fixed-length moving average
technical rule on the training data. Here, we vary the intervals for both the long-
period and the short-period average while using a fixed time horizon in the future of
Ok D 15. We use the prediction at 15 time steps into the future for two reasons: First
we want to be able to compare the results with that of our other experiments which
employ the same time horizon, and, second, this value turned out to be a very good
choice for the FMA trading rule. As the parameters which achieve the highest rp on
the training data we found ws D 20, wl D 216 and b D 1:000001.

With these values we obtain cp D 0:026, rp D 9:47 %, and pa D 47:4 % on the
remaining 10 % test data using a total of 414 trades. Although the rp with FMA is
higher in comparison to the results of our approach when trading on all signals in the
test data (compare with the first two rows of Table 4), much less trading takes place
here. This small amount of trading is the reason for the quite tiny cp for FMA which
is almost 40 times smaller. In addition the prediction accuracy for the signals where
trading takes place is actually below 50 %. But if we compare the results of FMA

with our approach which acts only on the stronger signals > 1:0�4 we outperform
the FMA strategy on all accounts (compare with the last two rows of Table 4).
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Table 5 Three-fold cross-validation results for the forecast of EUR/USD at Ok D 15 ticks into
the future and features derived from different exchange rates for varying refinement level L and

regularization parameter �. Results for just Qe0

9 are given in Table 2

2 features � D 0:0001 � D 0:001 � D 0:01 � D 0:1

Qe0

9; QFr.
0

9 cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%

Level 2 4.96 4.56 52.2 4.63 4.25 51.9 2.76 2.53 50.7 2.47 2.27 50.7
Level 3 4.98 4.58 52.3 4.76 4.38 52.2 3.40 3.12 51.2 2.47 2.27 50.7
Level 4 4.57 4.21 52.0 4.89 4.49 52.1 4.02 3.69 51.6 2.51 2.30 50.7

3 features � D 0:0001 � D 0:001 � D 0:01 � D 0:1

Qe0

9; QFr.
0

9; Q£0

9 cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%

Level 2 4.84 4.49 52.2 4.63 4.29 52.0 3.23 2.98 50.9 2.56 2.36 50.7
Level 3 4.71 4.38 52.3 4.90 4.56 52.3 4.21 3.91 51.8 2.68 2.47 50.7
Level 4 4.28 3.97 52.2 4.84 4.49 52.1 4.60 4.27 51.9 2.74 2.52 50.9

4 features � D 0:0001 � D 0:001 � D 0:01 � D 0:1

Qe0

9; QFr.
0

9; Q£0

9; QU0

9 cp rp% pa% cp rp% pa% cp rp% pa% cp rp% pa%

Level 2 4.26 3.96 52.1 4.40 4.08 51.9 3.24 3.01 51.1 2.61 2.41 50.6
Level 3 4.42 4.11 52.2 4.61 4.29 52.2 4.21 3.92 51.9 2.50 2.32 50.9
Level 4 3.69 3.43 51.9 4.30 4.00 52.1 4.50 4.18 52.0 3.18 2.95 51.3

4.4 Forecasting Using Multiple Currency Pairs

Now we are interested in the improvement of the prediction of the EUR/USD

exchange rate if we also take the other currency pairs £, U, and Fr. into account.
This results in a higher-dimensional regression problem. We employ first derivatives
using the same backticks as before for the different currency pairs.2 Note that the
number of input data points decreases slightly when we add further exchange rate
pairs since some features cannot be computed any longer due to overlapping gaps
in the input data.

For now we only consider the first derivatives for k D 9 to observe the impact due
to the use of additional currency pairs. According to the best rp we select which of
the three candidates QFr.

0
9;

Q£0
9;

QU0
9 is successively added. For example QFr.

0
9 in addition

to Qe0
9 gave the best result using two currency pairs to predict EUR/USD. We then

add Q£0
9 before using QU0

9. As before, we select the best parameters L and � for each
number of features according to the rp achieved with three-fold cross-validation
on the training data, see Table 5. Note that the values of L and � with the best
performance do not vary much in these experiments. This indicates the stability of
our parameter selection process.

Using the combination with the best performance in the three-fold cross-
validation we then learn on all training data and evaluate on the before unseen test

2Different back ticks might result in a better performance, but we restricted our experiments to
equal back ticks for reasons of simplicity.
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Table 6 Forecast of EUR/USD at Ok D 15 ticks into the future on the 10 % remaining test data
using one first derivative from multiple currency pairs. Results are for trading on all signals and on
signals >1:0�4

Currencies Data points L � Trades pa% cp mcp rp%

All ticks

1 feature Qe0

9 510,553 4 0.0001 51,056 51.5 0.741 32.37 2.29

2 features Qe0

9; QFr.
0

9 503,939 3 0.0001 50,394 51.8 1.380 32.08 4.30

3 features Qe0

9; QFr.
0

9; Q£0

9 495,654 3 0.001 49,566 51.6 1.469 31.76 4.62

4 features Qe0

9; QFr.
0

9; Q£0

9; QU0

9 494,238 3 0.001 49,424 51.7 1.478 31.70 4.66

Signal >1:0�4

1 feature Qe0

9 510,553 4 0.0001 460 56.7 0.070 0.650 10.8

2 features Qe0

9; QFr.
0

9 503,939 3 0.0001 2,318 54.0 0.469 2.504 18.8

3 features Qe0

9; QFr.
0

9; Q£0

9 495,654 3 0.001 2,379 54.3 0.516 2.566 20.1

4 features Qe0

9; QFr.
0

9; Q£0

9; QU0

9 494,238 3 0.001 3,559 53.8 0.614 3.484 17.6

data. The results on the training data are given in Table 6, both for the case of all
data and again for the case of absolute values of the signals larger than 1:0�4. Note
that the performance on the training data in Table 5 suggests to employ the first
two or three attributes. In any case, the use of information from multiple currencies
results in a significant improvement of the performance in comparison to just using
one attribute derived from the exchange rate to be predicted. The results on the test
data given in Table 6 confirm that the fourth attribute QU 0

9 does not achieve much of
an improvement, whereas the additional features QFr.

0
9; Q£0

9 significantly improve both
cp and rp. Trading on signals larger than 1:0�4 now obtains a pa of up to 56.7 %
and, more importantly, rp D 20:1 % using three attributes. This clearly shows the
potential of our approach. Altogether, we see the gain in performance which can
be achieved by a delay embedding of tick data of several currencies into a higher
dimensional regression problem while using a first derivative for each exchange rate.

In a second round of experiments we use two first derivatives with back ticks
k D 9 and k D 4 for each exchange rate. We add step-by-step the different currencies
in the order of the above experiment from Table 6. To be precise, we use QFr.

0
9 before

QFr.
0
4, but both before Q£0

9;
Q£0

4, etc.3 We thus obtain a higher dimensional regression
problem. Again we look for good values for � and L via three-fold cross-validation.

In Table 7 we give the results which were achieved on the test data. Note
that the numbers obtained on the training data suggest to use the four features
Qe0

9;
Qe0

4;
QFr.

0
9;

QFr.
0
4 only; nevertheless we show the test results with the two additional

features Q£0
9;

Q£0
4 as well. Again, the use of information from multiple currencies gives

an improvement of the performance in comparison to the use of just the attributes
which were derived from the EUR/USD exchange rate. In particular cp grows from
one to several currencies. With four features based on two first derivatives for

3Note that a different order might result in a different performance.
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Table 7 Forecast of EUR/USD at Ok D 15 ticks into the future using multiple currency pairs and
derivatives on the 10 % remaining test data. Results are for trading on all signals and on signals
>1:0�4

Currencies Data points L � Trades pa% cp mcp rp%

All ticks

1 feature Qe0

9 510,553 4 0.0001 51,056 51.5 0.741 32.37 2.29

2 features Qe0

9; Qe0

4 508,616 3 0.0001 50,862 52.1 1.084 32.28 3.36

3 features Qe0

9; Qe0

4; QFr.
0

9 503,017 2 0.0001 50,300 52.1 1.315 32.03 4.10

4 features Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4 502,243 2 0.001 50,220 52.4 1.536 31.98 4.80

5 features Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9 494,975 2 0.001 49,497 52.1 1.556 31.73 4.90

6 features Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9; Q£0

4 492,965 2 0.001 49,296 52.1 1.538 31.60 4.87

Signal >1:0�4

1 feature Qe0

9 510,553 4 0.0001 460 56.7 0.070 0.650 10.8

2 features Qe0

9; Qe0

4 508,616 3 0.0001 916 58.6 0.291 1.206 24.2

3 features Qe0

9; Qe0

4; QFr.
0

9 503,017 2 0.0001 1,811 58.9 0.467 2.048 22.8

4 features Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4 502,243 2 0.001 1,557 59.6 0.447 1.785 25.0

5 features Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9 494,975 2 0.001 2,178 58.7 0.523 2.392 21.9

6 features Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9; Q£0

4 492,965 2 0.001 2,711 56.8 0.508 2.796 18.2

each currency pair we now achieve a somewhat better performance for all trading
signals than before using several first derivatives, compare Tables 6 and 7. We obtain
rp D 4:80 for four attributes in comparison to rp D 4:62 with three attributes. The
results on the stronger signals are also improved, we now achieve rp D 25:0 % in
comparison to rp D 20:1 %.

4.5 Towards a Practical Trading Strategy

For each market situation x present in the test data, the sparse grid regressor us
L.x/

yields a value which indicates the predicted increase or decrease of the exchange
rate f1. So far, trading on all signals showed some profit. But if one would include
transaction costs this approach would no longer be viable, although low transaction
costs are nowadays common in the foreign exchange market. Most brokers charge
no commissions or fees whatsoever and the width of the bid/ask spread is thus the
relevant quantity for the transaction costs. We assume here for simplicity that the
spread is the same whether the trade involves a small or large amount of currency.
It is therefore sufficient to consider the profit per trade independent of the amount
of currency. Consequently, the average profit per trade needs to be at least above
the average spread to result in a profitable strategy. This spread is typically five
pips or less for EUR/USD and can nowadays even go down to one pip during high
trading with some brokers. Note that in our case one pip is roughly equivalent to a
change of 8:5�5 of our normalized target attribute for the time interval of the test data
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Table 8 cp per trade the forecast of EUR/USD at Ok D 15 ticks into the future using different
attribute selections on the 10 % remaining test data

Currencies Strategy cp Trades cp per trade

Qe0

9 All ticks 0.741 51,056 1:4�5

Qe0

9; QFr.
0

9 All ticks 1.380 50,394 2:7�5

Qe0

9; QFr.
0

9; Q£0

9 All ticks 1.469 49,566 3:0�5

Qe0

9; QFr.
0

9; Q£0

9; QU0

9 All ticks 1.478 49,424 3:0�5

Qe0

9; Qe0

4 All ticks 1.084 50,862 2:1�5

Qe0

9; Qe0

4; QFr.
0

9 All ticks 1.315 50,300 2:6�5

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4 All ticks 1.536 50,220 3:1�5

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9 All ticks 1.556 49,497 3:1�5

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9; Q£0

4 All ticks 1.538 49,296 3:1�5

Qe0

9 Signal >1:0�4 0.070 460 1:5�4

Qe0

9; QFr.
0

9 Signal >1:0�4 0.469 2,318 2:0�4

Qe0

9; QFr.
0

9; Q£0

9 Signal >1:0�4 0.516 2,379 2:2�4

Qe0

9; QFr.
0

9; Q£0

9; QU0

9 Signal >1:0�4 0.614 3,559 1:7�4

Qe0

9; Qe0

4 Signal >1:0�4 0.291 916 3:0�4

Qe0

9; Qe0

4; QFr.
0

9 Signal >1:0�4 0.467 1,811 2:6�4

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4 Signal >1:0�4 0.447 1,557 2:9�4

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9 Signal >1:0�4 0.523 2,178 2:4�4

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9; Q£0

4 Signal >1:0�4 0.508 2,711 1:9�4

e FMA 0.026 414 6:3�5

with an EUR/USD exchange rate of about 1:2. If the average cp per trade is larger
than this value one has a potentially profitable trading strategy. In Table 8 we give
this value for the different experiments of the previous section. We see that trading
on all signals results in values which are below this threshold. The same can be
observed for FMA.4 However, trading on the strongest signals results in a profitable
strategy in the experiments with more attribute combinations. For example, the use
of Qe0

9;
Qe0

4 results in 3:0�4 cp per trade, Qe0
9;

Qe0
4; QFr.

0
9;

QFr.
0
4 gives 2:9�4 cp per trade

and Qe0
9;

QFr.
0
9;

Q£0
9 achieves 2:2�4 cp per trade. But note that with this strategy one

might need to have more than one position open at a given time, which means that
more capital is involved. This number of open positions can vary between zero and
Ok. It is caused by the possibility of opening a position at all times between tj and
tj C Ok� , when the first position opened at time tj is closed again. We observed in our

experiments Ok as the maximum number of open positions even when only trading
on the stronger signals. This also indicates that a strong signal is present for a longer
time period.

4Furthermore only relatively few trades take place with FMA which makes this a strategy with a
higher variance in the performance.
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Table 9 cp per trade for the forecast of EUR/USD at Ok D 15 ticks into the future using the trading
strategy with opening and closing thresholds on the 10 % remaining test data

Currencies Strategy cp Trades cp per trade

Qe0

9 Opening D 0, closing D 0 0.416 9,465 4:4�5

Qe0

9; QFr.
0

9 Opening D 0, closing D 0 0.859 12,897 6:7�5

Qe0

9; QFr.
0

9; Q£0

9 Opening D 0, closing D 0 0.824 11,735 7:0�5

Qe0

9; QFr.
0

9; Q£0

9; QU0

9 Opening D 0, closing D 0 0.791 12,029 6:6�5

Qe0

9; Qe0

4 Opening D 0, closing D 0 0.563 12,045 4:7�5

Qe0

9; Qe0

4; QFr.
0

9 Opening D 0, closing D 0 0.931 13,331 7:0�5

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4 Opening D 0, closing D 0 1.013 14,178 7:1�5

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9 Opening D 0, closing D 0 1.042 13,936 7:5�5

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9; Q£0

4 Opening D 0, closing D 0 1.022 14,493 7:1�5

Qe0

9 Opening D 1:0�4, closing D 0:5 � 10�4 0.018 108 1:7�4

Qe0

9; QFr.
0

9 Opening D 1:0�4, closing D 0:5 � 10�4 0.117 718 1:6�4

Qe0

9; QFr.
0

9; Q£0

9 Opening D 1:0�4, closing D 0:5 � 10�4 0.133 748 1:7�4

Qe0

9; QFr.
0

9; Q£0

9; QU0

9 Opening D 1:0�4, closing D 0:5 � 10�4 0.169 1,213 1:4�4

Qe0

9; Qe0

4 Opening D 1:0�4, closing D 0:5 � 10�4 0.076 248 3:1�4

Qe0

9; Qe0

4; QFr.
0

9 Opening D 1:0�4, closing D 0:5 � 10�4 0.166 667 2:5�4

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4 Opening D 1:0�4, closing D 0:5 � 10�4 0.173 593 2:9�4

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9 Opening D 1:0�4, closing D 0:5 � 10�4 0.176 839 2:1�4

Qe0

9; Qe0

4; QFr.
0

9; QFr.
0

4; Q£0

9; Q£0

4 Opening D 1:0�4, closing D 0:5 � 10�4 0.186 1,177 1:6�4

To avoid the need for a larger amount of capital we also implement a tradeable
strategy where at most one position is open at a given time. Here one opens a
position if the buy/sell signal at a time tj for a prediction at Ok time steps into
the future is larger—in absolute values—than a pre-defined opening threshold,
and no other position is open. The position is closed when a prediction in the
opposite direction occurs at some time te in the time interval Œtj ; tj C � Ok� and the
absolute value of that prediction is greater than a prescribed closing threshold. At
the prediction time tj C � Ok the position is closed, unless a trading signal in the
same direction as that of the original prediction is present which is larger than the
opening threshold. The latter condition avoids an additional, but unnecessary trade.
Furthermore, the closing at the forecast time tj C � Ok avoids an open position in
situations with no trading activity and where no signals can be generated.

When both of the above thresholds are zero the proposed new strategy is acting
on all ticks, but at most one position is open at any given time. Besides the reduction
in invested capital this strategy also improves the performance with respect to the cp

per trade, see top half of Table 9. In comparison to trading on all ticks this strategy
improves the results by more than a factor of 2 while only considering, but not acting
on all ticks. Altogether, this strategy is getting close to the profitable threshold of
one pip, i.e. 8:5�5 in our scaling, but it is still not yet creating a true profit.
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However, as observed before, a large part of the profit is generated by acting
only on the strong signals. We now set for our new strategy the opening threshold to
1:0�4 and the closing threshold to 0:5 � 10�4. This adaption of our strategy achieves
results which are comparable to the trading on the strong signals only. Since at most
one position is open, less capital is involved than in the case of trading on all strong
signals. In the bottom half of Table 9 we give the corresponding results. We see
that the cp per trade is now always above the threshold 8:5�5. The highest cp per
trade is 3:1�4, where 248 trades take place while using Qe0

9;
Qe0

4. For the attributes
Qe0

9;
Qe0

4;
QFr.

0
9;

QFr.
0
4 we achieve 2:9�4 cp per trade while acting 593 times. This might

be preferable due to the larger number of trades which should lead to more stable
results. Thus, we finally obtained a profitable strategy, which promises a net gain of
more than one pip per trade if the spread is less than two pips.

5 Conclusions

We presented a machine learning approach based on delay embedding and regres-
sion with the sparse grid combination technique to forecast the intraday foreign
exchange rates of the EUR/USD currency pair. It improved the results to take not
only attributes derived from the EUR/USD rate but from further exchange rates such
as the USD/JPY and/or GBP/USD rate into account. In some situations a realized
potential, i.e. achieved percentage of the maximum possible cumulative profit, of
more than 20 % was achieved. We also developed a practical trading strategy using
an opening and closing threshold which obtained an average profit per trade larger
than three pips. If the spread is on average below three pips this results in profitable
trading. Thus, our approach seems to be able to learn the effect of technical trading
tools which are commonly used in the intraday foreign exchange market. It also
indicates that FX rates have an underlying process which is not purely Markovian,
but seems to have additional structure and memory which we believe is caused by
technical trading in the market.

Our methodology can be further refined especially in the choice of attributes and
parameters. For example, we considered the same time frame for the first derivatives
of all the involved currency pairs, i.e. k D 9 and k D 4. Using different time
frames for the different exchange rates might result in a further improvement of
the performance. Other intraday information such as the variance of the exchange
rates or the current spread can also be incorporated. Furthermore, we did not yet
take the different interest rates into account, but their inclusion into the forecasting
process can nevertheless be helpful. The time of day could also be an useful
attribute since the activity in the market changes during the day [22]. The use of
a dimension adaptive combination technique [10, 14], where the partial functions
employed depend only on a subset of all features and are adaptively chosen during
the computational procedure, becomes relevant once more than, say, five attributes
are used.



Intraday Foreign Exchange Rate Forecasting Using Sparse Grids 103

In our experiments we used data from 2001 to 2005 to forecast for 5 months in
the year 2005. Therefore, our observations are only based on this snapshot in time of
the foreign exchange market. For a snapshot from an other time interval one would
most likely use different features and parameters and one would achieve somewhat
changed results. Furthermore, it has to be seen if today’s market behaviour, which
may be different especially after the recent financial crisis, can still be forecast
with such an approach, or if the way the technical trading takes place has changed
fundamentally. In any case, for a viable trading system, a learning approach is
necessary which relearns automatically and regularly over time, since trading rules
are typically valid only for a certain period.

Note finally that our approach is not limited to the FX application. In finance
it may be employed for the prediction of the behaviour of stocks or interest rates
as well, here again the effect of technical traders makes this approach sensible,
since the underlying process is then not purely Markovian anymore. It also can be
applied to more general time series problems with a large amount of data which arise
in many applications in biology, medicine, physics, econometrics and computer
science.
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Dimension- and Time-Adaptive Multilevel
Monte Carlo Methods

Thomas Gerstner and Stefan Heinz

Abstract We use the multilevel Monte Carlo method to estimate option prices
in computational finance and combine this method with two adaptive algorithms.
In the first algorithm we consider time discretization and sample size as two
separate dimensions and use dimension-adaptive refinement to optimize the error
with respect to these dimensions in relation to the computational costs. The second
algorithm uses locally adaptive timestepping and is constructed especially for non-
Lipschitz payoff functions whose weak and strong order of convergence is reduced
when the Euler-Maruyama method is used to discretize the underlying SDE. The
numerical results show that for barrier and double barrier options the convergence
order for smooth payoffs can be recovered in these cases.

1 Introduction

The pricing of exotic options often leads to the problem of calculating high-
dimensional integrals. The high dimension typically arises from the number of
timesteps in the time discretization of the underlying stochastic process. If those
integrals cannot be solved analytically, numerical methods are used to estimate a
solution. Monte Carlo methods are a popular way for estimating option prices, but
these methods generally suffer from low convergence rates. They can be improved
with various variance reduction techniques or importance sampling, which can
change the constant, but not the rate of convergence [9].
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As a substantial improvement, Giles introduced the multilevel Monte Carlo
(MLMC) method [5] to estimate the expectation of P.S.T // where P represents
the payoff function of an option and the underlying asset price S is modelled by the
stochastic differential equation (SDE)

dS.t/ D �.S; t/dt C �.S; t/dW.t/; 0 � t � T: (1)

The algorithm is similar to the standard Monte Carlo method but uses a multigrid
idea to reduce the computational costs. A discretization of this SDE with the Euler
method leads to a computational complexity of O.��3/ to achieve a root mean
square error (RMSE) of � for the Monte Carlo method while the MLMC method
can achieve a complexity of O.��2.log �/2/. Further studies show that discretization
schemes with higher strong order of convergence [6] or simulations using quasi-
random numbers [7] lead to further improvements in the computational complexity.

A completely different approach to solve high-dimensional integrals is
dimension-adaptive tensor-product quadrature [3] which is based on the sparse
grid method [4]. In contrast to Monte Carlo methods, the sample points are not
placed randomly but completely deterministic. The dimension-adaptive algorithm
thereby decides in which dimensions more grid points need to be placed in order
to best reduce the estimation error. It turns out that the multilevel Monte Carlo
method and the dimension-adaptive sparse grid method are based on similar ideas.
In [11] this is described in a detailed way for elliptic stochastic partial differential
equations.

In this paper we at first combine both approaches to create a dimension-adaptive
multilevel Monte Carlo method which obtains the same convergence rate in the
RMSE as the original MLMC method but attains the given error threshold with
lower costs.

As a further improvement, another adaptive algorithm is presented that is quite
effective for payoff functions with jumps such as barrier options. It uses the
Brownian Bridge method and adaptively refines the Euler path when it comes close
to the barrier. The numerical results show that the time-adaptive MLMC method can
recover the order of convergence for smooth payoffs with only constant additional
computational costs.

The properties of these two adaptive multilevel algorithms will be underlined by
numerical results.

2 Multilevel Monte Carlo Method

We consider the scalar stochastic differential equation

dS.t/ D �.S; t/dt C �.S; t/dW.t/; 0 � t � T (2)
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with drift function � W R� Œ0; T � ! R, volatility � W R� Œ0; T � ! R, starting value
S0 2 R

C
0 and a Wiener process .Wt/t�0. Using the Euler method with equidistant

timestep h we get the discretization

bSnC1 D bSn C �.bSn; tn/h C �.bSn; tn/�Wn:

with Wiener increments �Wn D WnC1 � Wn. Given a payoff function P W R ! R

it is our aim to calculate an estimate of the expectation EŒP.S.T //�.
The MLMC method approximates P by bP l using a series of discretizations with

timesteps hl D M �lT; l D 0; 1; : : : ; L, to construct estimators

bY l D N �1
l

Nl
X

iD1

�

bP
.i/

l � bP
.i/

l�1

�

for levels l > 0 and

bY 0 D N �1
0

N0
X

iD1

bP
.i/
0

for level l D 0, such that

bY D
L

X

lD0

bY l

is an estimator for

EŒbP L� D EŒbP 0� C
L

X

lD1

EŒbP l � bP l�1�:

If there are positive constants ˛ � 1
2
; ˇ; c1; c2; c3, such that

(i) EŒbP l � P � � c1h
˛
l

(ii) EŒbY l � D
(

EŒbP 0�; l D 0

EŒbP l � bP l�1�; l > 0

(iii) VarŒbY l � � c2N
�1
l h

ˇ

l and

(iv) Cl , the computational complexity of bY l , is bounded by

Cl � c3Nlh
�1
l ;

with ˛ and ˇ corresponding to the weak and doubled strong convergence order of
the Euler method, for the overall computational complexity C follows (see [5]) that

C �
8

<

:

c4��2; ˇ > 1;

c4��2.log �/2; ˇ D 1;

c4��2�.1�ˇ/=˛; 0 < ˇ < 1:
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Neglecting the log-term this implies

RMSE D
(

O.C �1=2/; ˇ � 1;

O.C
�˛

2˛C1�ˇ /; ˇ < 1:

In comparison, the RMSE of the the standard Monte Carlo method is of
order O.C

�˛
2˛C1 / which corresponds to a convergence rate of 1/3 if ˛ D 1, while the

MLMC method can obtain a rate of 1/2 if ˇ D 1.
The MLMC algorithm then works as follows. It estimates for each level l an

optimal number Nl of samples to make sure that V ŒbY � < 1
2
�2 and increases l until

the estimator for the bias bY 2
l is smaller than 1

2
�2. This finally leads to

MSE D V ŒbY � C EŒbY � Y �2 � �2

for Y D EŒP �.

3 Adaptive Multilevel Monte Carlo Methods

3.1 Dimension-Adaptive Algorithm

The option pricing problem can often be written as an integration problem which
usually has to be numerically solved by quadrature methods. If the integrand is
non-smooth then these quadrature methods have to be adapted accordingly. Such
adaptive quadrature methods in general try to find important areas of the integrand,
such that adaptive refinement in those areas results in a highest possible error
reduction. These methods allocate points in the given areas and will automatically
stop when a given error bound is reached, see [1, 2] for adaptive sparse grid
approaches. The dimension-adaptive approach in [3] is especially suited for high-
dimensional quadrature problems and considers the different dimensions instead of
local subareas for refinement.

Interestingly, dimension-adaptive refinement and the multilevel Monte Carlo
method are based on similar ideas. In the following, we combine these two
approaches. In contrast to the standard MLMC algorithm, the dimension-adaptive
algorithm does not calculate the values of Nl in advance but rather checks for which
levels more samples give the largest reduction in the MSE and then doubles the
previous amount of samples. If, on the other hand, the bias estimator contributes the
largest part to the MSE the level will be increased. This ensures that both errors,
the quadrature and the path-discretization error are as equal as possible such that
the prescribed accuracy � is best obtained.
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Fig. 1 Plots of the dimension-adaptive algorithm showing the increase in N(L) after each step and
the final shape of the samples at each level

The dimension-adaptive MLMC algorithm is based on [8] and can be described
as follows:

1. Set N0; N1 D 100

2. Determine Vl for l D 0; : : : ; L such that V WD PL
lD0 Vl estimates the variance

and B WD .bY L=.M ˛ � 1//2 estimates the squared bias with weak convergence
order ˛

3. If V C B < �2 stop
4. Else

• If V > B determine the level l D 0; : : : ; L, which has the largest
variance/work and double Nl

• If B > V then set NLC1 D 100 and L ! L C 1

5. Go to step 2.

At the start we need samples at level l D 1 because only bY l for l > 0 is a good
estimator for the bias. Since

V ŒbY � D
L

X

lD0

N �1
l

bV l

and bV l is the variance of the samples at level l we set Vl D N �1
l

bV l . In step 2
we search for the level in which further samples will lead to the largest reduction
in the MSE compared to the computational cost. The plots in Fig. 1 explain this in
more detail and show how the algorithm is executed stepwise. The actual simulated
amount of samples is dark-colored and the possibly increased Nl is light-colored. In
each step the algorithm then increases the Nl that gives the highest error reduction
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until the optimal shape for a given accuracy is reached in the last plot. Concerning
the MSE it is useful to keep in mind that

MSE D VarŒbY � C EŒbY � Y �2

So both, variance and bias, have to be reduced for a good result. The variance is
reduced by increasing the amount of samples while the bias decreases due to the
increase in the discretization steps which equals the dimension of the integral to
solve. This is the connection to the dimension-adaptive tensor product method. In
our method there are only two dimensions: the amount of samples at each level
Nl; l D 0; : : : ; L, and the dimension of the integral d .

The advantage of our algorithm is that in contrast to the standard MLMC method,
the contributions of the variances and the squared bias which are summed up to the
MSE are distributed in an optimal way by the algorithm and do not necessarily need
to be both bounded by �2=2. As we will see in our numerical results this leads to a
MSE that is closer to the targeted accuracy �.

3.2 Time-Adaptive Algorithm

Several types of options, such as binary or barrier options, have jumps in the payoff
function which lead to a reduced strong convergence rate when using a discretization
method like the Euler-Maruyama method. We intend to solve this problem by
adaptively refining the time discretization of the SDE when this refinement leads
to a reduced RMSE [12, 13]. A refinement usually takes place when a simulated
path is close to a discontinuity of the payoff function. Our numerical results show
that it only takes a constant factor of additional costs to recover the convergence
order of the smooth case.

In this paper, we especially consider barrier options, where a positive payoff only
occurs if the price stays above or below a given barrier B . As a refinement indicator
we use the probability of breaking the barrier between two simulated points using a
Brownian Bridge to create this point. Thereby, we use the standard Brownian Bridge
to construct a path for the Wiener process and then take the mean of forward and
backward Euler-Maruyama estimates to construct the midpoint

Si�1=2 D 1

2

�

Si�1 C Si�1r.ti�1=2 � ti�1/ C Si�1�.Wi�1=2 � Wi�1/
�

C1

2

�

Si

1 C r.ti � ti�1=2/ C �.Wi � Wi�1=2/

�

: (3)

In the extremely rare case that 1 C r.ti � ti�1=2/ C �.Wi � Wi�1=2/ � 0, a new path
is simulated instead of the current one.
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We next calculate the probability � that Si�1=2 can fall below the given Barrier
which is defined by

�.Si�1; Si / WD P
�

Si�1=2 < B
�

and can be calculated by solving the inequality Si�1=2 < B with respect to Wi�1=2

using (3) and the Brownian Bridge construction Wi�1=2 D 1
2

.Wi�1 C Wi/ Cp
ti �ti�1

2
Z, Z � N.0; 1/. Integrating the standard normal densitiy over the domain

in which Si�1=2 < B and neglecting the part with the lower probability yields the
expression

�.Si�1; Si / D ˚

0

@

�b2

2b1

�
s

�

b2

2b1

�2

� b3

b1

1

A

C˚

0

@

�b2

2b1

C
s

�

b2

2b1

�2

� b3

b1

1

A � ˚

�

a3

a4

�

� ˚

0

@

�b2

2b1

�
s

�

b2

2b1

�2

� b3

b1

1

A

with �hi D 1
2
.ti �ti�1/, �Wi D Wi �Wi�1 and a1 D 1

2
Si�1.1C�hir C��Wi =2/,

a2 D 1
4
Si�1�

p
2�hi , a3 D 2

Si
.1 C �hi r C ��Wi =2/, a4 D .�

p
2�hi/=Si and

b1 D �a2a4, b2 D �a1a4 C a2a3 C Ba4, b3 D 1 C a1a3 � Ba3.
A typical path is presented in Fig. 2. We see that for the starting value S.0/ D 1

the corresponding Wiener path is refined when the path of S comes close to the
barrier B D 0:95. In this simulation the path did not cross the barrier. If the barrier
is crossed then the payoff is set to zero immediately and no further refinement is
made for this path.

In order to apply this technique to the MLMC method we need to add refinement
thresholds wk , k D 0; : : : ; L that control the temporal refinement at each level of the
MLMC method. A refinement in the interval Œti�1; ti � takes place if �.Si�1; Si / >

˚.wk/. The MLMC estimator then becomes

EŒ OP wL

L � D EŒ OP w0

0 � C
L

X

lD1

EŒ OP wl

l � OP wl�1

l�1 �

where OP wl

l is the approximation with respect to the timestep hl D M �lT and the
adaptive path discretization parameter wl .
The time-adaptive MLMC algorithm finally can be described as follows

1. Set N0; N1 D 100

2. Determine V
wl

l for l D 0; : : : ; L such that V WD PL
lD0 V

wl

l
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Fig. 2 Realization of an adaptively refined standard Wiener process path and the corresponding
realization of the solution of the SDE

3. Define optimal Nl , l D 0; : : : ; L as in the standard algorithm and calculate extra
samples if Nl has increased

4. Stop if RMSE< � and L � 2

5. Else set L WD L C 1, NL D 100 and go to step 2.

In step 2 we first simulate a path with M l equidistant timesteps and then refine the
path according to the threshold wl . For the estimator of EŒ OP wl

l � OP wl�1

l�1 � we use the
same Wiener path for the coarse level as for the fine one and refine it with threshold
wl�1 to decrease the variance.

The values for wl are optimized beforehead such that the additional computa-
tional costs are always a constant factor of the costs without refinement for each
level. This way, the computational costs are increased only by a constant factor
while the convergence rate of the RMSE is increased from order 1/3 to order 1/2.

4 Numerical Results

The following results are based on a geometric Brownian motion for the dynamics
of the underlying asset

dS D rSdt C �SdWt ; 0 � t � 1;

with S0 D 1, r D 0:05 and � D 0:2. The SDE is discretized with the Euler-
Maruyama method.
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Fig. 3 Comparison of the standard MLMC method and the dimension-adaptive method with the
given error bound � for an European Option

For all options we discuss, there exists a closed form solution so we directly
calculate the RMSE of 100 simulated prices instead of using the estimator for
bias and variance of the algorithm with M D 2. Since we are mainly interested
in the convergence rates, we show plots that compare the computational cost to
calculate the estimator with the accuracy of our calculated prices. The accuracy can
be expressed by the input parameter � or by the obtained root mean square error.

4.1 Dimension-Adaptive Algorithm

We first compare the standard MLMC method to our dimension-adaptive algorithm
by looking at the convergence rates for an European option.

Assuming a strike price of K D 1 and time to maturity T D 1, the European
option has the discounted payoff function

P D e�rT .S.T / � K/C

and approximate price 0.1045 for those parameters. Our plot in Fig. 3 shows the
convergence rates of the RMSE of the standard and the dimension-adaptive method.
The computed error bounds � are shown as well. We see that both algorithms
converge equally well with rate 1/2 as expected. The main difference is that the
standard MLMC algorithm reaches the same RMSE as the dimension-adaptive
method for larger � which means that it is more accurate than requested. The RMSE
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Table 1 Comparison of the MC, MLMC and dimension-adaptive method for an Asian, Lookback
and Digital option with expected and computed RMSE rates

Expected RMSE Computed RMSE

Option MC MLMC Adaptive MC MLMC Adaptive

Asian 1/3 1/2 1/2 0.34 0.53 0.54
Lookback 1/4 1/2 1/2 0.24 0.42 0.39
Digital 1/3 2/5 2/5 0.32 0.37 0.37

of the dimension-adaptive algorithm is much closer to the given threshold � and
therefore does not use more computational cost than necessary.

Furthermore we simulated the RMSE convergence rate for several types of
options and compared the Monte Carlo, the MLMC and the dimension-adaptive
method. We see in Table 1 that the MLMC method and the dimension-adaptive
method have similar RMSE rates which confirm the theoretical values that are
expected, since for the Asian option ˛ D ˇ D 1, for the Lookback option ˛ D 1=2,
ˇ D 1 and for the Digital option ˛ D 1, ˇ D 1=2. The RMSE rate of the Monte
Carlo simulation is always lower than the MLMC convergence rate and will not
reach it even for a higher ˛.

4.2 Time-Adaptive Algorithm

We now evaluate the performance of the time-adaptive MLMC algorithm. For both
examples we choose wl D �l � 1 for l D 0; : : : ; L as refinement thresholds which
correspond to the inverse cumulative normal distribution, so w0 D �1 would equal
a 15.9 % probability of crossing the barrier and the simulated path will be refined
until the crossing probability is below that value in each interval.

We first consider a down-and-out barrier option with strike K D 1, barrier
B D 0:95 and time to maturity T D 1. The discounted payoff is calculated by

P D
�

e�r .S.T / � K/C if S.t/ > B for all 0 � t � T

0; otherwise;

and in the discrete version with N steps by

P D
�

e�r .S.tN / � K/C if S.ti / > B for i D 0; : : : ; N

0; otherwise:

The barrier option has price 0.05636 and is compared to the standard MLMC
algorithm and conditional sampling combined with MLMC [6, 9] in which the
payoff is rewritten as a product of probabilities to break the barrier for N timesteps
the following discrete way:
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Fig. 4 Comparison of the
standard and improved
MLMC method with the
time-adaptive method for a
Single Barrier Option

P D e�r .S.tN / � K/C
N �1
Y

iD0

pi

with

pi D 1 � exp

��2.Sn � B/C.SnC1 � B/C

�2S2
nT=N

�

:

This payoff is Lipschitz again so the optimal weak and strong convergence of the
Euler method is recovered plus a variance reducing effect takes place. In this case the
time-adaptive algorithm does not lead to an improvement. In Fig. 4 we see that both
the time-adaptive and the improved method converge with order 1/2 and a smaller
convergence constant of the improved method due to the variance reducing effect.
They are both better than the standard method that only converges with rate 1/4.

However, not all payoffs can be rewritten as a product of probabilities. The more
conditions a payoff function includes the more difficult it is to find a representation
of the payoff that is Lipschitz in S . In our next example we look at a double barrier
option with discounted payoff

P D
�

e�r .S.T / � K/C if S.t/ > Bl ^ S.t/ < Bu for all 0 � t � T

0; otherwise;

and in the discrete version with N steps by

P D
�

e�r .S.tn/ � K/C if S.ti / > Bu ^ S.ti / < Bu for i D 0; : : : ; N

0; otherwise:
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Fig. 6 Comparison of the standard and time-adaptive MLMC method for a Double Barrier Option

For this option there still exists a representation as a product of probabilities that
uses an infinite sum which can only be evaluated by cutting it off [10]. For this
option the time-adaptive algorithm keeps working as usual with no additional
complications as shown in Fig. 6. For K D 1, Bl D 0:85 and Bu D 1:25 the
price of the option is 0.01842. We now compare the time-adaptive algorithm to the
standard MLMC method and at first estimate EŒbP l � P � and VarŒbY l � with various
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numbers of discretization steps for both methods to determine ˛ and ˇ. We see
that both values are halved from 1 for the standard European payoff to 1/2. The
time-adaptive algorithm recovers the ˇ to order 1 again and slightly improves the ˛

which, however, has no influence on the RMSE rate since now ˇ � 1 (see Fig. 5).
This finally leads to an increased convergence rate of the RMSE to the optimal 1/2
as shown in Fig. 6 while the standard method converges with order 1/4 for a higher
� but should converge with order 1/3 for smaller � due to the results in Sect. 2.

5 Concluding Remarks

In this article we presented two adaptive algorithms that both can improve the stan-
dard multilevel Monte Carlo algorithm. The numerical results for the dimension-
adaptive algorithm have shown that it is possible to estimate an option price that
is closer to the requested accuracy and therefore needs less computational cost.
Nevertheless this technique does not lead to an increased convergence rate. We
further developed a time-adaptive algorithm that optimizes the MLMC method
in case of non-Lipschitz payoff functions. We chose the example of single and
double barrier options to point out that our algorithm refines a simulated path
correctly which then leads to a higher weak and strong convergence capped by those
convergence orders of the smooth case. As MLMC theory predicts the convergence
rate of the RMSE then also recovers to 1/2.

More research must be done at calculating error bounds for the refinement thresh-
olds. We plan on combining the dimension-adaptive and time-adaptive algorithms in
such a way that a third dimension will be the refining parameter. We then optimize
between those three dimensions in order to equalize the three possible errors that
contribute to the RMSE.

Using quasi-random numbers instead of pseudo-random numbers is another
possibility to improve the MLMC method. In [6] encouraging numerical results
have been presented for a multilevel quasi-Monte Carlo method. We are currently
working on a theoretical foundation for these results and a combination of the
MLQMC method with the adaptive methods presented in this paper.
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An Efficient Sparse Grid Galerkin Approach
for the Numerical Valuation of Basket Options
Under Kou’s Jump-Diffusion Model

Michael Griebel and Alexander Hullmann

Abstract We use a sparse grid approach to discretize a multi-dimensional partial
integro-differential equation (PIDE) for the deterministic valuation of European put
options on Kou’s jump-diffusion processes. We employ a generalized generating
system to discretize the respective PIDE by the Galerkin approach and iteratively
solve the resulting linear system. Here, we exploit a newly developed recurrence
formula, which, together with an implementation of the unidirectional principle for
non-local operators, allows us to evaluate the operator application in linear time.
Furthermore, we exploit that the condition of the linear system is bounded indepen-
dently of the number of unknowns. This is due to the use of the Galerkin generating
system and the computation of L2-orthogonal complements. Altogether, we thus
obtain a method that is only linear in the number of unknowns of the respective
generalized sparse grid discretization. We report on numerical experiments for
option pricing with the Kou model in one, two and three dimensions, which
demonstrate the optimal complexity of our approach.

1 Introduction

In 1973, Black and Scholes [6] and Merton [22] published their seminal work,
which allowed to determine the fair price of an option under a set of certain
given assumptions. Here, for some simple options, e.g. European vanillas, analytical
formulas exist, but for more complex financial instruments like American put
options or arithmetic average Asian options this is no longer the case and numerical
approximations must be made. This gave rise to the discipline of computational
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finance, in which most valuation problems are solved by means of Monte Carlo
simulations or the numerical solution of partial differential equations.

In recent decades, it has become clear that the assumptions made in the
original paper do not hold in practice. This can be seen e.g. from effects like
the ‘volatility smile’, which means that the implied volatility of an option is not
independent of the strike price. Thus, observable option prices are not conform
with the model assumption that logarithmic returns follow a Brownian motion with
constant volatility. Obviously, the normal distribution underestimates the probability
of extreme events like the Black Monday in 1987, the crash of Long-Term Capital
Management in 1998 or the collapse of Lehman brothers in 2008, just to mention
a few. In May 2010, the Dow Jones plunged without obvious reasons by almost
1,000 points, commonly referred to as “Flash Crash”. In general, daily returns of
six standard deviations can practically be observed in most markets [9], although
a market move of that magnitude would theoretically occur only about once in a
million years.

By adding jumps to the model of the geometric Brownian motion we can take
such effects into account and fix issues like the volatility smile. Even though
analytical formulas exist for certain option types on jump processes [20, 23],
numerical valuation is nevertheless needed in most practical cases. Then, additional
computational difficulties stem from an integral term, which makes the usual
Black-Scholes PDE a partial integro-differential equation (PIDE). Due to the
non-locality of the integro-operator we obtain linear systems with densely
populated matrices, which, treated naively, would result in a substantial additional
computational complexity of O.N 3/, with N being the degrees of freedom. Thus,
the convolution integral is evaluated by the fast Fourier transform in [1], which
reduces the complexity of the system matrix application to O.N logN/. However,
Kou’s jump-diffusion model admits an even faster operator application with
O.N / complexity for the finite difference case [29]. In this paper, we introduce a
comparable approach for the Galerkin method and exploit it in our numerical solver.

An additional numerical challenge is the pricing of basket options, i.e. options on
multiple underlyings. This usually leads to the so-called ‘curse of dimensionality’,
which means that the cost complexity for the approximation to the solution of a
problem grows exponentially with the dimension. For example, a d -dimensional
mesh with a resolution of h in each direction results in a storage and cost complexity
of at least O.h�d /. Sparse grid discretizations [3] can circumvent this problem to
some extent. They result in a complexity of only O.h�1 .logh�1/d�1/, which allows
for huge savings for higher values of d , whereas – depending on the smoothness
assumptions on the function—the convergence rate of the error is unchanged or
only affected by a small logarithmic term.

In this paper, we show how generalized sparse grid generating syste ms
can be used in the described PIDE setting, i.e. for the pricing of basket
options with the Kou model. We use the unidirectional principle [7, 8]—a fast
matrix-vector multiplication for sparse grids, which was originally developed
for partial differential operators—and generalize it to our non-local operator. In
combination with the Galerkin recurrence formula for the Kou model and an optimal
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preconditioning based on a H1-norm equivalence with L2-orthogonal subspaces,
we obtain a method which altogether scales only linearly with respect to the degrees
of freedom of our sparse grid discretization.

The remainder of this paper is organized as follows: In Sect. 2 we present
Kou’s model, its multi-dimensional generalization and we discuss how the pricing
of European options on jump-diffusion processes leads to a PIDE problem.
Section 3 deals with relevant aspects of the numerical treatment of our PIDE,
i.a. optimal preconditioning, the unidirectional principle for non-local operators and
the recurrence formula for Kou’s model in the Galerkin approach. In Sect. 4 we test
our approach on basket put options in one, two and three dimensions. Final remarks
in Sect. 5 conclude the paper.

2 Option Pricing with Kou’s Model

In this section we describe a one-dimensional model for jump-diffusion processes
as presented in [20]. Then, we discuss its generalization to the multi-dimensional
setting. Finally, we sketch how a PIDE arises from the option pricing problem on
such a jump-diffusion process.

2.1 One-Dimensional Model

Kou’s jump-diffusion model [20] assumes that the price of a security S fulfills the
stochastic differential equation (SDE)

dS.t/

S.t�/ D �dt C �dW.t/C d

0
@
N.t/X
jD1

.Vj � 1/
1
A ; (1)

where t denotes time, W.t/ is a standard Brownian motion, � and � are the
usual constants for drift and volatility, N.t/ is a Poisson process with rate � and
fVj gj2N denotes a sequence of jumps. These jumps are assumed to be independent
identically distributed with density

hp;�;�.v/ D
(
.1 � p/�v��1 for v < 1;

p�v���1 for v � 1;

where p and 1 � p denote the probabilities of jumping upwards and downwards,
respectively, while � > 0 and � > 1 are parameters that control the jump sizes. The
density of Yj WD log.Vj /; j 2 N; is then given by
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�p;�;�.z/ D
(
.1 � p/�e�z for z < 0;

p�e��z for z � 0;
(2)

which is an asymmetric double exponential distribution. Furthermore, in this model
all random variables W.t/;N.t/; Yj are assumed to be independent. The dynamics
of S in the SDE (1) can then be given by

S.t/ D S.0/ exp

��
� � 1

2
�2
�
t C �W.t/

�
�
N.t/Y
jD1

Vj

and we have

E.Vj / D E.exp.Yj // D .1 � p/
�

�C 1
C p

�

� � 1
:

2.2 Multi-dimensional Case and Dependence Modelling

We now consider a d -dimensional price process S D .S1; : : : ; Sd / with state
space Rd . The components Si ; i D 1; : : : ; d; of S follow the dynamics

Si .t/ D Si.0/ exp

��
�i � 1

2
�2i

�
t C �iWi .t/

�
�
Ni .t/Y
jD1

Vi;j �
QN.t/Y
jD1

QVi;j ; (3)

where �i and �i denote drift and volatility constants, Ni and QN are Poisson
processes with rates �i and Q�, respectively, and flogVi;j gj2N and flog QVi;j gj2N are
sequences of jumps of the component i .

Obviously, the Brownian part of the process is decorrelated across dimensions.
A priori, this assumption may look unrealistic, it however can easily be achieved by
a standard principal component transformation of the covariance matrix, see [26]
for example.

In our model (3), every price process Si has two sources of jumps. The first
one leaves other processes Si 0 ; i 0 ¤ i unaffected. It is realized by the Poisson
process Ni.t/ and i.i.d. double exponential random variables flogVi;j gj2N with
parameterspi ; �i ; �i , see (2). The second one takes care of the correlations of jumps
over the dimensions. It consists of a jump process QN.t/ and the associated random
variables flog QVi;j gj2N, which are again assumed to be i.i.d. double exponential
random variables with parameters Qpi ; Q�i ; Q�i . It is noteworthy that even though the
jump sizes are independent, dependence of the d price processes .S1; : : : ; Sd / is
created nevertheless, as jumps happen at the same time in all components of S. This
joint jump term can be understood as a risk factor affecting the whole market and
not just a single company or industrial sector.
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2.3 Representation of the Multi-dimensional Process as
Lévy Process

We now identify our d -dimensional generalization (3) of the Kou model as a
Lévy process. To this end, recall the following definition, compare also [9].

Definition 1 (Lévy process). A càdlàg stochastic process .X.t//0�t<1 on the
filtered probability space .˝;F ; .Ft /0�t<1;P/ with values in R

d and X.0/ D 0
a.s. is called a Lévy process if it has the following properties:

1. Independent increments: for every sequence t0 < t1 < � � � < tn, the random
variables X.t0/;X.t1/ � X.t0/; : : : ;X.tn/� X.tn�1/ are independent.

2. Stationary increments: X.t/ � X.s/ has the same distribution as X.t � s/, 0 �
s < t < 1.

3. Stochastic continuity: limt!s X.t/ D X.s/, where the limit is taken in
probability.

The characteristic exponent  W Rd ! C of X.t/, which satisfies

E

�
eih�;X.t/i

�
D et .�/ for � 2 R

d ; t � 0;

allows for the unique Lévy-Khinchin representation

 .�/ D �1
2

h�;Q�i C i h�; �i C
Z
Rd

�
eih�;zi � 1 � i h�; zi1fjzj�1g

�
	.dz/;

where Q 2 R
d�d is the symmetric covariance matrix of the continuous part of X,

� 2 R
d is the drift of X and 	 is the Lévy measure, which satisfies

Z
Rd

min.1; jzj2/	.dz/ < 1:

This condition ensures that the activity for large jumps is finite and possibly infinite
for very small jumps only.

For our multi-dimensional Kou model presented in Sect. 2.2, the logarithmic
returns follow a Lévy process. We thus can rewrite (3) as

Si .t/ D Si.0/ exp .Xi.t// for i D 1; : : : ; d;

with .X.t//0�t<1 being a R
d -valued Lévy process with characteristic triplet

.Q; 	; �/. Here, the elements of covariance matrix Q 2 R
d�d satisfy

qij D ıij �
2
i
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for all i; j D 1; : : : ; d , the drift is

�i D �i � �2i
2

C
Z
Rd

zi1fjzj�1g	.dz/

for i D 1; : : : ; d; and the Lévy measure 	 has finite activity and can be expressed by

	.dz/ D
dX
iD1

�i�pi ;�i ;�i .zi /dzi ˝
dO

i 0D1
i 0¤i

ı.dzi 0/C Q�
dO
iD1

� Qpi ;Q�i ; Q�i .zi /dzi : (4)

In (4), the i -th summand represents the jumps in the i -th component of X generated
by the Poisson process Ni.t/ and the associated jump sizes .logVi;j /j2N are
distributed with density �pi ;�i ;�i , see (2). The remaining components are unaffected
by these jumps, which is expressed by the delta distribution

N
i 0¤i ı.dzi 0/. The

last term in (4) is due to the Poisson process QN.t/ with jumps occurring in all
components at the same time. The jump sizes .log QVi;j /j2N in the i -th component
are distributed with the probability density � Qpi ;Q�i ; Q�i .

Remark 1. Even though the jump sizes are all independent, the stochastic processes
Xi , and thus Si , are not. Otherwise, the right-hand side of

E

�
eih�;X.t/i

�
D e�t .�/

could be written as a product in �1; : : : ; �d , which is not possible since  does
in general not decompose into a sum of one-dimensional functions over the
dimensions.

Note here that the product
Nd

iD1 � Qpi ;Q�i ; Q�i .zi / in (4) can be seen as a rank-one
approximation to a general finite Lévy measure. Then, this concept can easily be
carried over to more complex dependencies by adding further Poisson processes
in combination with jump sizes that are again independent of other dimensions.
This can be done in the spirit of a low rank approximation, see [5], i.e. as the
approximation of a non-separable density function by a small sum of separable
functions. Such a generalization would be treatable by the numerical approach
proposed in this paper as well.

2.4 Option Pricing

We now want to price a European option with the payoff g W Rd ! R depending on
the state of the process S at the time of maturity T . In this paper, we predominantly
price put options with strike price K and unit weights, i.e.
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g.S.T // D max.0;K �
dX
iD1

Si .T //: (5)

Note, however, that the same approach can also be used to valuate call options.
For the conventional Black–Scholes model, arbitrage considerations show that the
fair price of a European option is given by the discounted expected value of
the payoff function under the unique risk-neutral measure. Jump-diffusion models
lead to incomplete markets and a risk-neutral measure needs to be selected by,
e.g., the rational expectations equilibrium, see [21]. We assume that the risk-neutral
dynamics of our d price processes is given by

Si.t/ D Si .0/ exp .rt CXi.t// for i D 1; : : : ; d; (6)

where X is a Lévy process with a triplet .Q; 	; �/, s.t.

e�t rSi .t/

are martingales for i D 1; : : : ; d . Then, the value of a European option at time t
with payoff g can be given by

V.t; s/ D E.e�r.T�t /g.S.T // j S.t/ D s/: (7)

This function V is known to satisfy the PIDE (8) of the following theorem, see [9,
27] for further information.

Theorem 1 (Backward PIDE for European options). Let S be an exponential
Lévy model (6) with Lévy triplet .Q; 	; �/, which has a non-vanishing diffusion
matrix Q, and let 	 satisfy Z

jzj�1
ezi 	.dz/ < 1

for i D 1; : : : ; d . Then, the function

V 2 C1;2
�
.0; T / � R

d
>0

� \ C0
�
Œ0; T 
 � R

d�0
�

given by (7) is a solution of the backward PIDE for European options

@V

@t
.t; s/C 1

2

dX
i;jD1

si sj qij
@2V

@si@sj
.t; s/C r

dX
iD1

si
@V

@si
.t; s/� rV .t; s/

C
Z
Rd

 
V.t; sez/ � V.t; s/ �

dX
iD1

si .e
zi � 1/ @V

@si
.t; s/

!
	.dz/ D 0 (8)
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on .0; T / � R
d
>0, where V.t; sez/ WD V.t; s1e

z1 ; : : : ; sd e
zd /, with the terminal

condition given by
V.T; s/ D g.s/ for s 2 R

d�0:

Under the same constraints as in Theorem 1 and with the assumption of finite
activity, i.e. � WD 	.Rd / < 1, which holds in case of the Kou model (3) with
� D Pd

iD1 �i C Q�, we can rewrite the PIDE as

@

@�
u.�; x/� 1

2

dX
i;jD1

qij
@2

@xixj
u.�; x/C �u.�; x/�

Z
Rd

u.�; x C z/	.dz/ D 0 (9)

with e�r�u.�; x/ D V.t; s/. To this end, we use the variable transforms � D T � t

and

xi D log si C �.r � �i � qii

2
/ with �i D

Z
Rd

.ezi � 1/ 	i .dzi / (10)

for i D 1; : : : ; d; with 	i being the marginal distribution of 	 in the i -th direction.
Then, the terminal condition becomes an initial condition for � D 0, and reads

u.0; x/ D g.exp.x//

with the exp-function applied componentwise to the vector x 2 R
d .

3 Numerical Treatment

In this section, we discuss the numerical treatment of the transformed PIDE (9).
We start with a simple �-scheme for time discretization and a Galerkin method
using generalized sparse grids for space discretization. The resulting set of linear
equations is then solved by an optimally preconditioned iterative method, which we
discuss in Sect. 3.3. To this end, we present a fast matrix-vector multiplication for
the sparse grid generating systems in combination with non-local operators and the
Galerkin recurrence formula for the Kou model. All these ingredients are essential
to obtain an overall solution method with optimal linear complexity in the degrees
of freedom of our discretization.

3.1 Time Discretization and Weak Formulation

First, we localize our space domain R
d to a rectangular domain

D D .˛1; ˇ1/ � � � � � .˛d ; ˇd / (11)
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and assume zero boundary conditions. This truncation can be understood as an
approximation of the price of the option by that of a barrier option, i.e. as an option
that has no payoff if the underlying price process has left D during the time to
maturity. It is well-known that the pointwise error introduced by this approximation
decreases exponentially with the domain size, see for example [10].

The upper and lower bounds in (11) are chosen by

˛i D xi � �
p
T � var.Xi .T //; (12)

ˇi D xi C �
p
T � var.Xi.T //; (13)

where � is a proportionality constant relating the domain size and the standard
deviation of the stochastic process in that direction. Furthermore, x D .x1: : : : ; xd /

denotes a point of interest, which might be, like e.g. in (10), a transformed initial
state vector s for an option we want to price by the evaluation of e�rT u.T; x/ D
V.0; s/.

We then can write the PIDE (9) with the definition

Lu.�; x/ WD 1

2

dX
i;jD1

qij
@2

@xixj
u.�; x/� �u.�; x/C

Z
Rd

u.�; x C z/	.dz/

as
@u.�; x/
@�

� Lu.�; x/ D 0 on .0; T / � D; (14)

with an extension of u by zero outside of D, i.e. uj.0;T /�Rd nD D 0, which is relevant
to the integral term.

For the time discretization, we subdivide the interval Œ0; T 
 intoMC1 equidistant
time-steps

ti D i
t; i D 0; : : : ;M;

with 
t D T
M

and apply the well-known �-scheme with � D 1
2
.1 Then, (14) can be

expressed for i D 0; : : : ;M � 1 as a sequence of stationary elliptic PIDEs

u.iC1/.x/� u.i/.x/

t

�L ��u.iC1/.x/C .1 � �/u.i/.x/
� D 0

on D with u.i/.x/ � u.ti ; x/; i D 0; : : : ;M .
Next, a weak formulation in space will give us a sequence of H1

0 .D/-elliptic
problems: Find u.iC1/ 2 H1

0 .D/, s.t.


t�1.u.iC1/; v/L2 C �a.u.iC1/; v/ D r.i/.v/ 8v 2 H1
0 .D/ (15)

1More sophisticated techniques, e.g. space-time sparse grids [17], are available, but this is beyond
the scope of this work.
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with

a.u; v/ D 1

2

Z
D

dX
i;jD1

qij
@u.x/
@xi

@v.x/
@xj

dx

C�.u; v/L2 �
Z

D

Z
Rd

u.�; x C z/	.dz/v.x/dx

and
r.i/.v/ D 
t�1.u.i/; v/L2 � a..1 � �/u.i/; v/:

Before Eq. (15) can be discretized in space, we need to transform the domain D
to ˝ WD .0; 1/d , see (11). This is done by a linear affine scaling T W D ! ˝

T .x/ D
�
x1 � ˛1

ˇ1 � ˛1 ; : : : ;
xd � ˛d

ˇd � ˛d
�
: (16)

When we apply the domain transformation (16), and take the assumptions made
about .qij /di;jD1 and 	 in Sect. 2.2 into account, the bilinear form a.u; v/ in the
variational equation (15) can be given on ˝ by

a.u; v/ D
dX
iD1

�2i
2.ˇi � ˛i /2

Z
˝

@u.x/
@xi

@v.x/
@xi

dx C �

Z
˝

u.x/v.x/dx (17)

�
dX
iD1
.ˇi � ˛i /�i

Z
˝

Z
Rd

u.x C ziei /�pi ;�i ;�i ..ˇi � ˛i /zi /dziv.x/dx

�Q�
Z
˝

Z
Rd

u.x C z/
dY
iD1
.ˇi � ˛i /� Qpi ;Q�i ; Q�i ..ˇi � ˛i /zi /dzi v.x/dx;

(18)

where ei denotes the i -th unit vector and

� WD
dX
iD1

�i .ˇi � ˛i /C Q�
dY
iD1
.ˇi � ˛i /:

3.2 Space Discretization by a Sparse Grid Generating System

What is finally missing is a discretization of (15) with bilinear form (17) in space.
To this end, we introduce a sparse grid generating system based on linear splines.
First, we consider a one-dimensional multilevel system on the interval .0; 1/. On
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L
ev
el

Fig. 1 The first four levels of a one-dimensional multilevel generating system (left). Two-
dimensional tensorization and the sparse subspace (right)

level l , nl D 2l � 1 hat functions

�l;i .x/ D max.1 � 2l jx � xl;i j ; 0/

exist, which are centered at the points of an equidistant mesh

xl;i D 2�l i

for i D 1; : : : ; nl . The left side of Fig. 1 shows all functions on the first four levels.
The spaces

Vl D spanf�l;i j 1 � i � nlg; l 2 N

possess the simple inclusion relation Vl � VlC1. This makes the union of their
basis functions

Sk
lD1f�l;1; : : : ; �l;nl g a generating system and not a basis. The

multi-dimensional case is based on the domain ˝ D .0; 1/d . By tensorization, we
obtain spaces associated to a multi-index l D .l1; : : : ; ld / 2 N

d

Vl D
dO
iD1

Vli :

For a given l, Vl is the space of d -linear functions on a possibly anisotropic full grid
space with

jVlj D
dY
iD1
.2li � 1/ D O.2jlj1 /
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degrees of freedom. It is spanned by the functions

�l;i.x/ D �l1;i1 .x1/ � � ��ld ;id .xd /

with
i 2 �l WD fi D .i1; : : : ; id / 2 N

d W 1 � ij � nj ; j D 1; : : : ; d g:
The space

QV D
X
l2Nd

Vl

is equal to the underlying Sobolev space H1
0 .˝/ up to completion with the

H1-norm, see [3]. For our numerical computation, we have to resort to a
finite-dimensional subset. To this end, we use an index set I � N

d ; jIj < 1,
which defines the subspaces included in the discretization as

VI D
X
l2I

Vl:

A proper choice of I now depends—besides the error we want to achieve—on the
smoothness of the function class we want to approximate. For example, the full grid
space with index set

I.1/k D fl 2 N
d W jlj1 � kg

has the approximation property

inf
v2V

I.1/
k

ku � vk2Hs.˝/ � c2�2.t�s/kkuk2Ht .˝/

with rate2 t�s and u 2 Ht
0.˝/. Its number of degrees of freedom grows by O.2kd /.

Thus the accuracy as function of the degrees of freedom deteriorates exponentially
with rising d , which resembles the well-known ‘curse of dimensionality’, cf. [2].

Assuming additional mixed smoothness u 2 Ht
0;mix.˝/, the sparse grid index set

I.1/k D fl 2 N
d W jlj1 � k C d � 1g (19)

circumvents this problem to some extent. The rate of the best approximation in
dependence of k

inf
v2V

I.1/
k

ku � vk2Hs.˝/ � c2�2.t�s/kkuk2
Ht

mix.˝/

2This holds for a range of parameters 0 � s < t � r with r being the order of the spline of the
space construction. In our case of linear splines r D 2 holds.
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is the same3 as for the full grid space, i.e. t�s, but the number of degrees of freedom
now only grows by O.2kkd�1/. This is a substantial improvement in comparison to
the full grid case. For further details, see [14]. A related approach, adaptive sparse
grids based on a linear spline basis, has been employed for option pricing without
jumps in [4].

Next, to compensate for the transformation (16), we want our discretization to
have a refinement level in each dimension i D 1; : : : ; d , which is logarithmically
proportional to the size ˇi � ˛i of the respective dimension in D. This then leads to
anisotropic sparse grids. First, we need to determine the level shifts

�i D
�

log2
ˇ1 � ˛1

ˇi � ˛i

	
C 1

for i D 1; : : : ; d , that are necessary to compensate for the former anisotropies.
Then, the index set

I.�/k D fl 2 N
d W l1 � 1

max.k � �1; 1/
C � � � C ld � 1

max.k � �d ; 1/
� 1g (20)

gives us an anisotropic sparse grid on level k, with the classical sparse grid as a
special case for �1 D � � � D �d D 1. Anisotropies may reduce the sparse grid cost
complexity even further, see [13] for a discussion in this direction.

Remark 2. It is furthermore possible to adapt the index set I a-posteriori to a
given function by means of a proper error estimation and successive refinement
procedure. This approach results in adaptively refined sparse grids, see e.g. [11,12].
For algorithmic reasons, we then need the additional condition

l 2 I;k 2 N
d ;k � l ) k 2 I; (21)

where k � l is understood componentwise.

Now we present the final equations that are being solved numerically for the
parameters and model assumptions specified in Sect. 2.2, where also the domain
transformation (16) is being considered. For any valid index set I � N

d , let us
denote by u D .bl;i/l2I;i2�l a block vector of N WD P

l2I j�lj coefficients used to
represent functions

u.x/ D
X
l2I

X
i2�l

ul;i�l;i.x/ 2 VI :

3For s D 0 an additional logarithmic term appears in the error estimate.
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Then, our variational problem (15) can be discretized as follows: For i D
0; : : : ;M � 1 find u.iC1/ s.t.

�

t�1M C �A

�
u.iC1/ D �


t�1M C .� � 1/A�u.i/; (22)

with the block-structured mass matrix M 2 R
N�N

.M/.l;i/;.k;j/ D
Z
˝

�l;i.x/�k;j.x/dx

and the stiffness matrix A 2 R
N�N

.A/.l;i/;.k;j/ D a.�l;i; �k;j/

with the bilinear form a.�; �/ from (17). The initial value u.0/ is set to the
L2-projection of the payoff function into the space VI .

Note here that the representation of functions in VI D P
l2I Vl is not unique,

since all subspaces Vl; l 2 I appear in our discretization. This means that operator
matrices A and M for this discretization have a non-trivial kernel and the system
matrix cannot be inverted. However, Krylov subspace methods will converge as
long as the right-hand side is within the range of the operator matrix, see [18, 19]
for further details.

3.3 Preconditioning

We now want to find an optimal preconditioner for our linear system (22). To this
end, we need to bound the quotient Q�max.A/= Q�min.A/ independently of dimVI ,
where

Q�min.A/ D min
u?ker.A/

hAu;ui
kuk22

and
Q�max.A/ D max

u?ker.A/

hAu;ui
kuk22

denote the minimum and the maximum of the Rayleigh-quotient restricted to the
subspace fu W u ? ker.A/g.

The preconditioning of generating systems on regular sparse grid spaces with
index set (19) is discussed in [15, 16] within the framework of multilevel subspace
splittings. A simple diagonal scaling results in condition numbers that are bounded
by O.kd�2/, which is a substantial improvement, but does not give an optimal
method yet.
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To obtain optimal condition numbers of O.1/ we proceed as follows: We rely on
the stable subspace splitting

fH1I k � k2
H1g D

X
l

fWlI 22jlj1 k � k2L2g; (23)

where l 2 N
d denotes a d -dimensional multi-index and Wl is the respective

L2-orthogonal complement space, see [14]. As the nodal basis on level l is a stable
splitting for Vl with a condition number independent of l andWl � Vl, we can derive
an optimal preconditioner by splitting a function into its orthogonal complements
and then representing them in our generating system subspaces Vl.

To explain this in more detail, let us first describe the case of a one-dimensional
discretization up to level k, i.e. I D f.l/ W 1 � l � kg and d D 1. LetQl W Vk ! Vl
be the L2-orthogonal projection to Vl andQ0 D 0. Because of the nestedness

Vl � Vl 0 for l � l 0;

the telescopic expansion

uk D
kX
lD1
.Ql �Ql�1/uk; uk 2 Vk

is an orthogonal decomposition with .Ql �Ql�1/uk 2 Wl .
The multi-dimensional case can be obtained by tensorization arguments. Then,

for uI 2 VI with an index set I � N
d satisfying (21), the expression

wl D
X

m2f0;1gd
.�1/jmj1Ql1�m1;:::;ld�md uI (24)

denotes the orthogonal complement of uI in the space Wl; l 2 I.
The algorithmic implementation is straightforward. We first have to compute the

projections by

.QluI ; vl/L2 D .uI ; vl/L2 for all vl 2 Vl; l 2 I: (25)

To this end, all right-hand sides for l 2 I are extracted from the result of one single
mass matrix multiplication applied to uI . The operator matrix on the left-hand side
of (25) is just a d -fold tensor-product of one-dimensional mass matrices, which
themselves are tridiagonal, and thus is easily invertible in O.2jlj1 / operations for
a fixed l. Secondly, after having calculated all discrete functions QluI , we have
to sum them up according to (24). This can also be done in O.2jlj1 / operations,
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Fig. 2 The payoff function of a one-dimensional put option in the log-space (top). The first six
orthogonal complements of this function (middle and bottom)

which is again linear in the degrees of freedom. After scaling with the l-dependent
weights in the norm equivalence (23) we then obtain an optimal preconditioner
with a condition number bounded independently of the space VI . Note that this
is achieved without explicitly discretizing the subspaces Wl and the overall system
matrix with prewavelets or similar, more complicated basis functions, but merely
by sticking to the more simple and natural generating system. A one-dimensional
example4 is given in Fig. 2. We observe that the oscillations on finer scales occur
mainly at the position of the non-differentiable kink.

4The discretization in this example includes boundary functions otherwise not used for
computation.
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3.4 Operator Application

Within such an iterative solver the matrix-vector multiplication must be frequently
processed. Here, a complexity issue may occur due to the non-trivial interactions
between the different subspaces involved in the generating system approach and,
additionally, due to the integro-operator in the stiffness matrix. We now describe
how a general linear tensor product operator5

A.1/ ˝ A.2/ ˝ � � � ˝ A.d/ (26)

can be applied to a sparse grid approximation uI D Œul
l2I of u using a number
of operations, which is of optimal order, e.g. of O.2kkd�1/ for regular sparse
grids (19). Consequently, all sums of tensor-product operators can then also be
applied with optimal cost complexity.

If the index set I of our sparse grid would allow a representation I D I1�� � ��Id
with Ii � N; i D 1; : : : ; d , we could easily apply the tensor-product operator (26)
dimension by dimension. But since the index I can in general not be represented as a
simple cross product, we need a sophisticated algorithm known as the unidirectional
principle to maintain optimal complexity. Our aim is to calculate

vl D
X
l02I

�
A.1/

l1;l
0

1
˝ A.2/

l2;l
0

2
˝ � � � ˝ A.d/

ld ;l
0

d

�
ul0

for all l 2 I, where A.j /

lj ;l
0

j
; j D 1; : : : ; d; denotes the operator matrix of A.j / in the

weak formulation for discretization level l 0j and test function level lj . First, let us
investigate the one-dimensional case.6 Up to the level k, we have

vl D
kX

l 0D1
Al;l 0 ul 0

D
lX

l 0D1
Al;l 0 ul 0 C

kX
l 0DlC1

Al;l 0ul 0 : (27)

Both sums in (27) need to be treated separately. To this end, we introduce the
matrices Il;l 0 which serve as restriction operators for l < l 0 and as prolongation
operators for l > l 0. The matrices Al;l 0 can then be written as

5Note that the numbers .1/; : : : ; .d/ in the exponents are no powers but indices, indicating that
different operations may be carried out in different dimensions.
6For notational convenience we drop the dimension index .j / in A.j /

lj ;l
0

j
in the following calculations.
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Al;l 0 D
(

Al;lIl;l 0 for l � l 0;
Il;l 0 Al 0;l 0 for l < l 0:

In the following two algorithms, the prolongations and restrictions are of central
importance to efficiently transport intermediate results.

3.4.1 BottomUp Algorithm

The BottomUp algorithm calculates all sums

vl D
kX

l 0DlC1
Al;l 0ul 0 (28)

for l D 1; : : : ; k in linear time. If we express these operations (28) by means of a
matrix including all levels, we obtain an upper diagonal form

0
BBBBB@

0 A1;2 A1;3 : : : Ak;k

0 A2;3 : : : A2;k

: : :
: : :

:::

0 Ak�1;k
0

1
CCCCCA

D

0
BBBBB@

0 I1;2A2;2 I1;3A3;3 : : : I1;kAk;k

0 I2;3A3;3 : : : I2;kAk;k

: : :
: : :

:::

0 Ik�1;kAk;k

0

1
CCCCCA
:

Obviously, the matrix can be expressed using the restrictions Il;l 0 ; l < l 0;
and the isotropic matrices Al;l . This gives rise to a recursive formulation for
l D k � 1; : : : ; 1

vl D
kX

l 0DlC2
Al;l 0 ul 0 C Al;lC1ulC1

D Il;lC1

0
@

kX
l 0D.lC1/C1

AlC1;l 0 ul 0 C AlC1;lC1ulC1

1
A

D Il;lC1 .vlC1 C AlC1;lC1ulC1/ : (29)

Clearly, all vl for 1 � l � k can be precalculated in linear time provided that the
restrictions Il;lC1 and the application of the matrices Al;l work in linear time.
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3.4.2 TopDown Algorithm

The TopDown algorithm uses a similar recursive relation to calculate the left-hand
sides of

vl D
lX

l 0D1
Al;l 0ul 0 (30)

for 1 � l � k. The Eqs. (30) can be rewritten as a matrix-vector multiplication with
matrix

0
BBBBB@

A1;1

A2;1 A2;2

A3;1 A3;2 A3;3

:::
:::

:::
: : :

Ak;1 Ak;2 Ak;3 : : : Ak;k

1
CCCCCA

D

0
BBBBB@

A1;1

A2;2I2;1 A2;2

A3;3I3;1 A3;3I3;2 A3;3

:::
:::

:::
: : :

Ak;kIk;1 Ak;kIk;2 Ak;kIk;3 : : : Ak;k

1
CCCCCA
;

which can solely be expressed using the prolongations Il;l 0 ; l > l 0; and the isotropic
operator matrices Al;l . We can precalculate vectors wl for l D 2; : : : ; k using the
recursive relationship

wl WD
lX

l 0D1
Il;l 0 ul 0

D
l�1X
l 0D1

Il;l�1Il�1;l 0 ul 0 C ul

D Il;l�1wl�1 C ul

starting with w1 WD u1. Now (30) can be expressed by

vl D
lX

l 0D1
Al;l Il;l 0 ul 0 D Al;l

lX
l 0D1

Il;l 0 ul 0 D Al;lwl : (31)

As long as the prolongations Il;l�1 and the application of the matrices Al;l work in
linear time, the TopDown algorithm is of optimal order.

3.4.3 Multi-dimensional Case

The multi-dimensional case can be reduced to the application of the one-dimensional
algorithms by a splitting and rearrangement of the sum



140 M. Griebel and A. Hullmann

vl D
X
l02I

A.1/

l1;l
0

1
˝ A.2/

l2;l
0

2
˝ � � � ˝ A.d/

ld ;l
0

d

ul0 ;

which then leads to the equation

vl D
X

l 01�l1with
.l 01;l2;:::;ld /2I

.A.1/

l1;l
0

1
˝ I ˝ � � � ˝ I/ � (32)

X
.l 02;:::;l

0

d / with
.l 01;l

0

2;:::;l
0

d /2I

�
I ˝ A.2/

l2;l
0

2
˝ � � � ˝ A.d/

ld ;l
0

d

�
u.l 01;l 02;:::;l 0d / (33)

C
X

.l 02;:::;l
0

d / with
.l1;l

0

2;:::;l
0

d /2I

�
I ˝ A.2/

l2;l
0

2
˝ � � � ˝ A.d/

ld ;l
0

d

�
� (34)

X
l 01>l1 with

.l 01;l
0

2;:::;l
0

d /2I

.A.1/

l1;l
0

1
˝ I ˝ � � � ˝ I/u.l 01;l 02;:::;l 0d /: (35)

Now, (32) resembles the application of the one-dimensional TopDown algorithm,
and (35) resembles the application of the one-dimensional BottomUp algorithm.
The sums (33) and (34) are the result of a recursive application of the
multi-dimensional algorithm with the first dimension left unchanged. The condition
(21) ensures that the storage of intermediate results requires space and time just in
the same order as for uI and vI . Specifically, we know that

.l1; : : : ; ld / 2 I; l 01 � l1 ) .l 01; l2; : : : ; ld / 2 I

in (32) and
.l 01; : : : ; l 0d / 2 I; l 01 > l1 ) .l1; l

0
2; : : : ; l

0
d / 2 I

in (34), which means that intermediate results can be represented as generalized
sparse grid functions on the same index set I.

The origins of this algorithm trace back to [7, 8] with focus on partial
differential operators. Now, with the generic concept presented in this paper, it
is no longer necessary to specifically tailor the TopDown/BottomUp algorithms to
the operator in use. Moreover, it can be employed with non-local operators like
integro-differential operators. Note here that the cost complexity of the algorithm
is only linear with respect to the degrees of freedom if the cost complexity of the
univariate operator application is linear. But this is possible in the special case of
the Kou model, which we will show in the next subsection. Note furthermore that,
independently of this work, a similar abstraction of the unidirectional principle for
multilevel discretizations has been presented in [30].
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3.5 Galerkin Recurrence Formula for the Kou Model

In Sect. 3.4, we have assumed that the matrices A.1/

l1;l
0

1
; : : : ;A.d/

ld ;l
0

d

can be applied in

linear time. This is possible for differential operators, as their matrices are inherently
sparse for nodal basis functions. However, integral operators do not have this nice
property. In [29], a recurrence formula is used to apply the integral operator of the
Kou model for the finite difference case in linear time. We now derive a similar
result for the Galerkin method.

In the following, let f�ignliD1 be a set of one-dimensional linear spline basis
functions on level l with mesh-width h D 2�l and the relation

�i .x/ D �iC1.x C h/; i D 1; : : : ; nl � 1: (36)

In the Galerkin approach for the integro-operator of the Kou model, we need to
calculate for all i D 1; : : : ; nl the expression7

vi D
Z
Œ0;1


Z
R

u.x C z/�p;�;�.z/dz�i .x/dx:

Here, �p;�;� is the Kou density function from (2), and u W Œ0; 1
 ! R denotes a
function that can be represented by

u.x/ D
nlX
jD1

uj �j .x/:

This translates to the matrix-vector-product

v D Au

with v D .v1; : : : ; vnl /, u D .u1; : : : ; unl / and

.A/i;j D
Z
Œ0;1


Z
R

�j .x C z/�p;�;�.z/dz�i .x/dx (37)

D
Z
Œ0;1


Z
R

�j .z/�p;�;�.z � x/�i .x/dzdx:

The matrix A is dense but has Toeplitz structure: Applying (36) to both, �i and �j
in (37) gives .A/i;j D .A/iC1;jC1. This property of the matrix would allow us to
execute the matrix-vector multiplication in O.nl lognl / instead of O.n2l /.

7Here and in the following, we have omitted time related indices and the dependence on other
dimensions.
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A different approach that takes also the structure of �p;�;� into account achieves
even a linear runtime complexity. To this end, let us assume that i; j 2 N; nl � j �
i C 2. Then we know that the interior of the supports of �i and �j is disjoint and
that z > x for �j .z/ ¤ 0 and �i .x/ ¤ 0. This allows us to obtain

.A/i;j D
Z
Œ0;1


Z
R

�j .z/k.z � x/�i .x/dz dx

D
Z
Œ0;1


Z
R

�j .z/p�e
��.z�x/�iC1.x C h/dz dx

D
Z
Œh;1Ch


Z
R

�j .z/p�e
��.z�xCh/�iC1.x/dz dx

D e�h�.A/iC1;j :

A similar argument gives .A/i;j D e�h�.A/i�1;j for 1 � j � i � 2. Now we can
introduce the splitting

vi D v i C vıi C v!i
with

v i D
i�2X
jD1

.A/i;juj ; vıi D
iC1X

jDi�1
.A/i;juj ; v!i D

nlX
jDiC2

.A/i;juj :

With the recursive relationships

v i D
i�3X
jD1

.A/i;juj C .A/i;i�2ui�2

D e�h�
.i�1/�2X
jD1

.A/i�1;juj C .A/i;i�2ui�2

D e�h�v i�1 C .A/i;i�2ui�2

for i D 4; : : : ; nl and

v!i D
nlX

jDiC3
.A/i;juj C .A/i;iC2uiC2

D e�h�
nlX

jD.iC1/C2
.A/iC1;juj C .A/i;iC2uiC2

D e�h�v!iC1 C .A/i;iC2uiC2
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for i D 1; : : : ; nl � 3, all v i , vıi and v!i can be precalculated in linear time.
Altogether, we can compute the matrix-vector product v D Au in O.nl / complexity
even though the matrix A is dense.

So far, we have described the application of the integro-operator of the Kou
model to a one-dimensional linear spline discretization on level l only. This
approach now easily carries over to the multi-dimensional generating system
case by the unidirectional principle with the dimension-recursive form of the
algorithm (32)–(35), which exploits a given tensor product structure and requires
only one-dimensional non-hierarchical applications of the Kou integral-operator
in (29) and (31). This altogether allows the application of the operator matrices
in the discretized equation (22) in just linear time.

4 Numerical Experiments

In the following numerical experiments we use the described PIDE solver for
the pricing of European basket put options. The focus of our studies is on space
discretization, that means we have chosen the domain of computation large enough
and the time steps small enough such that the main error now stems from the space
discretization only. We are especially interested in the spatial convergence rates of
our method. To this end, we look at the L2-error of the solution at � D T and at
the relative error of the option price at a predefined point of evaluation. Assuming a
relationship

e � cN�˛

with e being the error andN the total number of degrees of freedom, we can estimate
the convergence rate ˛ by computing

˛ � � log e2 � log e1
logN2 � logN1

for two successive discretization spaces with N1 and N2 degrees of freedom and
associated errors e1 and e2, respectively. As all computational steps can be carried
out in linear complexity, this is a relevant measure for the efficiency of our method.

4.1 European Put Option

We now price a European put option on a single asset, i.e. d D 1, with the
parameters

T D 0:2; K D 1:0; r D 0:00; S D 1:0; � D 0:2;
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Fig. 3 The relative pricing error at S1 D 1:0 versus the degrees of freedom of the discretization
for the Black–Scholes model without jumps (left) and with Kou jumps (right)

and a jump part

� D 0:2; � D 2:0; � D 3:0 and p D 0:5

using the Eqs. (22). The domain is chosen as

D D .�35:781; 35:773/
before being scaled down to ˝ by (16), and the choice of 
t D 2�11T results
in 2048 equidistant time steps. The reference price is given by 0.042647805,
compare [29]. Without the jump part, the correct Black–Scholes price of the option
can be given analytically as 0.035670591. We will use both models to test our
method. Figure 3 shows the convergence plots of the relative pricing error with
respect to the degrees of freedom8 with and without the jump part. Here and in
Table 1 we see that we essentially get the same rate of 2 as for the simple Black–
Scholes PDE. The last measured rate decreases slightly to about 1:8, which can be
explained by the time discretization and domain truncation error starting to kick in
at that level.

Figure 4 shows that the integro-term just adds a small constant factor to the
runtime. Moreover, we see that the runtime is asymptotically proportional to the
degrees of freedom as claimed in Sect. 3.5.

4.2 Two-Dimensional Example

We now define two underlyings by

r D 0:00 and

(
S1 D 1:0; �1 D 0:2;

S2 D 1:0; �2 D 0:2:

8In one dimension, full and sparse grids are of course the same.
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Table 1 Relative errors and rates ˛ for the one-dimensional option pricing problem with and
without jumps. The degrees of freedom (DOFs) refer to the size of the multilevel generating system

Without jumps With jumps
Level DOFs Pricing error Rate ˛ Pricing error Rate ˛

2 4 8:53 � 100 N=A 6:98 � 100 N=A

3 11 8:23 � 100 0:03 6:75 � 100 0:03

4 26 5:23 � 100 0:53 4:26 � 100 0:54

5 57 2:07 � 100 1:18 1:66 � 100 1:20

6 120 2:35 � 10�1 2:93 1:68 � 10�1 3:07

7 247 3:54 � 10�1 �0:57 2:94 � 10�1 �0:77
8 502 3:14 � 10�1 0:17 2:55 � 10�1 0:20

9 1; 013 1:04 � 10�1 1:58 8:38 � 10�2 1:59

10 2; 036 2:14 � 10�2 2:26 1:73 � 10�2 2:26

11 4; 083 5:18 � 10�3 2:04 4:21 � 10�3 2:04

12 8; 178 1:33 � 10�3 1:96 1:09 � 10�3 1:95

13 16; 369 3:79 � 10�4 1:81 3:12 � 10�4 1:80
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degrees of freedom

ti
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e
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s

with integro-term
without integro-term

slope 1

Fig. 4 The run time versus the degrees of freedom. The slope of 1 in this log-log plot relates to
the formula 3 � 10�3x, which indicates that the runtime grows linearly with the degrees of freedom

The first jump term

� D 0:3

(
�1 D 8:0; �1 D 8:0; p1 D 0:0;

�2 D 8:0; �2 D 8:0; p2 D 0:0;
(38)

introduces negative jumps in both underlyings, while the second jump term

� D 0:2; �1 D 10:0; � D 10:0 and p1 D 0:5 (39)
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Fig. 5 L2.˝/ error of the solution for the geometric call option (40) at � D T with a full grid
level 10 as reference solution

only affects the first dimension. First, we consider the geometric call option with
payoff

g.x/ D max.0; e
x1
2 C x2

2 �K/ (40)

on the domain D D .K
2
; 3K
2
/2 for K D 1 as suggested in [24] for the Black-

Scholes model. Note here that with this particular choice the non-differentiable kink
is not included in the domain of computation, which is favorable for discretizations
that rely on additional smoothness constraints like sparse grids. We include both
jump terms and calculate the solution approximation uI.�/ based on our PIDE solver
approach with anisotropic sparse and full grids, compare (20). In this and in all
following experiments, we choose 
t D 2�8T , which results in 256 equidistant
time steps. In Fig. 5 the L2-error at T D 0:2 is measured against a full grid solution
on level 10 after the linear transformation (16) to the unit square ˝ D .0; 1/2. As
we can see, we achieve roughly a rate of 2 with respect to the degrees of freedom
used for the sparse grids, while the full grid rate deteriorates to 2

d
D 1 for d D 2.

Now we get back to our usual basket payoff

g.x/ D max.0;K �
dX
iD1

exi /; (41)

which is equivalent to (5) after the logarithmic transformation of the coordinates
(10). Strike and maturity are chosen as K D 2 and T D 0:2, respectively. We want
to price the option on the underlyings with both jump terms and choose the domain

D D .�0:984; 0:989/� .�0:942; 0:948/;
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Fig. 6 L2.˝/ error of the
solution for the basket put
option (41) at � D T with a
full grid level 10 as reference
solution

which now includes the non-differentiable kink of the payoff function. In terms of
the L2-error at T D 0:2, we achieve asymptotically the rate 2 for the sparse grid
approach in contrast to the rate 1 for the full grid, see Fig. 6. This is a noteworthy
result, as the payoff function lacks the mixed smoothness regularity, which is
typically required by sparse grids. However, it is well-known [28] that the finite
element solutions to parabolic problems converge to full order due to the smoothing
effect of the solution/propagation operator even when the initial data are nonsmooth.

4.3 Three-Dimensional Option

As an example for a three-dimensional option we set

T D 0:2; K D 3:0; r D 0:00 and

8̂
<̂
ˆ̂:

S1 D 1:0; �1 D 0:2;

S2 D 1:0; �2 D 0:1;

S3 D 1:0; �1 D 0:05;

and choose a jump term

� D 0:2

8̂
<̂
ˆ̂:

�1 D 4:0; �1 D 5:0; p1 D 0:5;

�2 D 10:0; �2 D 11:0; p2 D 0:3;

�3 D 13:0; �3 D 16:0; p3 D 0:7:
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The option’s reference price of 0.04476 has been determined using a Monte Carlo
simulation. For our PIDE approach, the parameter choice � D 30 results in a domain

D D .�3:302; 3:292/� .�1:554; 1:555/� .�0:873; 0:870/;

which includes the non-differentiable kink. Figure 7 shows the relative pricing
error with respect to the degrees of freedom for an anisotropic sparse grid and an
anisotropic full grid discretization.

We observe that the convergence rate of the full grid approach is close to 2
d

like
in the former experiments. The sparse grid error convergence is somewhat erratic,
but we clearly achieve a higher accuracy with less degrees of freedom.

Note here that the computation of a reference solution for the L2-error
measurement of the solution at maturity would be extremely demanding. We
therefore omitted experiments for the L2-norm and d D 3 here. Nevertheless,
we expect analogous results as for the case d D 2, compare Figs. 5 and 6.

5 Concluding Remarks

We have presented a numerical method for the pricing of multi-dimensional basket
options under Kou’s jump-diffusion model. It involves a PIDE, i.e. a sum of
tensor-product operators, and employs a general sparse grid discretization, which
allows us to compute the solutions of moderate-dimensional problems. With the
implementation of the unidirectional principle for non-local operators, an optimal
preconditioner and a recurrence formula for the Kou model, we achieve linear
runtime complexity with respect to the total number of degrees of freedom. The
concept can easily be carried over to price more complex option types, e.g. early
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exercise options. It can also be generalized to a discretization by space-time sparse
grids along the lines of [17, 25].
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The Use of Sparse Grid Approximation for the
r-Term Tensor Representation

Wolfgang Hackbusch

Abstract The sparse grid approach uses basis functions which are tensor products
of univariate basis functions. This gives a connection between sparse grids and the
tensor space setting. On the other hand, in the tensor calculus one is interested in
suitable representations of tensors (cf. Hackbusch, Tensor spaces and numerical
tensor calculus, Monograph in preparation). Then the storage size is in particular
described by certain rank parameters. Limited rank requires an approximation
of the tensors (functions). In particular, function approximations like polynomial
interpolation may lead to such representations. Here, we exploit the sparse grid
approximation. We show that the involved rank is not the sparse grid complexity
O.N logd�1N /; but O.N .d�1/=d logd�3 N /:

1 Tensors, Tensor Representations

Concerning tensors, their representation and approximation we refer to [6]. In
Sects. 1–3, we give a brief introduction. The sparse grid approximation in Sect. 4
precedes the main result in Sect. 5.

Let V D V1 ˝ V2 ˝ : : : ˝ Vd be a tensor space with finite dimensional vector
spaces Vj D R

nj (nj 2 N). Each tensor v 2 V is uniquely determined by its entries

vŒi1; : : : ; id � 2 R for all 1 � ij � nj :
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An elementary tensor is the tensor product

u D
dO

j D1

u.j /; defined by uŒi1; : : : ; id � WD
dY

j D1

u.j /Œij �:

By definition of the algebraic tensor space, each v 2 V is a finite linear combination
of elementary tensors, i.e.,

v D
rX

iD1

dO

j D1

v.j /
i ; for some r 2 N0; v.j /

i 2 Vj : (1)

The smallest possible integer r in (1) is defined as the tensor rank of v; shortly
rank.v/: On the other hand, (1) with fixed r 2 N0 is used as a representation scheme
for tensors. Set

Rr WD fv 2 V W rank.v/ � rg:
All tensors v 2 Rr with can be written in the r-term representation v DPr

iD1

Nd
j D1 v.j /

i for some v.j /
i 2 Vj , requiring a storage of r

Pd
j D1 nj � rdn,

where n WD maxj nj : Here, r—the number of terms—is called representation rank
(the latter is defined by the set Rr ; not by v).

Alternatively, we can consider (infinite dimensional) function spaces Vj . Let
Ij � R be finite intervals and consider for instance the spaces Vj D C.Ij /

of continuous functions of Ij : An elementary tensor u D Nd
j D1 u.j / of uni-

variate functions u.j / 2 Vj in the variable xj is now the multivariate function
u.x1; : : : ; xd / WD Qd

j D1 u.j /.xj / defined on the Cartesian product I WD I1� : : : �Id :

The algebraic tensor space Valg D S
r2N Rr is dense in C.I/, its closure is denoted

by V D k�k
Nd

j D1 Vj and coincides with C.I/: For instance, polynomials belong
to the algebraic tensor space Valg and have finite tensor rank, while for general
functions v not belonging to Valg we may define rank.v/ D 1: All the more, we
need approximations as discussed in Sect. 2.

The second classical representation scheme (‘Tucker format’) uses tensor sub-
spaces. Given a d -tuple r D .r1; : : : ; rd / 2 N

d ; the set Tr is defined by all
v 2 Nd

j D1 Uj ; where Uj � Vj are arbitrary subspaces with dim.Uj / D rj :

Introducing bases fb.j /
i W 1 � i � rj g of Uj ; we obtain the equivalent definition

Tr D

8
<̂

:̂
v 2 V W v D

r1P
i1D1

� � �
rdP

id D1

aŒi1; : : : ; id �
dN

j D1

b
.j /
ij

;

where a 2 Nd
j D1 R

rj ; b
.j /
ij

2 Vj

9
>=

>;
:

The disadvantage of this format, at least for d � 4; is the fact that it involves a
coefficient tensor a of size

Qd
j D1 rj ; i.e., the storage is still exponential in d:
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Remark 1. Less storage is needed if the coefficient tensor a is sparse. i.e., aŒi� ¤ 0

occurs only for i 2 Isparse; where the cardinality #Isparse is much smaller thanQd
j D1 rj : Note that in the latter case, v 2 Tr can also be viewed as v 2 Rr with

r WD #Isparse:

2 Tensor Approximations

As seen before, the storage needed for v 2 Rr is rdn: Therefore, one likes to keep
r small. If rank.v/ is large or even 1; the obvious remedy is to

find Qv 2 Rr with kv � Qvk D min fkv � uk W u 2 Rrg (2)

for some norm. However, this problem is in general not solvable, since a minimum
need not exist (cf. [4]). Furthermore, a missing minimum implies a numerical
instability for any sequence Qv" (" > 0) with kv � Qv"k ! infu2Rr kv � uk as
" ! 0 in the way that maxi k Nd

j D1 Qv.j /
i;" k of Qv" D Pr

iD1

Nd
j D1 Qv.j /

i;" does not remain
bounded and leads to cancellation effects. This complicates the approximation in
Rr and requires some regularisation (cf. [5]).

If we replace Rr in (2) by Tr, the minimum exists, but the computational cost is
again exponential in d .

3 Function Approximations

Another remedy is to replace Rr in (2) by a closed subset. Instead of any univariate
functions u.j / 2 Vj ; we may consider special ones. Here, we give two examples.

Let x D .x1; : : : ; xd / 2 Œ1; R�d (possibly with R D 1) and consider
v.x/ WD 1= kxk (Euclidean norm). For the construction of a particular Qv 2
Rr ; we approximate the univariate function �.t/ D 1=

p
t by exponential sumsPr

�D1 !� exp.�˛�t/; where !�; ˛� are optimal with respect to the maximum norm
in Œd; dR2� (cf. [1]). Then we substitute t D Pd

j D1 x2
j and obtain v.x/ �

Pr
�D1 !�

Qd
j D1 exp.�˛�x2

j /: The right-hand side belongs to Rr : The error in the
maximum norm is the same as for � and has the bound O.exp.�cr// if R < 1;

and O.exp.�c
p

r// if R D 1 (c > 0 described in [1]).
The usual function approximations are, however, obtained by tensor subspaces

yielding Qv 2 Tr: An example is a polynomial Qv of degree rj � 1 with respect to
the variable xj (1 � j � d ). Another example are finite element approximations,
provided that the basis functions are tensor products. To be more explicit, consider
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univariate (finite element) bases fb.j /
i W 1 � i � rg for each1 direction j . Then the

multivariate basis is given by

bi WD
Od

j D1
b

.j /
ij

for all i 2 I WD f1; : : : ; rgd : (3)

The approximation Qv 2 Tr with r D .r; : : : ; r/ has the form

Qv D
X

i2I
aŒi� bi (4)

and is of the special form Qv 2 U D Nd
j D1 Uj with Uj D spanfb.j /

i W 1 � i � rg:
Note that U � Tr:

4 Sparse Grid Approximations

In the following we assume a sparse grid approach for the d -dimensional cube
Œ0; 1�d discretised by piecewise linear elements. This simplification implies identical
spaces V D Vj : We need a sequence of grids with step sizes h� D 2��h0;

� D 1; : : : ; `; leading to ansatz spaces

V D V.`/ 	 V.`�1/ 	 : : : 	 V.2/ 	 V.1/; (5)

where V.�/ corresponds to step size h�. While the usual space V D ˝d V.`/ has
dimension O.2�`d /; the sparse grid approach uses the sum of the following tensor
spaces:

Vsg D Vsg;` D
X

Pd
j D1 `j D`Cd�1

Od

j D1
V.`j /: (6)

For the practical implementation, one uses hierarchical bases.2 V.1/ uses the
standard hat function basis b1 WD f.bi /1�i�n1

. The basis b2 of V.2/ is b1 enriched
by n2=2 hat functions of V.2/: The latter additional basis functions are indexed by
n1 C 1 � i � n1 C n2=2 D n2: In general, the basis b� consists of b��1 and
additional n�=2 hat functions of V.�/: The space Vsg � V is the span of a much
smaller set of basis functions defining implicitly the set Isparse:

Vsg D spanfbi W i 2 Isparseg: (7)

1For simplicity, we assume rj D r for all directions j:
2For simplicity, we assume that dim.V.�// D n� D 2�n0. Depending on the boundary condition,
the true number can be n� � 1 or n� C 1:
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The well-known statements about the sparse grid approximation are that the
interpolation error is almost the same as in the full space case of V, while the
complexity is reduced to

�d .N / WD #Isparse D O
�
N logd�1.N /

�
(8)

(cf. [2]), where
N WD nd

0 2L; L WD ` C d � 1:

The inequality
Pd

j D1 `j � L D ` C d � 1 used for the summation in (6) is
equivalent to Yd

j D1
nj � N WD nd

0 2L:

One concludes that all indices i involved in (7) satisfy the hyperbolic cross inequality

Yd

j D1
ij � N: (9)

We may use (9) as the selection rule, and set OVsg WD spanfbi W i satisfies (9)g. Since
OVsg 	 Vsg; this choice satisfies the same error estimates and (8) also holds for

Isparse WD fi 2 I W i satisfies (9)g: (10)

5 From Sparse Grid to r-Term Tensor Format

According to Remark 1, the sparse grid approximation gives rise to an r-term
representation3 vsg 2 Rr with r WD #Isparse:

vsg D
X

i2Isparse
aŒi� bi: (11)

In the following we show that r can be reduced further. For this purpose, we
introduce the fibres which are generalisations of columns and rows in the matrix
case. Given the product I D I1 � : : : � Id of index sets, the j -th fibers F

.j /

i0 � I
are associated to (d � 1)-tuples i0 2 IŒj � WD I1 � : : : � Ij �1 � Ij C1 � : : : � Id and
consist of

F
.j /

i0 WD fi 2 I W ik D i 0
k for k ¤ j and ij 2 Ij g for all i0 2 IŒj �:

Here, we have the following simple observation.

3When we consider (11) as r-term representation, we ignore that bi for different i may still involve
identical bij : On the other hand, the factor aŒi� may be included into the first factor bi1 : Hence, the
storage requirement is #Isparse � d � n`.
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Fig. 1 Partition of Isparse

Remark 2. For any j and i0 2 IŒj � the sum
P

i2F
.j /

i0
aŒi� bi can be written as the

elementary tensor:

bi 0

1
˝ : : :˝bi 0

j �1
˝

�X
ij 2Ij

aŒi 0
1; : : : ; i 0

j �1; ij ; i 0
j C1; : : : ; i 0

d �bij

�
˝bi 0

j C1
˝ : : :˝bi 0

d
:

The same statement holds for F
.j /

i0 replaced by a subset F � F
.j /

i0 :

This leads to the following problem.

Problem 1. Given any subset Isparse � I; find a disjoint partition Isparse D S
p2P Fp

with Fp � F
.j /

i0 for suitable i0; j such that #P is as small as possible.

By Remark 2, vsg from (11) can be written as a sum of #P elementary tensors,
i.e., vsg 2 Rr with r WD #P: If we have a constructive answer to Problem 1, we can
also represent vsg in Rr constructively.

For the particular definition of Isparse by (10), we give such a constructive
decomposition into fiber pieces. To illustrate the approach, we first consider the case
d D 2 and i1i2 � N D 16 (cf. (9)) in Fig. 1. While in this example #Isparse D 50;

only #P D 7 partitions are required: vsg 2 R7: This confirms the later result
#P 
 p

#Isparse in the case d D 2:

For general d; the decomposition of Isparse can be achieved as follows. Let

T WD
n
.t1; : : : ; td�1/ 2 N

d�1 W d�1
max
j D1

ftj g �
Yd�1

j D1
tj � N

o
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be a set of (d � 1)-tuples. For each t WD .t1; : : : ; td�1/ 2 T and 1 � k � d define

It;k WD
�

.t1; : : : ; tk�1; ik; tk; : : : ; td�1/ 2 Isparse with ik � d�1
max
j D1

ftj g
�

:

It;k is part of a fibre in k-th direction. We claim that
S

t2T

Sd
kD1 It;k D Isparse: For a

proof take any i D .i1; : : : ; id / 2 Isparse and let k and m be indices of the largest and
second largest ij ; i.e.,

ik � im � ij for all j 2 f1; : : : ; d gnfk; mg with k ¤ m:

Inequality im � ik and i 2 Isparse imply that im �Qj ¤k ij � Qd
j D1 ij � N: Therefore

the tuple t WD .i1; : : : ; ik�1; ikC1; : : : ; id / belongs to T and shows that i 2 It;k .
This proves Isparse � S

t2T

Sd
kD1 It;k ; while the direction ‘	’ is trivial because of

It;k � Isparse:

We conclude that fIt;k W t 2 T; 1 � k � d g is a (not necessarily disjoint)
decomposition of Isparse; whose cardinality is denoted by �d .N /: Each4 set It;k gives
rise to an elementary tensor (cf. Remark 2) and proves vsg 2 Rr , where5

r � �d .N / WD d � #T:

It remains to estimate #T . For t WD .t1; : : : ; td�1/ 2 T let m be an index with
tm D maxd�1

j D1ftj g: From t2
m

Q
j ¤m tj � N we conclude that 1 � tm � p

N : In the

following, we distinguish the cases tm � N 1=d and N 1=d < tm � N 1=2:

If tm � N 1=d ; also tj � N 1=d holds and all such values satisfy the condition
maxd�1

j D1ftj g � Qd�1
j D1 tj � N: Hence, the number of (d � 1)-tuples t 2 T with

maxj ftj g � N 1=d is bounded by

N .d�1/=d :

Now we consider the case N 1=d < tm � N 1=2. The remaining components
tj satisfy6

Q
j ¤m tj � N=t2

m: We ignore the condition tj � tm and ask for
all (d � 2)-tuples .tj W j 2 f1; : : : ; d � 1gnfmg/ with

Q
j ¤m tj � N=t2

m: Its

number is �d�2.N=t2
m/ D O

�
N
t2
m

logd�3. N
t2
m

/
�

(cf. (8)). It remains to bound the sum
P

N 1=d <t�N 1=2
N
t2 logd�3. N

t2 /: Instead, we consider the integral

4Since the sets VIt;k may overlap, one must take care that each vi is associated to only one VIt;k :
5�d .N / < d � #T may occur, since VIt;k D VIt;k0 may hold for k ¤ k0: An example is the
decomposition from Fig. 1, where �2.16/ D 7:
6
Q

j¤m abbreviates the product over f1; : : : ; d � 1gnfmg:
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Z N 1=2

N 1=d

N

x2
logd�3

� N

x2

	
dx < N logd�3.N .d�2/=d /

Z N 1=2

N 1=d

dx

x2

< N logd�3.N .d�2/=d /ŒN �1=d � N �1=2� < N .d�1/=d logd�3.N .d�2/=d /:

Therefore, any tensor v D �sparse.Isparse; .vi/i2VI can be written as v 2 Rr with

representation rank r � O
�
N .d�1/=d logd�3.N /

�
: This proves that although #Isparse

is not bounded by O.N /; the asymptotic rank order is strictly better than O.N /:

Proposition 1. For an index set Isparse � fi 2 N
d W Qd

j D1 ij � N g; any tensor v D
�sparse.Isparse; .vi/i2VI/ can be explicitly converted into v 2 Rr with a representation

rank r D �d .N /�O
�
N .d�1/=d logd�3.N /

�
.

The factor logd�3 may be an artifact of the rough estimate. Numerical tests show
that the asymptotic behaviour appears rather late. The next table shows 	d .N / WD
log2.�d .N /=�d .N=2// for N D 2n: 	d .N / should converge to .d � 1/=d: Finally,
we compare the quantities �d .N / (cardinality of the sparse grid) and �d .N / for
d D 3 and d D 6:

n 3 6 9 12 15 18 21 24 27 30

	3.2n/ 1.0 0.88 0.78 0.73 0.71 0.693 0.684 0.679 0.675 0.672 ! 2
3

	4.2n/ 1.4 1.15 0.96 0.89 0.85 0.825 0.806 0.794 0.784 0.777 ! 3
4

N 10 100 1,000 10,000 100,000 1,000,000

�3.N / 53 1,471 29,425 496,623 7,518,850 106,030,594
�3.N / 12 102 606 3,265 16,542 81,050
�6.N / 195 14,393 584,325 17, 769,991 439,766,262 –
�6.N / 51 2,047 36,018 502,669 5,812,401 59,730,405

6 Conclusion

The basis functions in sparse grid representations are tensor products univariate
functions. Therefore, the sparse grid approach may be seen as a particular tensor
representation. The number of sparse grid terms is typically O.N logd�1N /;

where N is related to the finest grid size. If a sparse grid approximation vsg is
available, we have shown that an r-term representation of vsg is available for
r 
 N .d�1/=d logd�3.N /:

We conclude with an hypothetic question. Given any tensor v 2 V; one can
compute the higher-order singular value decomposition
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v D
X

i2I

aŒi�
dO

j D1

b
.j /
ij

;

where b
.j /
i are the (orthogonal) higher-order singular vectors (cf. [3]).

The connection to the usual singular value decomposition is given by the fact that
for any 1 � j � d there are singular values �

.j /
1 � �

.j /
2 � : : : such that

�
.j /
ij

D
s X

i1;:::;ij �1;ij �1;:::;id

aŒi1; : : : ; ij �1; ij ; ij �1; : : : ; id �2 for ij 2 Ij :

In this sense, the size of aŒi� is decreasing, if one of the indices ij increases. For
tensors v associated to smooth functions, one can expect a fast decrease of the
singular values. This does not imply that the sparse grid error

X

i2I with
Qd

j D1ij �N

aŒi�2

decays sufficiently fast. However, if this would be true—and numerical calculations
for electronic structure problems seem to point into this direction (cf. [7])—
the conversion into an approximate r-term representation with r . N can be
performed.
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On Multilevel Quadrature for Elliptic Stochastic
Partial Differential Equations

Helmut Harbrecht, Michael Peters, and Markus Siebenmorgen

Abstract In this article, we show that the multilevel Monte Carlo method for
elliptic stochastic partial differential equations is a sparse grid approximation. By
using this interpretation, the method can straightforwardly be generalized to any
given quadrature rule for high dimensional integrals like the quasi Monte Carlo
method or the polynomial chaos approach. Besides the multilevel quadrature for
approximating the solution’s expectation, a simple and efficient modification of
the approach is proposed to compute the stochastic solution’s variance. Numerical
results are provided to demonstrate and quantify the approach.

1 Introduction

The present article is dedicated to the numerical solution of elliptic second order
boundary value problems with a stochastic diffusion co-efficient. A principal
approach to solve such stochastic boundary value problems is the Monte Carlo
approach, see e.g. [19] and the references therein. However, it is extremely
expensive to generate a large number of suitable samples and to solve a deterministic
boundary value problem on each sample. To overcome this obstruction, the multi-
level Monte Carlo method (MLMC) has been developed in [1, 10, 11, 15, 16]. From
the stochastic point of view, it is a variance reduction technique which considerably
decreases the complexity. The idea is to combine the Monte Carlo quadrature of the
stochastic variable with a multilevel splitting of the Bochner space which contains
the random solution. Then, to compute the solution’s statistics, most samples can be
performed on coarse spatial discretizations while only a few samples must be per-
formed on fine spatial discretizations. As we will show, this proceeding is a sparse
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grid approximation of the expectation and variance. If we replace the Monte Carlo
quadrature by another quadrature rule for high dimensional integrals, we obtain for
example the multilevel quasi Monte Carlo method (MLQMC) or the multilevel poly-
nomial chaos method (MLPC). A related interpretation of MLMC and MLQMC in
financial mathematics as a sparse grid approach is presented in this volume in [8].

2 Sparse Grids

Let
V
.i/
0 � V

.i/
1 � � � � � V

.i/
j � � � � � Hi ; i D 1; 2;

denote two sequences of nested, finite dimensional spaces with increasing approx-
imation properties in some abstract spaces Hi . To approximate a given object
of the space H1 � H2 one canonically considers the full tensor product spaces
Uj WD V

.1/
j ˝ V

.2/
j . However, the cost dimUj D dimV .1/

j � dimV .2/
j are often

too expensive. This drawback can be avoided by considering the approximation in
so-called sparse grid or sparse tensor product spaces. To this end, one defines for
j � 0 the complement spaces

W
.i/
jC1 D V

.i/
jC1 � V

.i/
j ; i D 1; 2;

and gains the multilevel decompositions

V
.i/
j D

jM

iD0
W

.i/
j ; W

.i/
0 WD V

.i/
0 ; i D 1; 2: (1)

Thus, the sparse grid space is defined by

bUj WD
X

`C`0�j
W

.1/

` ˝W
.2/

`0 (2)

It contains, at most up to a logarithm, only maxfdimV .1/
j ; dimV .2/

j g1 degrees of
freedom but offers nearly the same approximation power as Uj provided that
the object to be approximated offers some extra smoothness by means of mixed
regularity. For further details, see [12].

Sparse grids are used for the approximation of high-dimensional data or functions
[14] and for the numerical solution of partial differential equations [22]. Another
application issues from the construction of quadrature formulae [7]. For all the
details we refer the reader to the survey [2] and the references therein.

1This holds under the assumptions that the dimensions of V .1/
j and V .2/

j scale like geometric
sequences.
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Fig. 1 Different representations of the sparse grid space bU j

In the context of stochastic partial differential equations, the sequence fV .1/
j g

will correspond to a sequence of Bochner spaces which map the high dimensional
unit cube � onto nested finite element spaces. Whereas, the sequence fV .2/

j g will
correspond to a sequence of quadrature rules which computes the Bochner integral.
To arrive at the multilevel quadrature method we will make use of the following
equivalent representation of the sparse grid space (2). In view of (1), one can
rewrite (2) according to

bUj D
jX

`D0
W

.1/

` ˝
� j�`X

`0D0
W

.2/

`0

�
D

jX

`D0
W

.1/

` ˝ V
.2/

j�`

(see Fig. 1 for an illustration). This makes the specification of the complement
spaces W .2/

j obsolete. Indeed, even the nestedness of the quadrature points can be
neglected since it is sufficient that the error of quadrature decreases as the dimension
of V .2/

j increases.
The rest of the article is organized as follows. We introduce the elliptic model

problem of interest in Sect. 3 and transform it to a parametric diffusion problem
in Sect. 4. The next two sections are dedicated to the discretization, namely the
quadrature rule for the stochastic variable (Sect. 5) and the finite element method
with respect to the physical domain (Sect. 6). The multilevel quadrature for the
random solution’s expectation is proposed in Sect. 7. The computation of its
variance requires some modifications which are carried out in Sect. 8. Finally, in
Sect. 9, we provide numerical results to demonstrate and quantify the approach.
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3 Problem Setting

In the following, let D � R
n for n D 2; 3 be a polygonal or polyhedral domain.

Moreover, let .˝;˙;P / be a probability space with �-field˙ � 2˝ and a complete
probability measure P , i.e., for all A � B and B 2 ˙ with P ŒB� D 0 it follows
A 2 ˙ and P ŒA� D 0. We intend to compute the expectation Eu WD E.u/ and
the variance Vu WD V.u/ of the random function u.!/ 2 H1

0 .D/ which solves the
stochastic diffusion problem

� div
�
˛.!/ru.!/

� D f in D: (3)

for almost all ! 2 ˝ .
To guarantee unique solvability of (3), we assume that ˛.!/ is almost surely

uniformly elliptic and bounded

0 < ˛min � ˛.!/ � ˛max < 1 in D: (4)

For sake of simplicity, we further assume that the stochastic diffusion coefficient is
given by a finite Karhunen-Loève expansion

˛.x; !/ D E˛.x/C
mX

kD1

p
�k'k.x/ k.!/ (5)

with pairwise L2-orthonormal functions 'k 2 L1.D/ and stochastically indepen-
dent random variables  k.!/ 2 Œ�1; 1�. Especially, it is assumed that the random
variables admit continuous density functions �k W Œ�1; 1� ! R with respect to the
Lebesgue measure.

In practice, one generally has to compute the expansion (5) from the given
covariance kernel

Cov˛.x; y/ D
Z

˝

˚
˛.x; !/ � E˛.x/

�˚
˛.y; !/� E˛.y/

�
dP.!/:

If the expansion contains infinitely many terms, it is appropriately truncated which
will induce an additional discretization error. For all the details we refer the reader
to [9, 17, 20].

4 Deterministic Reformulation

The assumption that the random variables f k.!/g are stochastically independent
implies that the respective joint density function and the joint distribution of the
random variables are given by
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�.y/ WD
mY

kD1
�k.yk/ and dP�.y/ WD �.y/dy:

Now we are able to reformulate the stochastic problem (3) by a parametric
deterministic problem by replacing the space L2P .˝/ by L2�.�/ where � WD
Œ�1; 1�m. Thus, the stochastic space˝ is identified with its image � with respect to
the measurable mapping

 W ˝ ! �; ! 7!  .!/ WD �
 1.!/; : : : ;  m.!/

�
:

Hence, the random variables  k are substituted by coordinates yk 2 Œ�1; 1�. With
this construction at hand, we define the parameterized and truncated diffusion
coefficient ˛ W D � � ! R via

˛.x; y/ D E˛.x/C
mX

kD1

p
�k'k.x/yk

for all x 2 D and y D .y1; y2; : : : ; ym/ 2 �. This leads to the following parametric
diffusion problem:

find u 2 L2�
�
�IH1

0 .D/
�

such that (6)

� div
�
˛.y/ru.y/

� D f in D for all y 2 �:

Here and in the sequel, for a given Banach space X , the Bochner space
L
p
� .�IX/, 1 � p � 1, consists of all functions v W � ! X whose norm

kvkLp� .�IX/ WD

8
ˆ̂̂
<

ˆ̂̂
:

�Z

�
kv.y/kpX�.y/ dy

�1=p
; p < 1

ess sup
y2�

kv.y/�.y/kX ; p D 1

is finite. If p D 2 and X is a Hilbert space, the Bochner space is isomorphic to
the tensor product space L2�.�/ ˝ X . Finally, the space C.�IX/ consists of all
continuous mappings v W � ! X .

Remark 1. Bochner spaces are the canonical function spaces to define stochastic
fields v W � ! X . The expectation is defined via the Bochner integral

Ev.x/ D
Z

�
v.x; y/�.y/ dy

and the variance via
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Vv.x/ D
Z

�
v2.x; y/�.y/ dy � E

2
v.x/:

For further details we refer the reader to [3, 5].

By the Lax-Milgram theorem, unique solvability of the parametric diffusion
problem (6) in L2�

�
�IH1

0 .D/
�

follows immediately from the condition (4) on
the stochastic diffusion coefficient. In [21], it has further been proven that the
solution u of (6) is analytical as mapping u W � ! H1

0 .D/. At least in case
of uniformly distributed random variables f kg, it is even analytical as mapping
u W � ! H1

0 .D/\H2.D/, provided that the functions f'kg in the Karhunen-Loève
expansion (5) are in W 1;1.D/, see [4].

5 Quadrature in the Stochastic Variable

Having the solution u 2 L2�
�
�IH1

0 .D/
�

of (6) at hand, then its expectation and
variance are given by the high dimensional integrals

Eu.x/ D
Z

�
u.x; y/�.y/ dy 2 H1

0 .D/ (7)

and

Vu.x/ D Eu2 .x/� E
2
u.x/ D

Z

�
u2.x; y/�.y/ dy � E

2
u.x/ 2 W 1;1

0 .D/: (8)

To compute these integrals, we shall provide a sequence of quadrature formulae
fQ`g for the Bochner integral

I W L1�.�IX/ ! X; I v D
Z

�
v.�; y/�.y/ dy

where X � L2.D/ denotes a Banach space. The quadrature formula

Q` W L1�.�IX/ ! X; Q`v D
NX̀

iD1
!`;i v.�; �`;i /�.�`;i / (9)

is supposed to provide the error bound

k.I �Q`/vkX . "`kvkH.�IX/ (10)

uniformly in ` 2 N, where f"`g is a null sequence and H.�IX/ � L2�.�; X/ a
suitable Bochner space. For our purpose, we assume that the number of points N`
of the quadrature formulaQ` are chosen such that

"` D 2�`: (11)
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The following particular examples of quadrature rules (9) are considered in our
numerical experiments:

• In the mean, the Monte Carlo method satisfies (10) with "` D N
�1=2
` and

H.�IX/ D L2�.�IX/.
• The standard quasi Monte Carlo method leads typically to "` D N�1

` .logN`/m

and the Bochner space H.�IX/ D W
1;1

mix.�IX/ of all functions v W � ! X with
finite norm

kvk
W
1;1

mix.�IX/ WD
X

kqk1�1

Z

�

����
@kqk1

@y
q1
1 @y

q2
2 � � � @yqmm v.y/

����
X

dy < 1; (12)

see e.g. [18]. Note that this estimate requires that the densities satisfy �k 2
W 1;1.Œ�1; 1�/.

• If v W � ! X is analytical with respect to the variable y, then one can apply
a tensor product Gaussian quadrature rule, yielding an exponential convergence
rate "` D exp.�bN 1=m

` / and H.�IX/ D L1.�IX/. In fact, the polynomial
chaos approach introduced in [6] can be interpreted as a dimension weighted
tensor product Gaussian quadrature rule (with weights depending on the numbers
fp�kk'kkL1.D/g).

6 Finite Element Approximation in the Spatial Variable

In order to apply the quadrature formula (9), we shall calculate the solution u.y/ 2
H1
0 .D/ of the diffusion problem (6) in certain points y 2 �. To this end, consider a

coarse grid triangulation/tetrahedralization T0 D f�0;kg of the domain D. Then, for
` � 1, a uniform and shape regular triangulation/tetrahedralization T` D f�`;kg is
recursively obtained by uniformly refining each triangle/tetrahedron �`�1;k into 2n

triangles/tetrahedrons with diameter h` 	 2�`.
Define for p � 1 the finite element spaces

Sp` .D/ WD fv 2 C.D/ W vj@D D 0 and vj� 2 Pp for all � 2 T`g � H1
0 .D/;

where Pp denotes the space of all polynomials of total degree p � 0. Then, the
solution u.y/ 2 Sp` .D/ of a finite element method in the space Sp` .D/ admits the
following approximation properties. 2

2Error estimates in respectively L2.D/ and L1.D/ are derived by straightforward modifications,
yielding the convergence rate 4�`. Then, the error analysis of the multilevel quadrature can be
performed with respect to these norms, provided that the precision of the quadrature (10) is also
chosen as "` D 4�`.
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Lemma 1. Let the domain D be convex and f 2 L2.D/. Then, the finite element
solution u`.y/ 2 Sp` .D/ of the diffusion problem (6) satisfies the error estimates

ku.y/ � u`.y/kH1.D/ . 2�`ku.y/kH2.D/; (13)

and
ku2.y/� u2`.y/kW 1;1.D/ . 2�`ku.y/k2

H2.D/
: (14)

Here, the constants hidden in (13) and (14) depend on ˛min and ˛max, but not on
y 2 �.

Proof. The parametric diffusion problem (6) is H2-regular since D is convex and
f 2 L2.D/. Hence, the first error estimate immediately follows from the standard
finite element theory. We further find

ku2.y/ � u2`.y/kW 1;1.D/ D ���
u.y/� u`.y/

��
u.y/C u`.y/

���
W 1;1.D/

. ku.y/� u`.y/kH1.D/ku.y/C u`.y/kL2.D/
C ku.y/ � u`.y/kL2.D/ku.y/C u`.y/kH1.D/:

By using

ku`.y/kH1.D/ � ku.y/kH1.D/ C ku.y/� u`.y/kH1.D/ . .1C 2�`/ku.y/kH2.D/

and the corresponding estimate in L2.D/, we arrive at the desired estimate (14).
ut

Remark 2. If the underlying diffusion problem is more than H2-regular, for
example in the situation of isoparametric finite elements, one obtains higher order
error estimates if p � 2. The subsequent analysis can be modified in this case
straightforwardly.

7 Multilevel Quadrature Method for the Expectation

We now have to combine the quadrature method with the multilevel finite element
discretization. To this end, we define the ansatz spaces

V
.1/
j WD ˚

Gj .y/v.x; y/ W v 2 C �
�IH1

0 .D/
�

and y 2 �
� � L2�

�
�I Spj .D/

�
: (15)

Herein, Gj .y/ denotes the Galerkin projection

Gj .y/ W H1
0 .D/ ! Spj .D/; v 7! vj ;

defined via the Galerkin orthogonality
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Z

D

˛.x; y/r�
v.x/� vj .x/

�rwj .x/ dx D 0 for all wj 2 Spj .D/:

Note that this bilinear form issues from the weak formulation of (6) in H1
0 .D/.

3

To compute the expectation (7) we shall apply the quadrature ruleQj to the finite
element solution in Spj .D/ which yields

Eu.x/ 
 Qj

�
Gj .y/u.x; y/

� D
NjX

iD0
!j;iGj .�j;i /u.x; �j;i /�.�j;i /: (16)

This can be interpreted as the full tensor approximation of the function Eu in the
product space V .1/

j ˝ V
.2/
j where the quadrature ruleQj serves as “space” V .2/

j .
In contrast to this, setting G�1.y/ WD 0 for all y 2 �, the sparse tensor productPj

`D0 W
.1/

` ˝ V
.2/

j�` is performed with the help of the complement spaces

W
.1/

` WD ˚�
G`.y/ �G`�1.y/

�
v.x; y/ W v 2 C �

�IH1
0 .D/

�
and y 2 �

� � V
.1/

` :

Namely, we consider the sparse tensor approximation

Eu.x/ 

jX

`D0
Qj�`

�
G`.y/u.x; y/ �G`�1.y/u.x; y/

�

D
jX

`D0

Nj�`X

iD0
!j�`;i

�
G`.�j�`;i /u.x; �j�`;i / (17)

�G`�1.�j�`;i /u.x; �j�`;i /
�
�.�j�`;i /:

Loosely speaking, the function u 2 L2�
�
�IH1

0 .D/
�

is divided into j slices in
accordance with the modulus of its entity. Then, for every slice, the precision of
quadrature is properly chosen. We refer to Fig. 2 for a graphical illustration.

Theorem 1. Let u 2 H
�
�IH1

0 .D/ \ H2.D/
�

and let fQ`g be a sequence of
quadrature rules which satisfy (10) and (11). Then, it holds

3There holds the identity V .1/
j DPj

�
L2�

�
�IH1

0 .D/
��

where Pj WL2�
�
�IH1

0 .D/
� ! L2�

�
�I

Spj .D/
�

is the Galerkin projection with respect to the bilinear form A W L2�
�
�IH1

0 .D/
� �

L2�
�
�IH1

0 .D/
� ! R given by

A.v;w/ WD
Z

�

Z

D

˛.x; y/rxv.x; y/rxw.x; y/�.y/ dx dy:

This bilinear form stems from the weak formulation of the parametric diffusion problem (6) in the
Bochner space L2�

�
�IH1

0 .D/
�
. The equivalence of this weak definition to the pointwise definition

(15) follows immediately from the analyticity of the solutions to (6) in the parameter y.
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Fig. 2 Visualization of the multilevel quadrature

����Eu.x/�
jX

`D0
Qj�`

�
G`.y/u.x; y/ �G`�1.y/u.x; y/

�����
H1.D/

. 2�j jkukH.�IH2.D//:

Proof. Since u 2 H
�
�IH1

0 .D/ \H2.D/
�
, the estimate (13) implies the decay

kG`.y/u.x; y/�G`�1.y/u.x; y/kH.�IH1
0 .D//

. 2�`kukH.�IH2.D//:

This, together with (10), (11), and (13), yields

����Eu.x/�
jX

`D0
Qj�`

�
G`.y/u.x; y/�G`�1.y/u.x; y/

�����
H1.D/

.
��Eu.x/� I

�
Gj .y/u.x; y/

���
H1.D/

C
jX

`D0

����.I �Qj�`/
�
G`.y/u.x; y/ �G`�1.y/u.x; y/

�����
H1.D/

. 2�j kukL2�.�IH2.D// C
jX

`D0
2`�j 2�`kukH.�IH2.D//

. 2�j jkukH.�IH2.D//:

ut
Remark 3. The convergence rate of the full tensor approximation (16) is 2�j .
Therefore, the convergence rate of the sparse tensor approximation (17) is only
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the logarithmic factor j smaller. This factor can be removed, if the precision of
quadrature "` is chosen as `�.1Cı/2�` for some ı > 0 since

jX

`D0
2`�j 2�`.j � `/�.1Cı/ D 2�j

jX

`D0
`�.1Cı/ . 2�j :

This choice was proposed in [1].

8 Multilevel Quadrature Method for the Second Moment

The determination of the random solution’s variance (8) requires the computation
of its second moment Eu2 2 W

1;1
0 .D/ which can be performed similarly to the

expectation. The full tensor approximation

Eu2 .x/ 
 Qj

�
Gj .y/u.x; y/

�2 D
NjX

iD0
!i

�
Gj .�j;i /u.x; �j;i /

�2
�.�j;i /

corresponds to the approximation in the product “space” eV .1/
j ˝ V

.2/
j with

eV .1/
j WD ˚�

Gj .y/v.x; y/
�2 W v 2 C �

�IH1
0 .D/

�
and y 2 �

� � L2�
�
�I S2pj .D/

�
:

To define the related sparse tensor approximation, we set

eW .1/

` WD ˚�
G`.y/v.x; y/

�2 � �
G`�1.y/v.x; y/

�2 W
v 2 C �

�IH1
0 .D/

�
and y 2 �

� � eV .1/
j :

Then, the approximation of Eu2 in the sparse product “space”
Pj

`D0 eW .1/

j�` ˝ V
.2/
j

is given as

Eu2 .x/ 

jX

`D0
Qj�`

��
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2	

D
jX

`D0

Nj�`X

iD1
!j�`;i

��
G`.�j�`;i /u.x; �j�`;i /

�2

� �
G`�1.�j�`;i /u.x; �j�`;i /

�2	
�.�j�`;i /:

To estimate the discretization error of this sparse tensor approximation, we will need
to further estimate the expression
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���.I �Qj�`/
��
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2	���
W 1;1.D//

(18)

. 2j�`
���
�
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2���
H.�IW 1;1.D//

:

If u 2 H
�
�IH1

0 .D/ \ H2.D/
�
, then this is clearly possible by using (14) but

requires some further specification of the Bochner space H.�/. For example, if
H.�/ D L2�.�/, we arrive at

���
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2��
L2�.�IW 1;1.D//

. 2�`kuk2
L4�.�IH2.D//

:

Whereas, if H.�/ D W
1;1

mix.�/, one gets, in view of (12), the estimate

���
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2��
W
1;1

mix.�IW 1;1.D//
. 2�`kuk2

H1
mix.�IH2.D//

;

where the norm in H1
mix.�IX/ is defined in complete analogy to (12). Finally, in

case of H.�/ D L1
� .�/ we obtain

���
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2��
L1

� .�IW 1;1.D//
. 2�`kuk2

L1

� .�IH2.D//
:

These examples cover the three quadrature formulae specified in Sect. 5.
Therefore, it is reasonable to make the assumption that a second Bochner space
I

�
�IH2.D/

� � H
�
�IH2.D/

�
exists with which we can bound the right hand

side in (18).

Theorem 2. Let u 2 H
�
�IH1

0 .D/ \ H2.D/
�

and let fQ`g be a sequence of
quadrature rules which satisfy (10) and (11). Moreover, assume that

���
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2��
H.�IW 1;1.D//

. 2�`kuk2I.�IH2.D//
: (19)

Then, there holds the following error estimate:

����Eu2 .x/�
jX

`D0
Qj�`

��
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2	
����
W 1;1.D/

. 2�j j
�kuk2

L4�.�IH2.D//
C kuk2I.�IH2.D//

�
:

Proof. Analogously to the proof of the sparse tensor approximation to the expecta-
tion, we find
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����Eu2 .x/ �
jX

`D0
Qj�`

��
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2	
����
W 1;1.D/

.
��Eu2 � I

�
Gj .y/u.x; y/

�2��
W 1;1.D/

C
jX

`D0

���.I �Qj�`/
��
G`.y/u.x; y/

�2 � �
G`�1.y/u.x; y/

�2	���
W 1;1.D/

:

Herein, the first term is estimated by
��Eu2 � I �

Gj .y/u.x; y/
�2��

W 1;1.D/
. 2�jkuk2

L4�.�IH2.D//
:

By bounding the second term by (18) and (19), we derive the desired error estimate.
ut

9 Numerical Results

In the implementation of our numerical examples we consider the L-shaped domain
D D .�1; 1/2 n Œ0; 1/2 � R

2 and choose piecewise linear finite elements
on triangles for the discretization (i.e., the spaces fS1j .D/g). Then, the variance
will be a piecewise quadratic finite element function which lives in the spaces
fS2j .D/g. Therefore, the multilevel mesh transfer has to be performed by quadratic
prolongations.

It is well known that an approximation of the diffusion coefficient by elemen-
twise constant functions sustains the over-all approximation order achieved by
the piecewise linear finite elements on the finest mesh. On the coarser meshes,
the diffusion coefficient is successively replaced by its elementwise average with
respect to the current triangulation. This does not affect the stiffness matrices but
simplifies the computations considerably.

In the numerical experiments, we compare the following particular multilevel
quadrature methods:

• The multilevel Monte Carlo method where the number of sample points is chosen
as N` D 4`N0 with N0 D 100. This choice ensures that the quadrature error
estimate (11) holds in the mean.

• The multilevel quasi Monte Carlo method using the Halton sequence [18]. It
satisfies the error estimate "` 	 N�1

` logm.N`/. Since the term logm.N`/ is
unbounded as m ! 1 (which happens in the second numerical example), the
number of sample points is chosen as for the multilevel Monte Carlo method.

• The multilevel polynomial chaos method which is based on the polynomial
chaos method presented in [6]. The polynomial degree and thus the number
of quadrature points is coupled to the exact decay of the eigenvalues in the
Karhunen-Loève expansion.
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Fig. 3 The expectation and the standard deviation of the solution in case of the load vector f .x/ D
2�2 sin.�x1/ sin.�x2/

9.1 Finite Dimensional Stochastics

The first numerical example treats the stochastic diffusion problem with diffusion
coefficient determined by the statistics

E˛.x/ D 6:5C c1.x/C c2.x/C c3.x/;

Cov˛.x; y/ D c1.x/c1.y/C c2.x/c2.y/C c3.x/c3.y/; (20)

where the coefficient functions are given by

c1.x/ D x1x2; c2.x/ D x2.1 � x1/; c2.x/ D x1.1 � x2/:

By assuming further that the emerging random variables of the Karhunen-Loève
expansion are independent and uniformly distributed on Œ�1; 1�, we obtain the
uniqueness of the respective diffusion coefficient. Note that the covariance function
is intrinsically of rank 3 which results in the stochastic dimension m D 3. Hence,
this example fits perfectly into the considered setting of this article and is especially
well suited for the use of the multilevel quasi Monte Carlo method.

We consider two different load vectors for our computations, namely

f .x/ D exp.0:5x1 C x2/ and f .x/ D 2�2 sin.�x1/ sin.�x2/:

Figure 3 shows an illustration of the mean and the standard deviation of the solution
which corresponds to the first load vector. Whereas, Figure 4 shows the mean and
the standard deviation of the solution which corresponds to the second load vector.

We use the pivoted Cholesky decomposition to calculate the Karhunen-Loève
expansion of the diffusion coefficient. The pivoted Cholesky decomposition
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Fig. 4 The expectation and the standard deviation of the solution in case of the load vector f .x/ D
exp.0:5x1 C x2/

provides a simple method to compute a low-rank approximation to the covariance
operator. It converges optimally if the eigenvalues of the covariance operator decay
sufficiently fast. In particular, if the rank of the covariance operator is finite, this
is captured by the algorithm. The major advantage of this approach is that, at any
time, the cut-off error of the Karhunen-Loève expansion is rigorously controlled in
terms of the trace norm, cf. [13].

In the following, we denote the discretized expectation and the discretized covari-
ance operator of the diffusion coefficient by E˛ 2 R

d and A 2 R
d�d , respectively.

The arising mass matrix is neglected due to the choice of L2-orthonormalized
ansatz and test functions. Now the pivoted Cholesky decomposition yields the
approximation

kA � LL|ktr � "

for some prescribed precision " > 0 and a low-rank matrix L 2 R
d�m withm � d .

Since the eigenvalues of LL| 2 R
d�d coincide with those of L|L 2 R

m�m, only
a small eigenvalue problem has to be solved. Here, a reasonable speed-up can be
achieved in comparison with other subspace methods for eigenvalue computation.
If v1; v2; : : : ; vm denote the orthonormal eigenvectors of the small problem, the
eigenvectors of the large matrix are given by Lv1;Lv2; : : : ;Lvm. Obviously, we
have

LL|.Lvi / D L.L|Lvi / D �i .Lvi /

for all i D 1; 2; : : : ; m. Due to

.Lvi /|.Lvj / D v|
i L|Lvj ;D �iıi;j

with ıi;j being the Kronecker symbol, a rescaling of the eigenvectors has to
be performed. Consequently, the discretized Karhunen-Loève expansion of the
diffusion coefficient is simply given by
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Fig. 5 The scaled Karhunen-Loève modes of the covariance operator given by (19)

˛.y/ D E˛ C
mX

kD1
Lvkyk:

Figure 5 shows an illustration of these scaled, elementwise constant Karhunen-
Loève modes of the covariance operator.

For the analysis of the convergence rates of the different quadrature rules, we
average the solutions of 10 runs of the multilevel Monte Carlo method on level 9.
This corresponds to more than three million elements, with about 107 samples on
the related coarse spatial mesh. As we pointed out in this article, this reference
solution is, up to a logarithmic factor, as accurate as the standard Monte Carlo
method for the finite element discretization on level 9 with the same number of
samples. Likewise, for the following convergence studies, we average the results of
10 runs of the multilevel Monte Carlo method on each particular level.

Figure 6 shows the convergence of the solution’s expectation and its second
moment in case of the load vector f .x/ D 2�2 sin.�x1/ sin.�x2/. The three
different error curves behave quite similar. The dashed line corresponds to the
expected convergence rate 2�j . We however observe even a rate about 4�j which is
much better than expected. We assume that the over-all error is still limited by the
actual accuracy of the finite element approximation.
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Figure 7 presents the convergence of the considered methods with respect to the
load vector f .x/ D exp.0:5x1 C x2/. Here, the observed convergence rate is lower
than in the first example, but still better than the expected convergence rate of 2�j .

9.2 Infinite Dimensional Stochastics

The second example involves a covariance function of infinite rank. Namely, we
consider

E˛.x/ D 10; Cov˛.x; y/ D 10

7
exp

�
�100
49

kx � yk22
�
: (21)
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Thus, we have to compute a finite approximation to the corresponding Karhunen-
Loève expansion. How the approximation error affects the solution of the respective
diffusion problem is investigated in [20]. The load vector under consideration is

f .x/ D exp.0:1x1 C 0:2x2/:

The computations for this example are carried out analogously to the previous
example. The only difference is that the Karhunen-Loève expansion needs to be
appropriately truncated. For example, it consists of 53 terms for the reference
solution and of 39 terms for the calculation on level 7. The mean and the standard
deviation of the random solution are found in Figure 8.

Figure 9 shows the convergence behaviour of the different quadrature rules
under consideration. Now, the convergence rate fits exactly the expected decay 2�j
of the error in the case of the multilevel polynomial chaos method. In the case
of the multilevel Monte Carlo method and the multilevel quasi Monte Carlo
method the rates are better, although the choice of the number of quadrature points
for the multilevel quasi Monte Carlo method is heuristically.
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Local and Dimension Adaptive Stochastic
Collocation for Uncertainty Quantification

John D. Jakeman and Stephen G. Roberts

Abstract In this paper we present a stochastic collocation method for quantifying
uncertainty in models with large numbers of uncertain inputs and non-smooth
input-output maps. The proposed algorithm combines the strengths of dimension
adaptivity and hierarchical surplus guided local adaptivity to facilitate computa-
tionally efficient approximation of models with bifurcations/discontinuties in high-
dimensional input spaces. A comparison is made against two existing stochastic
collocation methods and found, in the cases tested, to significantly reduce the
number of model evaluations needed to construct an accurate surrogate model. The
proposed method is then used to quantify uncertainty in a model of flow through
porous media with an unknown permeability field. A Karhunen–Loève expansion
is used to parameterize the uncertainty and the resulting mean and variance in the
speed of the fluid and the time dependent saturation front are computed.

1 Introduction

Knowledge of the sources and effects of uncertainty is needed for effective decision
making, policy and planning [20]. Once model uncertainties have been identified
and classified, the effects of such uncertainty should be traced through the system
thoroughly enough to allow one to evaluate their effects on the intended use of the
model. The models can be highly complex, nonlinear and often discontinuous. In
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these situations computational methods and software tools are needed to facilitate
analysis of model uncertainty. The most appropriate method and tool is dependent
on the goals of the uncertainty quantification analysis.

Recently stochastic Galerkin (SG) [2, 10, 25, 27] methods have emerged as
efficient and highly competitive means of constructing accurate surrogate models in
high dimensional spaces. SG methods are highly suited to dealing with ordinary and
partial differential equations and have the ability to deal with steep nonlinear depen-
dence of the solution on random model data [16]. Provided sufficient smoothness
conditions are met, SG estimates of uncertainty converge exponentially with the
order of the expansion and, for low dimensions, come with a small computational
cost. Despite these advantages the intrusive nature of these methods, which requires
the modification of often complex deterministic code, can make the application of
SG infeasible.

Stochastic collocation (SC) [1, 19, 23, 26] is an alternative that is gaining
popularity. SC endeavours to combine the strengths of non-intrusive sampling and
SG. As with Monte Carlo methods, SC requires only the solution of a set of
decoupled equations, allowing the model to be treated as a black box and run with
existing deterministic solvers.

Sparse grid interpolation has emerged as one of the most useful tools to construct
the multi-dimensional approximation. Sparse grids have been extensively used for
high-dimensional interpolation and quadrature [3,8]. The approach can yield several
orders of magnitude reduction in the number of collocation points required to
achieve the same level of accuracy as the full tensor grid [22, 26].

Standard sparse grids are isotropic, treating all dimensions equally. Although an
advance on full tensor product spaces, such approximations can still be improved.
Many problems vary rapidly in only some dimensions, remaining much smoother in
other dimensions. Consequently it is advantageous to increase the level of accuracy
only in certain non-smooth dimensions, resulting in so-called adaptive or anisotropic
grids. In some cases the important dimensions can be determined a priori, but
in most cases the collocation points must be chosen during the computational
procedure. Examples of dimension-adaptive sparse grid collocation schemes are
given by Gana [7] and Nobile [21].

Ma and Zabaras [17, 18] developed an adaptive sparse grid collocation method
called Adaptive Sparse Grid Collocation (ASGC). This method uses piecewise
multi-linear hierarchical basis functions, based upon the wavelet based represen-
tations found in the deterministic sparse grid literature [11, 24]. ASGC achieves
the benefits of local adaptivity of the ME-gPC and Wiener–Harr expansions
whilst remaining non-intrusive and allowing application to higher-dimensional
problems.

The local refinement of the sparse grid is guided by the magnitude of the
so-called hierarchical surplus, which is the difference between the true function and
the approximation at a new grid point before that point is used in the interpolation.
The resulting method automatically concentrates function evaluations in rapidly
varying or discontinuous regions.
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ASGC is implicitly dimension-adaptive and so the efficiency of this method
can be increased by including explicit dimension adaptivity. With this goal,
Ma [18] developed ASGC-HDMR which combines ASGC with a dimension-
adaptive ANOVA decomposition that iteratively constructs the important sub-
dimensional components of the anchored ANOVA decomposition of a function.
This extension provides a significant improvement in efficiency.

In this paper we present a stochastic collocation method based upon dimension
and locally-adaptive sparse grid algorithm designed for interpolating high-
dimensional functions with discontinuities [15]. The underlying dimension
adaptation procedure greedily identifies the model variables and variable
interactions that contribute most to the variability of the model. The hierarchical
surplus at each point within the sparse grid is used as an error indicator to guide
local refinement, with the aim of concentrating computational effort within rapidly
varying or discontinuous regions. This approach limits the number of points that
are invested in ‘unimportant’ dimensions and regions within the high-dimensional
domain. Piecewise polynomial bases are used to take advantage of any smoothness
in the model input-output map. The finite support of these basis functions facilitates
local adaptation which is not possible with global polynomial basis functions.

The stochastic collocation method is presented in Sect. 2 and the so called h-GSG
on which it is based is summarised in Sect. 3. To facilitate a clear discussion the
ASGC-HDMR is presented in Sect. 4 and then compared to adaptive generalised
sparse grid stochastic collocation methods and the h-GSG stochastic collocation
method proposed in this manuscript. The paper is concluded by the application of
the proposed method to the quantification of uncertainty in a model of flow through
porous media.

2 Problem Formulation

Consider a model M defined on an s-dimensional bounded domain D 2 R
s (s D

1; 2; 3)
y.x; t; �/ D M.x; t; �/; x 2 D; t 2 T ; � 2 I� (1)

where x D .x1; : : : ; xs/ are the coordinates in R
s; s � 1, T D .t0; T � are the tem-

poral coordinates in R, and � D .�1; : : : ; �d / 2 I� � R
d ; d � 1 is a d -dimensional

vector of variables which describe the uncertainty in the model inputs.
We are interested in finding the stochastic solution

y.x; t; �/ W ND � T � I� ! R
ny

Without loss of generality, hereafter we assume (1) is a scalar system with ny D 1.
We also make the fundamental assumption that the problem (1) is well posed in I� ,
where I� D I�1 � � � � � I�d and I�n are the one-dimensional ranges of the variables
�n, n D 1; : : : ; d .
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Traditionally most uncertainty quantification (UQ) studies adopt a probabilistic
formulation to quantify the input uncertainty. It is typically assumed that the
distribution of the random variables � is known, with the most widely adopted
approach assuming the marginal distributions of �i are known and all �i are
independent from each other. In this paper, however, we wish to also consider the
case where the uncertainty is epistemic. That is, the distribution functions of �i are
not known, primarily due to our lack of understanding and characterization of the
physical system governed by the system of Eqs. (1). Under such conditions the focus
of UQ analysis is on the discovering the dependence of the solution on the uncertain
inputs �.

Stochastic collocation (SC) [1, 19, 23, 26] can be used to quantify both aleatory
and epistemic uncertainty [14]. The stochastic collocation method is equivalent to
solving N deterministic problems at a set of nodal points �N D f�.k/gNkD1 and
constructing an approximation that interpolates the solution y at each node �.k/ D
.�
.k/
1 ; : : : ; �

.k/

d /.
That is given a set of nodes�N D f�.k/gNkD1 2 I� we solve

y.�.k// D M.�.k// k D 1; : : : ; N (2)

to obtain an associated set of solutions yN D fy.�.k//gNkD1. This ensemble of
solutions is then used to build an approximation that enforces (1) at each node.
The problem (2) is decoupled and existing deterministic solvers can be applied to
find each realization of the solution.

The choice of N is made in accordance to the computational budget of the user.
The exact value ofN is set by the method used to construct the approximation of (1),
and depends on the computational cost of the evaluating the model, and the desired
accuracy of the approximation. Throughout this paper we assume that the evaluation
of the model 2 is expensive and significantly outweighs the cost of constructing the
approximation. Consequently we would like to develop a collocation method that
for a given accuracy, N is smaller than the number of samples required by existing
methods to obtain the same accuracy.

3 A Stochastic Collocation Method

While the general strategy of stochastic collocation is straightforward, the options
for practical implementation are limited. Multivariate approximation is a challeng-
ing area with many open issues. In the following we propose a stochastic collocation
method based on the locally and dimension-adaptive sparse grid interpolation
method proposed in [15]. We summarize this self-titled h-Adaptive Generalised
Sparse Grid (h-GSG) method here.
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3.1 Sparse Grids

Let y W Rd ! R be an unknown multi-variate function with d uncertain inputs in
some function space V . We may not know the closed form of y and only require
that we can evaluate y at arbitrary points in I� using a numerical code. Here we
will restrict attention to consider stochastic collocation problems characterised by
variables � with finite support normalized to fit in the domain I� D Œ0; 1�d .

Sparse grids [5] approximate functions y 2 V via a weighted linear combination
of basis functions

yN.�/ D
NX

kD1
vk �k.�/ (3)

The approximation is constructed on a set of anisotropic grids ˝l on the domain I�

where l D .l1; : : : ; ld / 2 N
d is a multi-index denoting the level of refinement of the

grid in each dimension d . These rectangular grids have mesh size

hl D .hl1 ; : : : ; hld /; where hl D 2�l if ln > 1; h0 D 0:5

and consist of the points

�l;i D .�l1;i1 ; : : : ; �ld ;id / D .i1h1; � � � ; idhd /; 0 � in � 2ln if ln > 1; in D 1 if ln D 0; 8 n

where i denotes the location of a given grid point. The one-dimensional grid is
shown in Fig. 1a.

The multivariate basis functions�k are a tensor product of one dimensional basis
functions. Adopting the multi-index notation use above we have

�l;i.�/ D
dY

nD1
 ln;in .�n/ (4)

where there is a one-to-one relationship between �k in (3) and �l;i and each �l;i

is uniquely associated with a grid point � l;i. Many different one-dimensional basis
functions ln;in .�n/ can be used. One such choice is the multi-linear piecewise basis
based upon the one-dimensional formula

 l;i .�/ D

8
ˆ̂̂
<̂

ˆ̂̂
:̂

1 if l D 0

max.1 � 2�; 0/ if l D 1 ^ i D 0

max.2� � 1; 0/ if l D 1 ^ i D 2

 .2l � � i/ otherwise,

(5)

where  .�/D max.1 � j�j; 0/. The one-dimension linear basis is shown in Fig. 1a.
Alternative basis functions include the piecewise polynomial basis functions
�
.p/
l;i .�/which are the tensor product of d one-dimensional basis functions .pn/ln;in

.�n/
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�
.p/
l;i .�/ D

dY

nD1
 
.pn/

ln;in
.�n/

where we have introduced the superscript p D .p1; : : : ; pd / to denote the degree
of the piecewise polynomial in each dimension. The exact construction of these
polynomials can be found in [15].

The multi-dimensional basis formed using this basis in conjunction with (4) span
the discrete space

Vl D span
˚
�l;i W i 2 Kl

�
Kl D fi W in D 0; : : : ; 2ln if ln > 0; in D 1 if ln D 0;8 ng

To facilitate adaptivity we introduce the hierarchical difference spaces

Wl D span f�l;i W i 2 Ilg

where

Il D fi W in D 0; : : : ; 2ln ; in odd if ln ¤ 1; in D 0; 2 if ln D 1; 8 ng; (6)

Note that this index set is different to the set typically presented in the literature [6].
The traditional index set only deals with points on the interior of ˝l and thus
assumes the functions being approximated have homogeneous boundary conditions.
The index set presented here allows for points on the boundary which facilitates
approximation of functions with inhomogeneous boundaries.

The hierachical index set (6) defines the hierarchical basis

f�k;i W k � l; i 2 Ikg

which also spans Vi. The one-dimensional hierarchical basis one-dimensional mesh
are shown in Fig. 1b.

These hierarchical difference spaces can be used to decompose the input space
such that for a functions space V

Vl D
M

k�l

Wl and V D
1M

k1D0
� � �

1M

kdD0
Wk D

M

k2Rd
Wk:

For numerical purposes we must truncate the number of difference spaces used to
construct V to some level l . Specifically the classical finite dimensional sparse grid
space is defined by

V
.1/

l;d D
M

jlj1�l
Wl
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ξ0;1

ξ1;0 ξ1;2

ξ2;1 ξ2;3

ψ0;1
a b

ψ1;0 ψ1;2

ψ2;1 ψ2;3

ψ1;1

ψ1;0 ψ2;2 ψ2;4

ξ2;0 ξ2;2 ξ2;4

ξ1;1

ξ0;1

ξ1;0 ξ1;2

ξ2;1 ξ2;3

ψ0;1

ψ1;0 ψ1;2

ψ2;1 ψ2;3

Fig. 1 One-dimensional nodal and hierachical bases for level l D 0; 1; 2. (a) Nodal basis.
(b) Hierarchical basis

With such a decomposition any function y.�/ 2 V can be approximated by

yL.�/ D
X

l2L
yl.�/; yl.�/ D

X

i2Il

vl;i �l;i (7)

where for traditional isotropic sparse grids

L D fl W jlj1 � lg (8)

Note the vi;j 2 R are the coefficient values of the hierarchical product basis,
also known as the hierarchical surplus. They are simply the difference between
the function value y.�l;i/ and OyL.�l;i/ where OyL does not contain the the basis
function �l;i.

3.2 Moment Estimation

The extension from interpolation to quadrature is straightforward. We can approxi-
mate the integral of a function y

I Œy.x; t/� D
Z

I�

y.x; t; �/ d�.�/

using the hierarchical sparse grid interpolant (7). Utilizing this formulation these
integrals can be approximated by
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I Œyl;d .x; t/� D
Z

I�

X

l2I

X

i2Il

vl;i.x; t/ �l;i.�/ d�.�/

D
X

l2I

X

i2Il

vl;i.x; t/wl;i

where the weights

wl;i D
Z

I�

�l;i.�/ d�.�/

can be calculated easily and with no need for extra function evaluations once the
interpolant has been constructed. One simply needs to store the volumes of the high-
order basis functions. For d� D 1 these volumes can be calculated analytically.

3.3 Adaptation Procedure

We are not limited to this formulation of the hierarchical level index set L in (8).
The index set L can be used to control the importance of each variable and the
importance of any interaction between a subset of a function’s variables. The
classical sparse grid construction (8) treats all dimensions equally and assumes
that the importance of any interaction between a subset of a function’s variables
decreases as the number of variables involved in the interaction (interaction order)
increases. In practice, often only a small subset of variables and interactions
contribute significantly to the variability of the function y. To utilise this property,
the h-GSG method constructs L iteratively and restricts grid points (function
evaluations) to dimensions and interactions that contribute significantly to the
function variability, according to some predefined measure.

The index sets Il control the location of the points �l;i in the input domain
I� . The traditional construction in (6) considers all regions of the input space
uniformly. Frequently, however, only small regions within the input space possess
high variability. Ideally function evaluations should be concentrated in rapidly
varying or discontinuous regions. The coefficients v in (7), known as the hierarchical
surpluses, provide natural error indicators which can be used to adaptively select
points to be included in the sets Il. In existing methods, typically either the set L or
the sets Il is adapted. The h-GSG method overcomes this restriction and constructs
the index sets simultaneously, resulting in a method that is both dimension and
locally (regionally) adaptive. The adaption procedure is presented in Sect. 3.3.

The dimension adaptivity of the h-GSG method is based upon a generalisation
of the traditional isotropic sparse grid index set (8). Specifically the h-GSG method
follows the pioneering work of Gerstner and Griebel [9] and Hegland [13] and
considers all index sets that satisfy the admissibility criterion

l � ej 2 I for 1 � j � d; lj > 1 (9)
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This generalisation is extremely effective at determining the hierarchical difference
spaces that contribute significantly to the function variability, according to some
predefined measure. The dimension-adaptive procedure is a ‘greedy’ approach
which attempts to find the index set I such that for a given number of points the
approximation error is minimized. Admissible grid indices l are only added to the
index set L if an error estimator rl � ", where " > 0 reflects the desired accuracy in
the interpolant. Throughout this paper we employ the error measure

rl D
ˇ̌
ˇ̌
ˇ̌
X

i2Il

vl;i wl;i

ˇ̌
ˇ̌
ˇ̌

This limits the creation of sub-components yl with rl << " which have little effect
on the accuracy of the approximation.

When using the traditional approach, each time a grid index l is added to the
sparse grid index set L the function y.�/ is evaluated at all the points in the set Il.
Such an approach is inefficient if a large proportion of the function variability is
concentrated in small regions of the input space. When using equidistant grids, the
creation of the grid l requires approximately two times the number of grid points
(and thus function evaluations) than those necessary to construct the index l � ej .

To incorporate local adaptivity into the dimension selection the h-GSG method
defines the two sets Al and Rl for each grid index l. These sets are referred to as the
active point set and redundant point set of the grid index l, respectively . The active
point set Al contains all admissible points associated with the index l with an error
indicator �l;i � ". The redundant point set Rl contains all admissible points with
�l;i < ". A point is admissible if one of its d possible ancestors exists in the grids
associated with the backwards neighbourhood of l. The backwards neighbourhood
of an index is the set of d indices fl � ej W 1 � j � d g. If, and only if, a grid
point is admissible it is created (the function is evaluated) and the error indicator
�l;i calculated. This drastically reduces the number of points generated when a new
grid index is created. The form of �l;i effects the efficiency of h-GSG and is problem
dependent.

Figure 2 shows an example of h-adaptivity integrated with the generalised sparse
grid algorithm. Here the grid index l D .2; 2/ has been deemed admissible by
the generalised sparse grid algorithm. Both the backwards neighbours (l � e1 D
.1; 2/ and l � e1 D .2; 1/) exist in the old index set. The active points in the
backwards neighbours are used to determine which points in the active index l
should be evaluated. For any point in the active set of the n-th backwards neighbour
nD 1; : : : ; d the children of that point are created in the n-th axial direction. This
refinement is carried out for all points in the active point set of the backward
neighbour and for all backwards neighbours. The parent-child relationship is shown
in Fig. 3.
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i = (2, 2)i − e1 = (1, 2)

i − e2 = (2, 1)

Fig. 2 An example of local adaptation integrated with the generalised sparse grid algorithm. Let
us assume that the function only varies significantly in the left half of the domain. The top left
and bottom right grids are the backwards neighbours of the grid being created. Squares represent
points in the active point sets, crosses are points in the redundant point sets and circles are points
associated withWl that are not created. The active (square) points in the backwards neighbours are
refined to produce the set of new points that must be added. In this example only two new points
(squares in grid l D .2; 2/) are added

0 10.50.25 0.750.125 0.375 0.625 0.875

l = 0

l = 1

l = 2

l = 3

parent
ξ2,1

child
ξ3,1

child
ξ3,3

Fig. 3 The dyadic splitting of the one-dimension mesh. Children of a point �l;i are the 2 points
(in one-dimension, 2d in d -dimensions) with level l C 1 and connected by one segment in the
binary tree
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4 An Existing Stochastic Collocation Alternative

The Adaptive Sparse Grid Collocation High Dimensional Model Representation
(ASGC-HDMR) method [18] is a recently developed stochastic collocation method
that can be used to facilitate UQ analysis of models with possibly hundreds of
uncertain input variables. ASGC-HDMR is based upon the ASGC method of
Ma and Zabaras [17]. As with the h-GSG method, the ASGC method uses the
hierarchical surplus to guide refinement of the sparse grid. If for any basis function
�l;i associated with the grid point �l;i a predefined error indicator �l;i is above a
pre-defined threshold ", the grid point is flagged for refinement. As with the h-GSG
error indicator the form of �l;i effects the efficiency of the method and is problem
dependent.

Refinement involves generating the left and right children of the grid point
�l;i in each axial direction. Again see Fig. 3. Due to the binary tree structure of
the sparse grid any interior point will have 2d children. This refinement strategy
is implemented without regard of the effective dimensionality of the problem.
Consequently, the efficiency of the method can be improved further by imposing
further conditions on when the children of an active point are built. With this goal
Ma and Zabaras [18] combined ASGC with a dimension-adaptive scheme to only
generate points in dimensions which contribute “significantly” to the mean of the
function.

To adaptively select important dimensions, Ma and Zabaras consider the
anchored ANOVA decomposition of a function. Specifically given a set u �
D D f1; : : : ; d g, with cardinality juj, we can define the set of projections Pu W
V .d/ ! V juj by

Puy.�u/ D y.�/j�Dan�u

which projects the d -dimensional function onto a lower dimensional subspace. Here
�u denotes the juj-dimensional vector that contains the components of � whose
indices belong to the set u and

y.�/j�Dan�n D f .a1; : : : ; an�1; �n; anC1; : : : ; ad /

Using these projections the function y can be decomposed into the finite sum

y.�/ D
X

u�D
yu.�u/ (10)

where the sub-dimensional components can be defined recursively by

yu.�u/ D Puy.�u/ �
X

v�u

yv.�v/

The first term is the zero-th order effect which is a constant throughout the
d-dimensional variable space.
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Each sub-dimensional component yu is approximated using the ASGC method
described above. Specifically

yu D
X

jlu j�l
vlu;iu �lu;iu

where the n-th element of the multi-indices lu and iu are only non-zero if n 2 u.
In practice it is not necessary to compute all the terms yu. Ma and Zabaras

utilise a modification of the dimension-adaptive algorithm advocated by Griebel
and Holtz [12] to adaptively select the important components. Given a subset S of
all indices u � D, the component v is computed if the admissibility condition

u 2 S and v � u H) v 2 S

is satisfied and if the dimension importance indicator �u � ". Throughout this paper
we choose

�u D j
X

jluj�l
vlu;iu wlu;iu j

as suggested in [18].

5 Method Comparison

In this section we compare the proposed h-GSG stochastic collocation method
with stochastic collocation based upon the generalised sparse grid method, and the
ASGC-HDMR method [18].

5.1 Algorithmic Comparison

The adaptive procedures of the h-GSG SC and ASGC-HDMR methods construct
the sparse index set I differently. h-GSG proceeds greedily and chooses index sets
only if they are admissible according to (9), whereas the ASGC procedure adds
indices level by level such that all points �l;i with jlj1 D l are considered at once.

Let us chose the functional form of �l;i to be the same for both methods. The
exact form of the error indicator is unimportant for this discussion. The use of the
same error indicator is achievable due to the similar local adaptation procedures
of the two methods. It is the way in which this local adaptation is combined with
dimension adaptivity where the two methods differ.

Figure 4 depicts the different index sets generated by the ASGC-HDMR and
h-GSG methods and the resulting grids for a two-dimensional problem. Here
we have assumed that any grid not in the left index set has points whose error
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Fig. 4 A possible admissible index set generated by the h-GSG algorithm (left) and the corre-
sponding index set generated by ASGC (right). Grey boxes represent grid indices that contain at
least one point with �l;i � ". Black boxes are indices that only contain points with �l;i < ". White
boxes represent grid indices only used by the ASGC-HDMR method. Circles represent points with
�l;i � " and crosses depict points with �l;i < ".

indicator �l;i < ". Grey boxes represent grid indices that contain at least one point
with �l;i � " and black boxes are indices that only contain points with �l;i < ".
White boxes represent grid indices only used by the ASGC-HDMR method. In the
example shown, two such grid indices are present. The exact number of missing
indices and associated grid points is problem dependent.

Figure 5 shows the five steps taken by the ASGC-HDMR algorithm to obtain
the index set depicted in Fig. 4. In the example shown, both dimensions are
deemed important by ASGC-HDMR and thus we only show the construction of the
component yf1;2g in (10). Striped boxes indicate indices to be refined, black boxes
are grids that only contain points with �l;i < ", and grey boxes represent indices
already in the sparse grid.

Figures 4 and 5 suggest that given a predefined tolerance and a sub-dimensional
problem for which all dimensions under consideration are important, the ASGC
method will typically require more points than the h-GSG method. To clarify
this point further, consider the refinement of active index sets for the h-GSG and
ASGC methods for a d -dimensional sub-problem for which all dimensions are
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Fig. 5 Five steps of the ASGC method. Striped boxes indicate indices to be refined, black boxes
grids that only contain points with �l;i < ", and grey boxes represent indices already in the sparse
grid

important. This is the situation presented in Fig. 4. ASGC and h-GSG both define
an active index as any index l with at least one point �l;i with an error indicator that
satisfies �l;i � ". Given a particular active index l, the h-GSG method will generate
1 to d new grid indices depending on the existence of backwards neighbours
l � ej , j D 1; : : : ; d according to the admissibility criteria (9). The ASGC method,
however, will always add d new indices. So given any sub-dimensional component
of the ANOVA decomposition, h-GSG will typically construct a smaller index set
and thus use less points.

5.2 Numerical Comparison

In this section we compare the h-GSG method with the generalised sparse grid
(GSG) method [7, 9], and the ASGC-HDMR method [18] for a set of functions of
varying dimension and smoothness. The GSG method can be obtained by removing
the local adaptation in the h-GSG method. We note that the performance of these
methods is somewhat problem dependent and the results shown below may change
for different test functions.

We investigate the performance for the following three functions:

yd1 .�/ D exp

 
�

dX

nD1
c2n.�n � wn/

2

!
; � 2 Œ0; 1�d (11)
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yd2 .�/ D exp

 
�

dX

nD1
cnj�n � wnj

!
; � 2 Œ0; 1�d (12)

yd3 .�/ D
8
<

:
0 if �1 > w1 or �2 > w2

exp
�Pd

nD1 cn�n
�

otherwise
; � 2 Œ0; 1�d (13)

Unless otherwise stated, the coefficients wn D 0:5, n D 1; : : : ; d . The choice of cn
determines the effective dimensionality of the function and is defined differently for
each problem. Although smooth, the mixed derivatives of the Gaussian function
yd1 can become large and thus degrade performance if not compensated for by
appropriate adaptivity. The discontinuities in functions yd2 and yd3 also degrade,
with increasing magnitude, the efficiency of isotropic methods and subsequently
can highlight the strengths and weaknesses of any interpolation method.

We will analyze convergence with respect to the following measures:

"`1 D max
kD1;:::;N jf .�.k// � g.�.k//j

"`2 D
 
1

N

NX

kD1
jf .�.k//� g.�.k//j2

!1=2

where f and g are the true function and approximation, respectively. In all the
following examples we take N D 1;000 points f�.k/gNkD1 uniformly sampled in
Œ0; 1�d .

Numerous local error indicators can be used in conjunction with the ASGC-
HDMR and h-GSG methods. In an attempt to provide a fair comparison we use
the same local error indicator, used for local adaptation, for both methods

�l;i D jvl;i wl;ij

The exact form of the error indicator is unimportant for this discussion. The use of
the same error indicator is achievable due to the similar local adaptation procedures
of the two methods. It is the way in which this local adaptation is combined with
dimension adaptivity where the two methods differ.

Consider the three test functions (11)–(13) with

cn D 1

2nC1 ; n D 1; : : : ; d

Figure 6 shows the error of the h-GSG, ASGC-HDMR and GSG methods when
applied to each of these three problems when d D 10. Specifically the plots depict
the change in error associated with decreasing values of ". Here we wish to compare
the performances of the three types of adaptivity and accordingly restrict our
attention to piecewise-linear basis functions (5). In the smooth case (Fig. 6a) the
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Fig. 6 Convergence rates obtained by the h-GSG method for varying basis degree pmax when
applied to the three test functions d D 10. Convergence is for decreasing values of ". Each point
corresponds to decreasing values of ". These values start at 10�2 and successively decrease by a
factor of 10. (a) f1 (b) f2 (c) f3

h-adaptivity of the proposed method provides no improvement on the generalised
sparse grid method. It is well documented that local adaptivity provides little
improvement for smooth problems, e.g. [4]. For the piecewise-continuous function
the GSG method also performs comparably to the h-GSG method (see Fig. 6b).
However the h-GSG method is much more efficient than its GSG counterpart when
the function being approximated is discontinuous, as shown in Fig. 6c. If the GSG
method determines that the approximation is poor it will add points everywhere
along the dimension selected for refinement. This is efficient when the function
is smooth but extremely inefficient if only a small region of the input space is
contributing to the function variability. Thus for the discontinuous function, the
h-GSG method is much more efficient than GSG.

The ASGC-HDMR method is the least efficient of the three methods compared,
for the smooth and piecewise-continuous functions. However the ASGC-HDMR
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Fig. 7 Convergence rates obtained by the h-GSG and ASGC-HDMR method when applied to the
three test functions d D 100. Convergence is for decreasing values of ". Each point corresponds
to decreasing values of ". These values start at 10�2 and successively decrease by a factor of 10.
(a) f1 (b) f2 (c) f3

variant performs equally well as h-GSG when applied to the discontinuous function.
In this moderate dimensional setting the accuracy of the ASGC-HDMR method is
comparable to the h-GSG method. However as the dimensionality increases, the
disparity between these two methods also increases. Now let

cn D exp.�35 n
d
/

Figure 7 shows the error of the h-GSG and ASGC-HDMR for d D 100. For all
three test problems the linear h-GSG method is significantly more efficient than
ASGC-HDMR. The relative accuracy of the h-GSG method is increased further if
quadratic or quartic basis functions are used.

Aside from the improvement in the rate of convergence the h-GSG has an
additional advantage over ASGC-HDMR. The greedy nature of the proposed
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Fig. 8 Error in the h-GSG and ASGC-HDMR interpolants as the respective algorithms evolve
when applied to the f2 and f3 with " D 10�6 . (a) f2 (b) f3

algorithm means that the error in the approximation during the evolution of the
sparse grid algorithm decays more quickly than its ASGC-HDMR counterpart. This
is illustrated in Fig. 8. For a fixed computational budget, which may not be able to
fully resolve the function being considered, the proposed algorithm will choose the
best set of points that give the smallest approximation error. The results are shown
for functions f2 and f3. The disparity between the two methods is similar for the
smooth function f1.

6 Multi-dimensional Stochastic Application

In this section we consider a model simulating flow through porous media. This
model is used to predict the steady state velocity field produced by the time-
invariant flow of water in a two-dimensional spatial domain. This velocity field
is used to model the advection of a tracer through the domain. The time it takes
the tracer to reach a given measurement site from the point of release is referred
to as the breakthrough time. Unlike other physical quantities, such as pressure,
the measurement of breakthrough times in the field is relatively straightforward.
However approximation of breakthrough times using interpolation methods is
difficult due to the discontinuous nature of the saturation front.

6.1 Model Formulation

Consider the following model which simulates flow through a porous medium, in
the rectangular domain D D Œ0; 1:5� � Œ0; 1�, with an underlying permeability field
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K.x/ represented by a spatially varying random field. The random permeability field
is represented using the Karhunen–Loève expansion (KLE). The KLE is derived
from a separable exponential covariance function

Cov.x; y/ D 	2 exp

� jx1 � y1j
L

� jx2 � y2j
L

�

where L is the correlation length and 	2 is the variance of the random field. The
resulting KLE is given by

X.x; �/ D log.K.x; �// D
dX

nD1

p

n�n.x/�n; x 2 D (14)

Here we assume that the ranges of the random variables � are contained in the
interval Œ�1; 1� and 	2 D 1. The eigenvectors �n and the corresponding eigenvalues

n, n D 1; : : : ; d are obtained numerically.

In two-dimensions, the velocity field v.x; �/D fv1.x; �/; v2.x; �/g, of an incom-
pressible fluid, can be approximated by

5 � v.x; �/ D f .x/; x 2 D; � 2 I� (15)

v.x; �/ D �K.x; �/5 p.x; �/; x 2 D; � 2 I� (16)

where p.x; �/ represents the pressure field within D and the source term f .x/
models the inflow and outflow at designated well locations. Once the velocity field
has been determined, the concentration of the tracer is modelled using the continuity
equation

@

@t
c.x; �/C @

@x1
F C @

@x2
G; (17)

where fF;Gg D fv1.x; �/c.x; �/; v2.x; �/c.x; �/g are the fluxes in the x1 and x2
directions respectively.

We wish to model flow driven solely by the source term f .x/ and hence set

v.x/ � n D 0; x 2 @D

where n is a vector normal to the boundary @D. This no-flow condition prevents
water from entering or leaving the domain through the boundaries.

The spatial domain D is decomposed into a rectangular mesh with 30 cells in
the x1 direction and 20 cells in the x2 direction. The governing equations (15)
and (16) are then solved using the two-point flux approximation (TPFA) finite-
volume method. The concentration equation is advanced in time using a time-step
controlled fourth-order Runge-Kutta algorithm. Flow is driven through this domain
by pumping water in through the cell at the bottom-left corner of the domain and
extracted water from the top-right corner cell.
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6.2 Results

In this section we wish to illustrate the ability of the proposed h-GSG method
to construct an efficient high-dimensional surrogate of the porous media flow
model (15) and (16). With this aim we construct interpolants of the speed field

s.x; �/ D �
v1.x; �/2 C v2.x; �/2

� 1
2

for three different correlation lengths L 2 f1; 0:5; 0:3g.
The correlation length determines the variability of the permeability field and

the effective dimensionality of the parametric space. As the correlation length
decreases the decay rate of the eigenvalues 
n decreases as does the importance
of the associated variable �n.

For each correlation length L 2 f1; 0:5; 0:3g we truncate terms in the KLE (14)
with 
n DO.10�14/. The resulting KLEs have d D 35, 60, and 100 terms, respec-
tively. Setting " D 10�6 we use h-GSG to construct interpolants over the input
space I� for each of the 600 cells used to discretise the spatial domain D. The
decoupled nature of stochastic collocation means that one could simply construct
an independent sparse grid in each cell, however greater efficiency can be achieved
by considering the cells simultaneously. Every time the true model is evaluated a
complete time and spatial history becomes available. This information is stored at
the corresponding point in the sparse grid. The decision to refine is based upon the
worst case error criteria

rl D max
x2X

rl.x/ D max
x2X

X

i2Bl

vl;i.x/wl;i

�l;i D max
x2X

�l;i.x/ D max
x2X

jvl;i.x/wl;ij
where X are the set of spatial cells used by the numerical method described in
Sect. 6.1. Thus a point is identified for refinement if the approximation is poor in at
least one of the spatial cells.

Using quadratic basis functions, the number of grid points (model evaluations)
required by h-GSG to resolve the speed fields for the three correlation lengths
L 2 f1; 0:5; 0:3g are 399, 2,382, and 68,788 respectively. The "L2 error in the three
approximations are 3:23� 10�6, 8:48� 10�6, and 5:99� 10�5. Recall that for each
point in the computational grid x.k/ 2 X 2 D we must calculate the hierarchical
coefficient vl;i.x.k// for each basis function. Consequently for L D 0:3 the sparse
grid surrogate has 41;272;800 D 30 � 20 � 68;788 degrees of freedom. Yet despite
this large degrees of freedom the h-GSG method obtains a high-degree of accuracy
on a single desktop computer.

We can also use h-GSG to construct a surrogate for estimating breakthrough
times at 20 sites distributed throughout the spatial domain D. After releasing the
tracer at the point of inflow, the tracer is deemed to reach a site x when the
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concentration c.x/ D 0:05. The simulation is run for 40 days. If the tracer has not
reached a site the breakthrough time is set to 40. This introduces a discontinuity
in the first and higher-order derivatives which necessitates the use of a h-adaptive
scheme, such as the h-GSG method.

We use h-GSG, again with quadratic basis functions, to construct surrogates for
L D 1:0 and L D 0:5 and as before set " D 10�6 and d D 35 and d D 60 for
these two cases. The resulting grids contain 3,127 and 378,102 points, respectively.
Approximating breakthrough times is much more difficult than approximating speed
and more research is needed. However these results show that obtaining a surrogate
may be possible. The degradation in performance is likely caused, at least in part,
by the error indicators used to guide the local and dimension adaptivity. Further
research is needed to construct problem dependent error indicators that will likely
improve performance.

7 Conclusion

This paper presents a stochastic collocation method based upon a recently developed
dimension and locally-adaptive sparse grid algorithm designed for interpolating
high-dimensional functions with discontinuities. The underlying dimension adapta-
tion procedure greedily identifies the model variables and variable interactions that
contribute most to the variability of the model. The hierarchical surplus at each point
within the sparse grid is used as an error indicator to guide local refinement, with the
aim of concentrating computational effort within rapidly varying or discontinuous
regions. This approach limits the number of points that are invested in ‘unimportant’
dimensions and regions within the high-dimensional domain. Piecewise polynomial
bases are used to take advantage of any smoothness in the model input-output map.
The finite support of these basis functions facilitates local adaptation which is not
possible with global polynomial basis functions.

The proposed stochastic collocation method is compared against the generalised
sparse grid collocation method and the Adaptive Sparse Grid Collocation High
Dimensional Model Representation (ASGC-HDMR) method. When applied to low-
dimensional functions d D 10, with a piecewise linear basis, all methods perform
similarly when applied to smooth functions. However the performance of the GSG
stochastic collocation method deteriorates severely when applied to discontinuous
functions. The disparity in the proposed h-GSG stochastic collocation method and
ASGC-HDMR increases as the number of model inputs increases. In the 10 and
100 dimensional cases tested the h-GSG is always more efficient than its ASGC-
HDMR counterpart. The difference in performance between these two methods is
further increased if the higher-degree basis functions of the h-GSG are used. Due to
the poor performance of generalised sparse grid stochastic collocation, comparison
of this method with the other two methods could not be performed in the higher-
dimensional setting.
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The paper is concluded by the application of the proposed method to the
quantification of uncertainty in a model of flow through porous media. Two
quantities of interest are considered. The first is the speed field of the fluid and the
second is the time a tracer released at a point site takes to reach 20 other sites within
the physical domain (referred to as breakthrough or saturation times). Uncertainty is
introduced through a stochastic permeability field that is represented using a finite
dimensional Karhunen–Loève expansion (KLE). In this setting the uncertain model
variables (coefficients of the terms in the KLE) are governed by natural yet unknown
weights. In these cases, the proposed method can utilise this implicit weighting
to determine and restrict effort to the lower effective dimension of the model.
When used to approximate the speed field, the proposed method, through the use of
quadratic basis functions, can utilise the underlying high-regularity of the response
surface to obtain extremely efficient estimates of the mean and variance of the speed
field for as many as a 100 input variables. When breakthrough times are the quantity
of interest the efficiency is reduced. This degradation in performance is caused, at
least in part, by the error indicators used to guide the local and dimension adaptivity.
Further research is needed to construct problem dependent error indicators that will
likely improve performance.
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The Combination Technique for the Initial Value
Problem in Linear Gyrokinetics

Christoph Kowitz, Dirk Pflüger, Frank Jenko, and Markus Hegland

Abstract The simulation of hot fusion plasmas via the five-dimensional gyroki-
netic equations is computationally intensive with one reason being the curse of
dimensionality. Using the sparse grid combination technique could reduce the
computational effort. For the computation of the full grid solutions, the plasma
turbulence code GENE is used. It is shown that the combination technique is
applicable to linear gyrokinetics by retrieving combination coefficients with a least
squares approach. The retrieved sparse grid solution is actually close to the full grid
one. Also, combination schemes were found which provided promising results with
respect to the computational effort and accuracy.

1 Introduction

A promising approach for producing energy by means of controlled nuclear fusion
utilizes magnetic confinement of the fusion plasma in toroidal chambers like
tokamaks or stellarators. To be able to create a self sustained fusion reaction in
the hot core zone of the plasma, the heat and the particles have to be confined rather
effectively. But even strong magnetic fields are unable to prevent both unacceptably
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high fluxes of heat and particles moving out of the confinement. Microturbulence in
the plasma is leading to this so called anomalous transport, which is much larger
than the originally expected transport. It is induced by microinstabilities, which
appear due to gradients in the plasma temperature or density.

Different approaches exist for simulating a hot magnetized plasma. They range
from single particle descriptions to continuous models like magnetohydrodynamics.
For analyzing the concept of microturbulence, the gyrokinetic description of the
plasma has shown its ability to reconstruct the actual physical processes in a
tokamak [18]. The gyrokinetic equations describe the time-development of a
distribution function in a five-dimensional phase space. They are known to provide
an accurate description of plasma microturbulence. The computations are done on
a strongly anisotropic dense regular Cartesian grid and thus simulations, which can
take up to hundreds of thousands of CPU hours, are heavily affected by the curse of
dimensionality [21].

Sparse grids [3] are thus the natural choice to solve the gyrokinetic equations:
They can achieve an accuracy which is only matched by dense grids with substan-
tially larger numbers of grid points. However, this competitiveness may be lost
when the usual hierarchical basis is used to determine the sparse grid solution.
In addition the hierarchical basis approach would require a total reimplementation
without even knowing if sparse grids would retrieve comparable solutions. Using the
combination technique [14] is thus promising, since with it, a sparse grid solution
can be achieved by using existing, highly optimized solvers. It has been successfully
applied for simulating turbulent flows before [13]. Using the combination technique
furthermore has the property of being inherently parallel, which provides an
advantage, for large scale applications.

For retrieving dense grid solutions of the gyrokinetic equations efficiently, the
simulation code GENE (Gyrokinetic Electromagnetic Numerical Experiment)1 has
been chosen. It has been developed in the group of Frank Jenko at the Max-
Planck-Institute for Plasma Physics (IPP) in Garching, Germany. The code is used
extensively in the fusion community; it is under persistent development and users
of GENE get support from its developers at IPP.

GENE has basically two main modes of action: on the one hand, a full nonlinear
simulation of the plasma microturbulence in time, and on the other hand, an analysis
of the linear dynamics of the system. The former is time consuming but gives
detailed information of the turbulence and the resulting fluxes of heat and particles,
whereas the latter gives a rather fast impression of the microinstabilities, which are
driving the microturbulence of the system. Knowing the driving microinstabilities,
transport models can be applied to estimate the flux of the resulting microturbulence.
The linear analysis is often employed for large scale parameter scans to identify
favorable regimes for nonlinear simulations. The microinstabilities can be analyzed
using a time-integration of the linear equations or by an eigenvalue decomposi-
tion [17, 23].

1http://gene.rzg.mpg.de



The Combination Technique in Linear Gyrokinetics 207

Both modes of action require a large amount of computational resources and
are thus done on current HPC systems [19]. Using the combination technique for
gyrokinetics shall thus be aimed at reducing the computational effort for linear as
well as nonlinear computations in that respective systems. For linear computations,
the computational effort issues from large parameter scans with single computations
with O.105/ unknowns [22] requiring resources in the order of few CPU hours.
Typical nonlinear simulations with their vast grid sizes of O.108/ unknowns and
long simulation lengths are requiring hundreds of thousands CPU hours or even
more for certain physical setups [12]. Since both modes of action cannot increase the
parallelism further without a significant loss in scaling efficiency, the combination
technique can provide a remedy due to its additional level of parallelism.

In this paper we present results showing the applicability of the combination
technique to linear gyrokinetics. First we give a quick introduction to linear
gyrokinetics and discuss the nature of the simulation domain. Then we introduce
the various combination techniques used. In the last section, we present some results
using the combination techniques for linear initial value runs.

2 Linear Gyrokinetics

The gyrokinetic equation is derived from the so-called Vlasov equation

@fs

@t
C v

@fs

@x
C

�
qs

ms

.E C v � B/

�
@fs

@v
D �.fs/ ; (1)

which describes the time development of the distribution function fs.x; vI t/ of
particles of species s with charge q and mass m in phase space under the influence
of a magnetic field B and an electric field E, which are both dependent on f via
Maxwell’s equations. The Vlasov equation (1) is nonlinear since E and B depend on
f . We will only give a quick introduction to gyrokinetics here, since a full derivation
is done comprehensively elsewhere [2,5]. Since particle collisions only have a minor
influence on the dynamics of dilute and hot plasmas like the ones in a tokamak
or stellarator, the collision operator �.f / is neglected here. In a strong external
magnetic field, charged particles (either ions or electrons) are gyrating around the
magnetic field lines due to the Lorentz force. They are almost completely bound
to that field line in the perpendicular directions, but they can move freely parallel
to it. The particles only move perpendicular to the field line due to slow drifts,
which are a result of electric and magnetic fields and their gradients. These drifts
are significantly slower than the thermal speed, but together with the movement
parallel to the magnetic field, they determine the characteristic time scale of plasma
microturbulence. Thus a simulation using the Vlasov equation would have to resolve
the full gyration motion in time and would waste a lot of computational resources
in a time scale not required for understanding plasma microturbulence.
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In gyrokinetics, a coordinate transformation is done, reducing the full motion of
a charged particle to the dynamics of the center of gyration (guiding center). The
velocities v are then replaced by the velocity parallel to the magnetic field line vk
and the magnetic moment �, which is representing the velocity of gyration around
the field line. The problem is thus reduced to a five-dimensional one, since only the
position of the gyration center is modeled, whereas the phase angle of the rotation
drops out.

Further approximations (not described here) yield

@fs

@t
C �

vkb C .vE�B C vrB C vc/
�

�
@fs

@x
C 1

msvk
�
q NE1 � �r.B C NB1k/

� @fs

@vk

�
D 0 (2)

with vE�B ; vrB and vc being different drift motions of the charged particles, NE1 and
NB1k perturbations of the background fields, averaged over the radius of gyration.

The quantities b and B represent the direction and strength of the external magnetic
field respectively. Substituting fs by gs , which is the perturbation of fs compared
to a Maxwell background distribution, and unifying the different species into one
vector g, the gyrokinetic equation can be written as

@g

@t
D LŒg� C N Œg� (3)

in terms of a linear operator L and a nonlinear operator N . The nonlinearity is
basically coming from the E�B drift vE�B , which depends on the current local
fields created by the distribution function. For the rest of the paper we focus on
linear gyrokinetics, so that the general equation reads

@g

@t
D LŒg� : (4)

3 The Gyrokinetic Electromagnetic Numerical
Experiment GENE

The simulation code GENE is a fully parallelized numerical simulation code, which
is able to solve the linear and nonlinear gyrokinetic equations. Besides the core
computational module, a variety of diagnostic tools exists, which can be used to
draw conclusions about the physical behavior. In this section we will focus on some
properties of GENE, which influence the application of the combination technique.
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3.1 Fluxtube Domain

GENE solves the gyrokinetic equations in a so called fluxtube domain [1,11], which
is a small area around a magnetic field line, followed for one poloidal turn, with the
poloidal angle being the field line label in z direction so that the domain covers an
extent Lz D 2� in the range of Œ��; ��. Since a tokamak is axisymmetric, this
simulation domain is sufficient to simulate the behavior of a whole flux surface
(the iso-surface of the magnetic flux). Due to strong anisotropy of the movement
of the particles, the grid sizes and mesh widths are strongly distorted. Whereas the
mesh width parallel to the magnetic field is on the order of meters, the step size
perpendicular to it is on the order of a gyration radius, hence millimeters. Periodic
boundary conditions are applied in these perpendicular directions (x; y), since it
is a valid assumption that the plasma conditions are not changing in that local
area. The x and y directions are then represented in Fourier space as kx and ky .
This approach also allows for exact numerical derivatives in these directions, and
integrals (required for averaging physical quantities over the area of gyration) can be
calculated by local computations instead of a nonlocal summation. The simulation
domain in this direction (Lx; Ly) has to be chosen large enough to prevent any self-
correlation in the simulation. In the direction parallel to the magnetic field lines (z)
periodic boundary conditions are applied as well, but here the finite size of the box
in x and y has to be taken into account. The safety factor of the magnetic field lines,
which is basically the number of toroidal turns per poloidal turn, is not the same
for each magnetic flux surface. So there is a defined shear between field lines of
different radial positions in y direction, which depends linearly on x. Thus the finite
computational domain following those field-lines is distorted in y direction, and
does not align with the end of another flux tube. Matching these domains is achieved
by choosing the domain size Lx such that the known shear shifts the domain in
y direction an integer amount of periods so that the periodicity in x direction is
preserved. Due to that and the periodicity in y direction, the shear (i.e. the shift in
y direction) can be expressed by an exact shift in kx direction, which is a change of
the frequencies in x direction. Besides that shift, a factor has to be multiplied onto
the transformed value depending on the chosen ky coordinate to match the signs
again. The parallel boundary condition is then expressed by Görler [11]

g.kx; ky; z C Lz/ D g.k0
x; ky; z/.�1/Mj (5)

with M D skmin
y Lx being integer valued, kx and ky being the mode numbers in

the perpendicular direction and i; j their respective indices. The mode k0
x is the

next connected mode in x direction and computed as k0
x D kmin

x .i C Mj/. The
placement of the points of a computational grid in the z direction thus has to allow
the application of that boundary condition. The grid has to range from �� C �z=2

to � � �z=2 with �z D Lz=nz being the grid spacing and nz being the number of
grid points. Having that, a �z distance to the boundary neighbors is preserved to
easily employ the periodic boundaries.
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Fig. 1 The typical spectrum of the linear gyrokinetic operator. Note that most of the eigenvalues
are close to the imaginary axis and have small negative real parts, which corresponds to a small
damping. The eigenmodes of interest are the ones having a positive real part, since that are the only
growing modes

In the vk direction, Dirichlet boundaries are applied and in the � direction, no
derivatives need to be computed at the boundaries.

3.2 Modes of Linear Computations

The time integration of the nonlinear gyrokinetic equations (3) is usually done
by using Runge-Kutta methods [21]. In a typical simulation, the most dominant
unstable mode becomes visible first, and after a transient phase, turbulent saturation
can be observed. If the nonlinearity is neglected, see (4), time integration is done
until the largest growing eigenmode dominates the system. Linear computations
are also used for the gyrokinetic eigenvalue problem. Solving the eigenvalue
problem [17, 23] not only retrieves the dominant modes, but it also allows the
computation of subdominant modes, which in turn allows the application of a
more detailed transport model [6]. A typical eigenvalue spectrum of L is shown
in Fig. 1.

Due to the structure of the linear operator L, the linear computations of the modes
in the y direction are completely decoupled [21]. This allows an exploration of
dominant modes for each single ky mode. The five dimensional problem is then a
four dimensional one and can thus be a good point to start an investigation of the
combination technique.



The Combination Technique in Linear Gyrokinetics 211

4 The Sparse Grid Combination Technique

The basic idea of the sparse grid combination technique is to retrieve a sparse grid
approximation a.c/ using a combination of smaller full grid solutions ai .x/

a.c/.x/ D
X

i

ci ai .x/ (6)

with appropriate coefficients ci . Since the required full grids are much smaller
in size, these respective solutions can be computed quite fast and because their
computation is independent it can be done completely in parallel.

4.1 Classical Scheme

In the classical sparse grid combination technique, a high resolution sparse grid
solution a.c/ is retrieved by

a.c/.x/ D
d�1X
qD0

.�1/q

�
d � 1

q

� X
P

i li DnC.d�1/�q

al.x/ ; (7)

having al as the full grid solutions on a grid with 2li C1 points in i th of d dimensions
and l > 0 [9] and n being the maximum level of resolution. The grids with the
largest number of grid points, these having

P
i li D n C .d � 1/, form a hyperplane

in the space of the level indices.
This hyperplane can also be shifted to use less grids of higher resolution by a

shift parameter s to get the combination as:

a.c/.x/ D
d�1X
qD0

.�1/q

�
d � 1

q

� X
P

i li DnC.d�1/�qCsIli �ni �q

al.x/ : (8)

4.2 Dimension Adaptive Combination Schemes

As the linear gyrokinetic problem on a fluxtube domain is strongly anisotropic
with respect to the number of grid points in each dimension, a dimension adaptive
combination technique has to be used. Let In be an index set with

In � fl 2 N d g ; (9)
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with each element lj corresponding to 2lj C 1 grid points in dimension j . n is the
least upper bound (componentwise) of all elements in In. An index set is admissible
if for each member l 2 In the following holds [10]:

l � ej 2 In for 1 � j � d; lj > lmin
j ; (10)

with lmin
j representing the minimum level of resolution in the j th direction, which

can be chosen a priori.
Having this index set allows the construction of a sparse grid solution of the form

a
.c/
In

.x/ D
X
l2In

0
@ .1;:::;1/X

zD.0;:::;0/

.�1/
P

i zi �In.l C z/

1
A

„ ƒ‚ …
cl

al.x/ (11)

where �In.l/ is the characteristic function which is equal to one if l is in the index
set and zero otherwise [10]. The index set In is chosen a priori and its shape does
impact on the quality of the approximation. Note that there is an algorithm which
is adaptively updating the index set towards a more accurate solution [7] using the
respective update formulas [15].

We use variants of index sets, which are only slightly different from the classical
combination technique. One approach is to extend the index set of the classical
combination technique in certain dimensions with a constant shift �l to achieve a
dimension adapted index set In C �l. Note that all minimal levels lmin are thus also
shifted accordingly. The number of full grids used for combination is the same as
for the classical combination. However, the full grids used for the combination do
have an increased resolution in some dimensions.

Adjusting the index set of the classical combination to a dimension adaptive
setting can also be achieved by tilting the hyperplane, on which the elements with
the highest resolution are lying [10]. That can be done by a stretching of the index
set In into the dimension which should be refined. Then

d�1X
j D0

l 0
j � 1

n0
j � 1

� 1 (12)

is valid for all l0 2 In0 , where n0 can now be an arbitrary vector with all n0
i > 0.

The overall number of full grids in the new index set In0 will then change
compared to the classical combination, but the resolution of the combined solution
is dimensionally adapted.

Sometimes the solution of a problem on a full grid with low resolution might
introduce unacceptably large errors into the combined solution. It might thus
be advantageous to exclude grids having an insufficient resolution in a certain
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a b c d

Fig. 2 The index sets of various combination techniques for anisotropic grids. The axis represent
the respective dimensions and the active index set (filled squares) and its edge indices (dark
squares). (a) A shift of the index in the first dimension, i.e. a doubling of the resolution in this
dimension. (b) Cutoff of a single strongly anisotropic full grid (light gray). The resolution of the
combined solution is reduced in the second dimension. (c) Tilting the hyperplane of the index set
for dimension adaptivity. (d) The two-scale scheme with its strongly reduced index set

dimension from the index set In. That truncation step is increasing the minimal
level lmin in this dimension.

It is also possible, to simply cut off certain full grids from the combination
scheme. In contrast to the previously explained truncation, that does not change
the minimal level of the scheme, but it rather decreases the maximal level ni in one
dimension.

All of the mentioned approaches can also be combined to achieve a more suitable
index set In for combination.

A completely different approach of choosing the index set is the so-called two-
scale scheme. The index set is strongly degenerated here, since it is only employing
the strongly anisotropic grids for combination:

a.c/ D �almin C
d�1X
j D0

akj
with kj D lmin C ej .nj � lmin

j /: (13)

The vector lmin contains the minimum levels in all dimensions. The advantage lies
in the fact that less grids with higher resolution each are required, since the lmin

j are
typically higher than for the classical combination [20] for reaching an equivalent
accuracy.

These variants of the combination technique are illustrated in Fig. 2.

4.3 Optimizing the Combination Coefficients

For any index set one can define a set of combination coefficients which minimizes
the approximation error. This choice has been called Opticom [16]. For the solution
of elliptic PDEs the error norm chosen is the energy norm. For hyperbolic problems
(like the gyrokinetic equations), such an approach does currently not exist. In
principle, one can get optimal combination coefficients by minimizing the functional
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J.c/ D ��a.f / � a.c/
��2 D

�����a.f / �
X

i

ci ai

�����
2

(14)

with a.f / being a full grid solution and a.c/ being the combined sparse grid solution
for the same resolution. Since computing a.f / is not feasible in general, this
minimization is only done here to investigate how well the combination technique
could perform in an optimal case. The least squares minimization of (14) leads to
the following set of normal equations:

AcLS D b (15)

with
Aij D .ai ; aj / and bi D .a.f /; ai / (16)

where the scalar product .:; :/ is computed in the space of the full grid solution a.f /.
Any projection of full grids of lower resolution into that space is done via linear
interpolation.

5 Results

Here we would like to present some preliminary results using the combination
technique for linear gyrokinetic computations. We first focus on the time-integration
of the linear problem, since the combination of the eigenvectors and eigenvalues
requires a different handling [8].

5.1 Alignment of the Full Grids

Using the sparse grid combination technique with GENE requires some adjust-
ments. First, the solutions provided by GENE are complex. But we could not
observe any consequences for the classical combination technique, since it is purely
additive and it uses real combination coefficients only. We do anticipate, however,
that for Opticom we might have to consider complex coefficients.

The layout of the computational domain in GENE requires some special treat-
ment in order to apply the combination technique. The kx and ky are coordinates
in Fourier space, so that any combination approximation can be implemented in a
straightforward manner. The modes with the respective index from each full grid
solution are combined and no interpolation is required. Full grids with a higher
resolution only append additional grid points at the vicinity of the domain. Any
modes not occurring in the coarser grid give a zero contribution to the combination,
since that grid does not contain any high frequency information.
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a b

Fig. 3 The alignment of the grids for different phase space directions. (a) Alignment in the
dimensions in Fourier space (x; y), where grid points of the finer grid are appended on the outer
edges of the domain. (b) Alignment in z direction where the imaginary boundary points (gray) are
added to the full grid to allow a combination for the finest grid

Unfortunately the combination in z direction is not as easy. Due to the structure
of the computational grid in GENE, the domain size in z is varying with the level
of resolution, which leads to non compatible grid spacings �z for different grid
sizes. Thus the grid points do not match so that linear interpolation is required for
combination. A combination of the values on the grid points at the domains edge is
not possible since there is no data from grids with lower resolution and thus nearly
no information at all. To circumvent that lack of data, boundary points are attached
to the domain, which are computed according to (5). And using interpolation, a
combination for the previous outer grid points can be realized as shown in Fig. 3.

Additional to these restrictions, one has to take into account the minimal sizes of
the grid, which is available in GENE. In most directions the minimum level is two
thus we have to have at least five grid points.

5.2 Classical Combination Technique

Taking a simple parameter set (see Appendix), the performance of the combination
technique is studied for linear initial value problems. The chosen parameter set
allows the simulation of a basic instability driven by the gradient of the ion
temperature (ITG-instability [4]). This problem is a basic test case of GENE and
is thus used for testing the applicability of the combination technique.

The chosen grid size for comparing the combined solution with the full grid
solution was 33 � 1 � 31 � 33 � 33 � 1 for the directions x; y; z; vk; � and ns

respectively, with ns being the number of simulated species. Note that the physical
relevant grid size of that problem is smaller and more anisotropic, but that topic is
discussed in the following section. In z direction two grid points less were required,
since for a combination artificial boundaries are added. First we use the classical
combination technique (7) with coarsened full grids in all directions. Then we
apply the regular combination technique again, but with one dimension fixed to
the maximum grid size, so that the combination is only done in three dimensions.
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a b

Fig. 4 The influence of the dimensions used for the regular combination technique. (a) The
development of the normalized L2 error depending on the minimal level of full grids used in
the combination technique with the regular combination coefficients. (b) The error of the solutions
in dependency of the estimated effort, which is here just denoted by the number of the overall
amount of unknowns

P
i Ni . Fixing the grid size in x direction thus seems to give the best results

for moderate and high number of grid points

An interesting behavior emerges, showing that fixing the size of the grid in x

direction gives much better results than fixing the other dimensions, see Fig. 4.
The error of the combined solution has an interesting structure. The highest

positive and negative kx modes of the combined solution are not interpolated with
other grids, since the combination technique only computes one very anisotropic
grid for this part of the mode spectrum. And these high frequency informations
are directly used without any correction by other full grid solutions. But the result
of that strongly anisotropic full grid might not be close to the physically correct
solution, so that large portions of the error in the combined solution come from
that anisotropic full grid. For combinations with a shifted hyperplane, i.e. an s > 0

in (8), the situation gets worse. In this case one combines fewer grids and thus the
influence of each component is higher. This effect can be seen in Fig. 5. To counter
this effect we cut off the highly anisotropic grid from the combination scheme like
shown in Fig. 2b. The combined solution of the highest frequencies in x direction
will then be computed by an actual combination of at least a few other full grids. In
our case this approach is justified by the observations, which can be seen in Fig. 5.

Comparing the result to the combination with the coefficient cLS from solving
the least squares problem (14) showed only small deviations from the results shown
in Fig. 4. But the values of the coefficients changed more than expected (see Fig. 6),
even though they do not seem to have a lot of impact on the quality of the solution.
The optimized combination coefficients also show, that the influence of the coarse
grids is reduced to achieve a better combination result. That might be necessary due
to the fact that the coarse approximation does not yet carry the important physical
behavior so that some error is introduced here.
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a b

Fig. 5 The errors in dependence of the frequencies in the x coordinate. (a) The ratio of the L2

error for the high frequencies and the low frequencies. For higher minimal levels the introduced
combination error is even shifted towards the high frequencies. (b) The relative errors of the
combined solution for an ensemble of different velocities vk (solid lines) is shown for fixed z
and �. At higher frequencies (outer parts of the x coordinate), the error of the combined solution
is much larger compared to the error for the lower frequencies

5.3 Anisotropic Grids

The typical grid size of the chosen ITG test problem for physical relevant linear
computations is rather anisotropic and has 5 � 1 � 15 � 33 � 9 � 1 grid points in
x; y; z; vk; � and ns direction respectively.

A first step to apply the combination technique on this test problem would be to
just restrict the grid size in x direction to level two and apply the shifted combination
scheme. Together with that, we also employed the scheme of the tilted hyperplane
for a wider analysis of different combinations.

Applying this for the anisotropic test problem, we can observe that the combined
solution with the least squares optimized coefficients is about twice as accurate as
with the regular coefficients. So an a priori optimization of the coefficients would
have a significant impact here.

Of course a cutoff of unwanted full grids is also possible. For that, the used index
set is cut off in the x direction if lx is reaching a certain level (two in our case). By
that the number of full grids, which are used to combine the higher frequencies in
x, is increased and the cascade of the error in higher frequencies is reduced.

In order to establish the computational complexity of the combination technique,
we need to know the complexities of the component grid solutions. These complex-
ities very much depend on the nature of the underlying problem and the methods
used to solve them. Here we consider two scenarios. In the first scenario we assume
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a b c

Fig. 6 The combination coefficients for the regular combination technique with a shift of �l D
.2; 2; 2/ in z; vk and � direction and no combination in x direction. The size of a circle represents
the absolute value of the combination coefficient for the full grid with the respective resolutions
in z; vk and �. (a) The classical positive (black) and negative (white) combination coefficients. (b)
The absolute value of the complex and least squares optimized combination coefficients. Note that
the grids having a minimal resolution in vk and z direction do have a rather small combination
coefficient and thus have nearly no influence on the least squares optimized combined solution.
(c) The difference between the absolute values of the classical combination coefficients and the
least squares optimized ones. The small resolution grids have decreased coefficients (white) and
the ones with higher resolutions increased combination coefficients (black) with the size of the
circles representing the amount of change

that the complexity scales linearly with O.N / in the number of grid points N . In
the second scenario, we assume that the complexity depends cubicly with O.N 3/

on the number of grid points.
We expect that in scenario one combinations of smaller number of larger grids

are favorite, whereas in scenario two the combination of larger numbers of smaller
grids is favorite. This however assumes that the combination itself does not impact
the complexity.

We have determined the complexities for both scenarios and for all the combi-
nation schemes considered in the previous section. The results with their respective
L2 errors are displayed in Fig. 7.

From Fig. 7 one can see that the two-scale scheme is optimal for the first scenario,
which confirms our expectation that fewer grids with larger resolutions are favored.

For the other scenario, schemes using a larger number of full grids with smaller
resolution provided better results than the two-scale scheme. If only a rather rough
approximation is required, the more regular combination technique with a cutoff in
x direction provided the most favorable results. For more accurate approximations,
the scheme of a shifted and tilted hyperplane provided good results but the effort
was of course higher than for the cutoff scheme. The highest accuracies can only
be achieved by high minimal levels lmin, which can in turn only be realized by the
two-scale scheme, since the possible combinations are narrowed down to just that
one possible scheme.

The supposed optimal combination strategies can be found in Table 1 with their
respective L2 errors.
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Fig. 7 The accuracy of the combination schemes in dependence of the overall amount of invested
grid points. Besides the difference of the used schemes also various minimal levels lmin are used
to create solutions of different quality. Assuming a linear complexity of the computational costs
of an evaluation of a full grid, the two-scale scheme gives the most favorable results in terms of
accuracy per invested grid point (circles). If the scenario assuming cubic complexity of a single
full grid evaluation is regarded, other strategies would give more favorable results (squares), since
then the combination of more grids with smaller resolution is favored

Table 1 The favorable combination techniques with the minimum levels lmin in x; z; vk and �

direction. The two-scale approach provided the combined solution most efficiently if the effort of
computing a full grid solution has a numerical complexity of O.N /. If in the other case O.N 3/ is
assumed, a more regular combination with a shifted and tilted hyperplane worked better

Linear complexity

Strategy lmin
P

i Ni L2 error

Two-scale .2; 2; 2; 1/ 3,510 4:0 � 10�6

Two-scale .2; 2; 2; 2/ 5,400 2:8 � 10�6

Two-scale .2; 2; 3; 2/ 7,740 1:8 � 10�6

Two-scale .2; 2; 3; 3/ 11,745 8:6 � 10�7

Two-scale .2; 2; 4; 3/ 18,225 2:6 � 10�7

Two-scale .2; 3; 4; 3/ 27,225 9:3 � 10�8

Cubic complexity

Strategy lmin
P

i .Ni /
3 L2 error

Cutoff .1; 2; 2; 1/ 2:1 � 109 5:1 � 10�6

Shifted/tilted hyperplane .2; 2; 2; 1/ 6:4 � 109 3:4 � 10�6

Shifted/tilted hyperplane .2; 2; 2; 2/ 2:7 � 1010 2:2 � 10�6

Shifted/tilted hyperplane .2; 2; 2; 3/ 1:6 � 1011 1:3 � 10�6

Shifted/tilted hyperplane .2; 2; 3; 3/ 5:0 � 1011 4:4 � 10�7

Two-scale .2; 3; 4; 3/ 2:8 � 1012 9:3 � 10�8
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6 Summary

The sparse grid combination technique has been applied to linear initial value
problems using the gyrokinetic plasma turbulence code GENE. The retrieved full
grid solutions need to be aligned so that they can handle the fluxtube domain.
An initial study of the regular combination technique on isotropic grids revealed
a cascade like structure of the error in the x direction. This is a direct result of the
combination of the data in Fourier space. Best results were obtained when the grid
size kx was fixed. Since the test problem considered in this paper only requires a
few grid points in x, this behavior does not have any drawbacks.

A different approach was chosen for the combination of anisotropic grids. In
addition to a dimension adaptive active set, a cutoff in the x direction was tested
to remove the largest errors in the high frequencies. Furthermore the two-scale
scheme was employed, in order to reduce the number of full grid solutions. The
latter approach seemed to provide best results if the evaluation of a single full grid
solution scales linearly with the number of unknowns in the grid. If the effort to
compute a single full grid solution is much higher, the other dimension adapted
schemes can provide a more efficient solution. A special instance of this uses an
index set, where the hyperplane containing the highest resolution grid is shifted and
tilted to adjust to the anisotropic nature of the problem. The cutoff of the active set
is only favorable for lower approximation qualities and a high effort for each full
grid computation.

For analysis purposes the least squares method was used, in order to see how full
grids have to be combined to retrieve an optimal solution. In some cases the accuracy
of the least squares optimized combined solution could be doubled compared to
the classical coefficients. Thus optimizing the combination coefficients a priori is a
promising direction for further studies.

It was shown in Sect. 5 that the combination technique is applicable to the linear
gyrokinetic equations. The time integration of the initial value problems is usually
done until the most unstable mode is dominating the system. But with GENE, a
direct computation of the dominant eigenvalues is possible and even favorable so
that a computation of eigenmodes and eigenvalues with the combination technique
will be part of future work. However, the evaluation of eigenvalues with the
combination technique will require more effort than simply combining solutions
for multiple regular grids. This is because the scaling of the found eigenvectors is
rather difficult [8].

The combination of results of nonlinear computations will be part of future
studies. It is thought that the combination technique will lead to a higher gain in
this case. The grids are typically larger and actually five-dimensional. Conclusions
made in this paper might hence be also applicable for nonlinear initial value runs in
GENE.
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Appendix: Parameter File

This is the parameter file used for the linear gyrokinetic computations with GENE
in Sect. 5. It is taken out of the standard test cases of GENE and the instability
simulated is driven by the gradient of the ion temperature [4].

&parallelization

&box
n_spec = 1

kymin = 0.3000
lv = 3.00
lw = 9.00
adapt_lx = T
ky0_ind = 1
/

&general
nonlinear = F
comp_type = ’IV’
timescheme = ’RK4’
dt_max = 0.002
timelim = 64500
ntimesteps = 100
omega_prec = 0.000001E-03
beta = 0.0000000
debye2 = 0.0000000
collision_op = ’none’
init_cond = ’alm’
hyp_z = 0.2500
hyp_v = 0.2000
/

&geometry
magn_geometry = ’s_alpha’
shat = 0.7960
trpeps = 0.18000000
major_R = 1.0000000
q0 = 1.4000000
/

&species
name = ’ions’
omn = 2.2200000
omt = 6.9200000
mass = 1.0000000
temp = 1.0000000
dens = 1.0000000
charge = 1
/
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Model Reduction with the Reduced Basis
Method and Sparse Grids

Benjamin Peherstorfer, Stefan Zimmer, and Hans-Joachim Bungartz

Abstract The reduced basis (RB) method has become increasingly popular for
problems where PDEs have to be solved for varying parameters � 2 D in order
to evaluate a parameter-dependent output function s W D ! IR. The idea of the RB
method is to compute the solution of the PDE for varying parameters in a problem-
specific low-dimensional subspace XN of the high-dimensional finite element space
XN . We will discuss how sparse grids can be employed within the RB method or to
circumvent the RB method altogether. One drawback of the RB method is that the
solvers of the governing equations have to be modified and tailored to the reduced
basis. This is a severe limitation of the RB method. Our approach interpolates the
output function s on a sparse grid. Thus, we compute the respond to a new parameter
� 2 D with a simple function evaluation. No modification or in-depth knowledge of
the governing equations and its solver are necessary. We present numerical examples
to show that we obtain not only competitive results with the interpolation on sparse
grids but that we can even be better than the RB approximation if we are only
interested in a rough but very fast approximation.

1 Introduction

The reduced basis (RB) method can be employed to rapidly compute outputs
depending on the solution of parametrized PDEs. More precisely, such problems
are input-output relationships which means that for the evaluation of the output
of interest a solution of a parametrized PDE is needed. The idea of the reduced
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basis method is to compute the solution of the PDE for varying parameters in
a problem-specific low-dimensional subspace XN of the high-dimensional finite
element space XN . If done properly, the accomplished reduction of complexity
permits a rapid evaluation of the output of interest, and therefore the method can be
employed within real-time and many-query contexts. In many cases, the method has
proven to be very efficient [11].

The method as presented in [11] is built on two “key opportunities”. First, the
computational procedure is divided into an Offline and an Online stage. Second,
this method works well, if the parametrically induced manifold is smooth and low-
dimensional and has a simple hidden structure which can be learned during the
Offline stage. The Offline stage can be seen as a pre-processing of the Online stage.
During the first stage, a few “truth” solutions of the problem are computed in the
finite element space and a new space, the reduced basis space, is constructed based
on a new basis set which contains these truth solutions. Then, in the Online stage
the reduced basis approximation of the output of interest for a requested parameter
is computed by using only the new ad-hoc space. The two application areas we are
interested in, real-time and many-query, accept heavy Offline computations but need
very fast evaluations of the output of interest during the Online stage. Therefore, the
reduced basis method tries to shift as much computational complexity as possible
into the Offline stage and to decouple the evaluation during the Online stage from
the discretization used in the Offline stage.

In this paper, we start with a brief discussion on how sparse grids can be applied
to the reduced basis method. Within the reduced basis framework we have two
domains: the spatial domain ˝ � IRd and the parameter domain D � IRP . Sparse
grids will be used in the spatial domain ˝ � IRd with the finite element method
in order to reduce Offline costs. Note that here the dimension of the sparse grid is
determined by the dimension d corresponding to the spatial domain ˝ . We will then
present procedures which use sparse grids in the parameter domain D � IRP for the
construction of reduced basis spaces. Typically, the dimension P is between 3 and
10, that is, the parameter domain D is moderate dimensional and therefore suited
for sparse grids.

Second, in the main part of the paper, in Sect. 5, we will interpolate the output of
interest directly and so circumvent the reduced basis method altogether. With this
approach, we can overcome the drawback of the reduced basis method [11] that
a solver of the governing equations with respect to the reduced basis is required.
For a complex system of equations, where the development and implementation of
the solver for the truth solutions is a highly challenging task on its own, the same
effort would be necessary to develop a solver with respect to the reduced basis.
More often than not, this is infeasible and, thus, a severe limitation of the reduced
basis method [11]. In contrast, our approach based on sparse grid interpolation
requires just a few truth solutions to construct the interpolant. Then, we can respond
to a new parameter � 2 D by simply evaluating the sparse grid interpolant at �,
independently of the underlying governing equations. We present results comparing
the accuracy of the reduced basis and the sparse grid approximation with respect to
the Online costs.
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2 Evaluation Costs of Sparse Grid Functions

We do not give an introduction to sparse grids but refer to [3]. However, we will
discuss the complexity of a sparse grid function evaluation.

Let un 2 V
.1/

n be a function in the sparse grid space V
.1/

n of level n and
dimension d . We can represent un as linear combination of the hierarchical basis
functions f�1; : : : ; �M g with the hierarchical coefficients f˛1; : : : ; ˛M g, i.e.,

un.x/ D
MX

iD1

˛i �i .x/: (1)

This sum has to be computed, to evaluate un at point x 2 Œ0; 1�d . Clearly, this can
be done in O.M / operations. However, this is not a lower bound.

Consider the sum in (1) again. We can sort the basis functions by their
hierarchical increment and obtain

un.x/ D
X

jl j1�nCd�1

X

i 2Il

˛l ;i �l ;i .x/;

where Il is the set of the indices of the basis functions in the hierarchical increment
Wl with level l D .l1; : : : ; ld /, i.e.,

Il D ˚
i D .i1; : : : ; id / W 1 � ij � 2lj � 1; ij odd; 1 � j � d

�
: (2)

Let us first assume that we do not have basis functions at the boundary, i.e., all
functions of the space are zero at the boundary. Then the supports of the basis
functions in a hierarchical increment are pairwise disjoint and we only need to
consider one basis function of each hierarchical increment. This reduces the costs
for an evaluation of un at point x 2 Œ0; 1�d from O.M / to the number of used
hierarchical increments. A sparse grid space of level n and dimension d consists of

G.n; d/ D
nCd�1X

iDd

 
i � 1

d � 1

!
(3)

hierarchical increments [3]. However, in the following examples, we will use sparse
grids with boundaries and therefore the matter is not quite so simple anymore. Note
that if we want to have non-zero boundaries, we permit indices 0 and 2 for level 1
and set the basis functions �1;0 and �1;2 to zero at x 2 IRnŒ0; 1�. For dimension
d > 1 the well-known tensor product approach is applied [3].

We introduce inner hierarchical increments Wl with l D .l1; : : : ; ld / and li > 1;

1 � i � d .

Lemma 1. The number of inner hierarchical increments of a sparse grid of level n

and dimension d is
iG.n; d/ D G.n � d; d/:
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Proof. There are
�

i�1
d�1

�
ways to form a sum equal i with d positive integers. Hence,

there are
�

i�d�1
d�1

�
ways to form a sum equal i � d with d positive integers (or a sum

equal i with d integers greater than one). Therefore, we obtain

nCd�1X

iDdC1

 
i � d � 1

d � 1

!
D

n�1X

iD1

 
i � 1

d � 1

!
D

n�1X

iDd

 
i � 1

d � 1

!
:

Note, that the number of inner hierarchical increments iG.n; d/ of a sparse grid of
level n and dimension d equals the number of all hierarchical increments of a sparse
grid of level n � d and dimension d .

Lemma 2. Let Wl be a hierarchical increment where the level l has a 1 in k

components. Then we have to consider at most 2k basis functions of Wl for the
evaluation of un 2 V

.1/
n at x 2 Œ0; 1�d .

Proof. Let x D .x1; : : : ; xd / be a point in Œ0; 1�d and Wl the hierarchical increment
with (w.l.o.g.) l D .l1; : : : ; ld / D .1; : : : ; 1; lkC1; : : : ; ld / and lj > 1; k < j � d .
We only need to evaluate those basis functions whose support contains x. Which
means, we have to count the number of indices .i1; : : : ; id / 2 Il with

9j W .ij � 1/2�lj < xj < .ij C 1/2�lj :

We consider every direction 1 � j � d separately. If lj > 1 then there exists only
one j with .ij �1/2�lj < xj < .ij C1/2�lj because we do not have boundary basis
functions. If lj D 1, then ij can take 1 and either 0 or 2 to satisfy .ij �1/2�lj < xj <

.ij C 1/2�lj . Therefore, we have two feasible values for component j . Altogether,
we have at most

kY

j D1

2 �
dY

j DkC1

1 D 2k;

basis functions �l ;i 2 Wl whose support contains x.

Lemma 3. In the case of inhomogeneous Dirichlet boundary conditions and the
sparse grid space of level n and dimension d , we need to consider at most

opSG.n; d/ D 2d C
d�1X

kD0

2k

 
d

k

!
iG.n; d � k/; (4)

basis functions to evaluate un at point x 2 Œ0; 1�d .

Proof. We have to count the number of hierarchical increments Wl with a 1 in k < d

components. We know that there are iG.n; d � k/ ways to form a sum with d � k

components greater than 1 which is less or equal to n C .d � k/ � 1. The remaining
k components are filled with 1. There are

�
d
k

�
ways to distribute the k ones across
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d places, or the other way around, there are
�

d
d�k

�
ways to distribute the numbers

greater than 1 across d places. In any case, we obtain

 
d

k

!
iG.n; d � k/ D

 
d

d � k

!
iG.n; d � k/;

hierarchical increments Wl with 1 in k components. Furthermore, we know, that
there is exactly one hierarchical increment with l D .1; : : : ; 1/. Finally, formula (4)
follows with Lemma 2.

3 Reduced Basis Method

We give an overview of the reduced basis method for the case of parametrically
coercive and compliant affine linear elliptic problems as described in [11].

3.1 Reduced Basis Approximation

After some preliminary definitions we give an abstract formulation of our problem
class and define the associated function spaces. Next, the truth approximation is
developed, on which finally our reduced basis approximation is built.

3.1.1 Preliminaries

Let Z be a (real) vector space and D � IRP be a closed bounded parameter
domain which is suitably regular. We follow [11] and call a parametric bounded
linear form g W Z � D ! IR affine in the parameter if there exist a Qg 2 IN and
�

q
g W D ! IR; 1 � q � Qg as well as parameter-independent bounded linear forms

gq W Z ! IR; 1 � q � Qg, such that

g.vI �/ D
QgX

qD1

�q
g.�/gq.v/; 8v 2 Z: (5)

That is, we can separate the parameter-dependent linear form g into its parameter-
dependent parts �

q
g and parameter-independent parts gq . Similarly, we call a

parametric bilinear form b W Z � Z � D ! IR affine in the parameter if we can
represent it as

b.w; vI �/ D
QbX

qD1

�
q

b .�/bq.w; v/; 8w; v 2 Z: (6)
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Furthermore, we say an affine parametric, symmetric and coercive1 bilinear form
b W Z �Z �D ! IR is parametrically coercive if b permits an affine decomposition
as in (6) that satisfies �

q

b .�/ > 0; 8� 2 D; 1 � q � Qb and bq.v; v/ � 0; 8v 2
Z; 1 � q � Qb with symmetric bq; 1 � q � Qb.

3.1.2 Abstract Formulation and Truth Approximation

We first introduce our spatial (or physical) domain ˝ 2 IRd , a suitably regular open
bounded domain with spatial dimension d D 1; 2; or 3. We denote the boundary of
˝ as @˝ and assume @˝ is Lipschitz continuous. We next introduce the space Xe

(e refers to “exact”) as

Xe D Xe.˝/ D ˚
v 2 H 1.˝/ W v j� D D 0

�
: (7)

We define our parametric field variable u: D ! Xe and denote the field for
parameter � 2 D as u.�/. If we view the field variable fully as u W ˝ � D ! IR,
we denote the value of the field at point x 2 ˝ for parameter � 2 D as u.xI �/.

Finally, we can state the problem we are interested in. Let f W Xe � D ! IR
be an affine parametric linear form bounded over Xe and a W Xe � Xe � D ! IR
be a continuous and parametrically coercive bilinear form. Given � 2 D, we find
ue.�/ 2 Xe such that

a.ue.�/; vI �/ D f .vI �/; 8v 2 Xe; (8)

and evaluate the output of interest

se.�/ WD f .ue.�/I �/: (9)

Due to our coercivity and continuity assumptions on a we may introduce the (well-
defined) inner product and induced norm as

...w; v///� WD a.w; vI �/; 8w; v 2 Xe;

jjjwjjj� WD
p

a.w; wI �/; 8w 2 Xe:

Note, that the inner product as well as the norm are parameter-dependent. To get
parameter-independent inner product and norm, we specify a parameter � 2 D and
associate the inner product and norm to Xe

.w; v/Xe WD ...w; v///�; 8w; v 2 Xe;

kwkXe WD jjjwjjj�; 8w 2 Xe:

1We refer to [11, Sect. 1.2.2] for a definition of coercive and continuous for parametric
bilinear forms.
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The choice of � influences the quality of the a posteriori error bounds, see [11]
for details.

Let XN � Xe be a subspace with dim.XN / D N 2 IN. We equip XN with
the inner product and norm of the exact space Xe . Both the inner product and the
norm are independent of the dimension N . We can then apply a standard Galerkin
projection. Given � 2 D, find uN .�/ 2 XN such that

a.uN .�/; vI �/ D f .vI �/; 8v 2 XN ; (10)

and then evaluate
sN .�/ WD f .uN .�/I �/: (11)

In the following and throughout this work, we will suppress the superscript
N . So, wherever X , u.�/ or s.�/ appears, it refers to XN , uN .�/ or sN .�/,
respectively. However, we will maintain the superscript e for the exact solution or
space.

3.1.3 Reduced Basis Approximation

Our particular problem stated in (8) and (9) can be seen as an input-output
relationship which is induced by a partial differential equation [14]. If we want
to approximate the output se.�/ by sN .�/, we have to compute uN .�/ with the
FE method and finally evaluate sN with f .�I �/ at uN .�/. The difficulty is the
computationally expensive solution uN .�/ of the PDE. If we consider this problem
in real-time or many-query contexts, where we have to evaluate the output for many
� 2 D, we can easily think of many applications where it is not possible to compute
a FE approximation for every single � we are interested in.

The reduced basis approach is based on two properties of the real-time and many-
query context, which permit us to reduce the number of truth or FE approximations
significantly. First, in most examples, the field variables u.�/ are very likely not
scattered all over the space X but rather lie on a low-dimensional and smooth
manifold [11]. That is, we assume

M D fu.�/ W � 2 Dg;

to be smooth and quite low-dimensional, and therefore represent u.�/ not as
element of X but as element of spanfMg. Note that the smoothness in the spatial
coordinate x is not crucial [11, Sect. 3.5, p. 102]. Second, in real-time and many-
query contexts, we can deal with increased Offline (pre-processing) costs and only
have to decrease the Online costs, i.e., the costs for each evaluation for a new � 2 D.
This in turn means that the reduced basis approach is not to be preferred to the
classical FE method in the few-query context.

For our reduced basis spaces we choose Nmax linearly independent functions

�n 2 X; 1 � n � Nmax;
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and define our reduced basis spaces

XN D spanf�n; 1 � n � N g; 1 � N � Nmax:

Although the RB method can be seen in such a general framework, we consider
the case where we approximate u.�/ for � 2 D in spaces spanned by N

precomputed solutions or snapshots u.�1/; : : : ; u.�N /. Therefore, we introduce the
sets of parameter points

SN D ˚
�1; : : : ; �N

� � D; 1 � N � Nmax

and the associated snapshots u.�n/; 1 � n � Nmax which span the reduced basis
spaces

XN D span fu.�n/ W 1 � n � N g � X; 1 � N � Nmax:

The question of how to choose the parameter points �1; : : : ; �Nmax and hence the
snapshots u.�n/; 1 � n � Nmax will be answered in Sect. 3.3. In order to ensure a
well-conditioned reduced basis algebraic system, Gram-Schmidt orthogonalization
in the .:; :/X inner product is applied to the snapshots u.�1/; : : : ; u.�Nmax /.

We can use Galerkin projection on the space XN . Given � 2 D, we find uN .�/ 2
XN such that

a.uN .�/; vI �/ D f .vI �/; 8v 2 XN ; (12)

and evaluate

sN .�/ WD f .uN .�/I �/: (13)

From our assumptions on a (coercivity and continuity), XN � X and linear
independence of u.�1/; : : : ; u.�Nmax /, we obtain a unique solution and the usual
Galerkin optimality [11, Sect. 3.2.2, p. 85].

In [11, Sect. 4], rigorous, sharp and efficient a posteriori error bounds for
the output error jsN .�/ � sN .�/j as well as for the error of the field variable
jjjuN .�/ � uN .�/jjj� have been developed for the case of parametrically coercive
and compliant affine linear elliptic problems.2 Since we are only interested in the
accuracy of the approximation of the output of interest se , we always use the error
estimator �

s;rel
N of the relative error of the output of interest, i.e.

ˇ̌
ˇ̌ s

N .�/ � sN .�/

sN .�/

ˇ̌
ˇ̌ � C�

s;rel
N .�/;

where C depends on � and �. See [11, Sect. 4.3.2] for a definition of �s;rel
N and

computational details.

2However, there are also error bounds for more general problems, cf. [4–6, 8].
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3.2 Offline-Online Computational Procedure

With the procedure we have discussed so far, for any new � 2 D we can evaluate the
(reduced basis) output sN .�/ by computing uN .�/ with O.N 3/ operations (solving
a system of linear equations of size N � N ) and sN .�/ with O.N / operations
(computing a dot product). However, we have not included the formation of the
stiffness matrix AN .�/ which requires O.N 2/ dot products with O.N / operations
each.

We invoke the affine parameter dependence (5) and (6) of f and a which permits
us to express the stiffness matrix AN .�/ and the load/source vector FN .�/ as linear
combinations

AN .�/ D PQa

qD1 �
q
a.�/A

q
N ; (14)

FN .�/ D PQf

qD1 �
q

f .�/F
q
N ; (15)

with the parameter-independent matrices A
q
N 2 IRN �N ; 1 � q � Qa,

A
q
Nnm D aq.u.�n/; u.�m//; 1 � n; m � N; 1 � q � Qa;

and parameter-independent vectors F
q
N 2 IRN ; 1 � q � Qf ,

F
q
Nn D f q.u.�n//; 1 � n � N; 1 � q � Qf ;

where XN D spanfu.�n/; 1 � n � N g is the reduced basis space. We assume that
the coefficients �

q
a.�/ for 1 � q � Qa and �

q

f .�/ for 1 � q � Qf are easy to
evaluate.

Hence, we split the computational procedure as follows [11, Sect. 3.3]. In the
Offline stage (pre-processing), we compute the reduced basis u.�j /; 1 � j � N .
This means, we need N FE computations and the Gram-Schmidt orthogonalization.
We then form the matrices A

q
N ; 1 � q � Qa and vectors F

q
N ; 1 � q � Qf .

This formation needs QaN 2 .�; �/X inner products with O.N / operations and Qf N

evaluations of f q . In the Online stage, for any given � 2 D, we assemble the matrix
AN .�/ from (14) and FN .�/ from (15) which needs O.QaN 2 CQf N / operations.
We then solve (12) for uN .�/ and evaluate sN .�/.

3.3 Construction of Reduced Basis Spaces

In this section, we discuss how to construct reduced basis spaces. For certain
problems with one-dimensional parameter domains P D 1, one can give a priori
spaces of good quality [10]. However, this approach is very limited, and therefore
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we present the greedy strategy developed in [11, Sect. 3.4]. This strategy computes
an ad-hoc or “adaptive” space which is tailored to the problem.

The sampling strategy is not directly applied to the parameter domain D but to a
train sample (a finite sample of points) 	train � D which serves as a surrogate for
D. We can think of f.�; u.�// W � 2 	traing as the training data for our reduced
basis approximation. Typically, this training data is chosen randomly with respect
to uniform or log-uniform distributions [12]. All our random training samples are
uniformly distributed. The following algorithm constructs a problem-dependent
reduced basis space with the snapshots corresponding to samples of 	train. We will
discuss more sophisticated techniques in Sect. 4.

We assume that we have given a train sample 	train and an initial parameter in
the set S1 D f�1

traing � 	train as well as the space X�
1 D spanfu.�1

train/g. We now
specify a maximum dimension Nmax for our reduced basis space and a tolerance 
.
Then, the greedy algorithm proceeds as follows [11, Sect. 3.4.3]

for N D 2 to Nmax do
�N D arg max�2	train �

s;rel
N �1.�/


N �1 D max�2	train �
s;rel
N �1.�/

if 
N �1 � 
 then
exit;

end if
SN D SN �1 [ f�N g
X�

N D X�
N �1 C spanfu.�N /g

end for

At iteration N , the greedy algorithm appends to the space X�
N �1 the snapshot

u.�N / which is predicted to be the least well approximated snapshot of all
u.�/; � 2 	train. Note that the greedy approach has very low cost and therefore
permits a large 	train and hence an exhaustive search in D. By using the (efficient) a
posteriori error bounds, the greedy algorithm needs at most Nmax FE computations.

3.4 Model Problem (Thermal Block)

We restrict ourselves to one model problem, the thermal block as presented in [11].
This is a (steady) heat conduction problem with conductivities as parameters which
satisfies the imposed restrictions in our parametrically coercive and compliant case.

We consider heat conduction in a square domain ˝ D .0; 1/ � .0; 1/. The
square comprises B1 � B2 rectangular subdomains ˝i ; i D 1; : : : ; B1B2. Each
of these subdomains is a different region with different thermal conductivity (non-
dimensional form). Therefore, we have P D B1B2 parameters � D .�1; : : : ; �P / 2
D with D D Œ0:1; 10�P . We allow three different versions of the thermal block TB2,
TB4 and TB8 with 2, 4 and 8 regions, respectively. Their geometry is shown in
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Fig. 1 The three versions of the thermal block problem. The geometries and below plots of u.�/ 2
XN for an example � 2 D. (a) TB2, (b) TB4, and (c) TB8

Fig. 1. Our field variable is the temperature which satisfies Laplace’s equation in ˝ .
Following the geometry and notation in Fig. 1, we impose homogeneous Dirichlet
conditions on the top boundary �top, homogeneous Neumann conditions on the two
sides and Neumann 1 conditions on the bottom or base �base. Our output of interest
is the average temperature over the base �base. With the abstract statement in (7) we
identify Xe D fv 2 H 1.˝/ W v j�topD 0g which imposes the essential Dirichlet
boundary conditions. Our bilinear form is

a.w; vI �/ D
PX

pD1

�p

Z

˝p

rw � rv; 8w; v; 2 Xe;

and our source and output functional is

f .vI �/ D
Z

�base

v; 8v 2 Xe;

which imposes the inhomogeneous Neumann conditions.

4 Sparse Grids in the Parameter Domain

In this section, we briefly discuss two sampling strategies to construct a reduced
basis space. Whereas usually the train samples are simply chosen randomly, our
two sampling strategies build on a sparse grid in the parameter domain. The first
strategy adapts the sparse grid to the problem at hand, the second one constructs a
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Fig. 2 The adaptive greedy
approach for the thermal
block TB8. Refinement with
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coefficients compared to the
greedy strategy with train
sample train1121. The error
is computed over the sample
test6401

sparse grid interpolant. Note that the purpose of this section is to show by means of
a model problem that such strategies are feasible with sparse grids.

4.1 Greedy Sampling Strategy with Adaptive Sparse Grids

For the thermal block, the greedy strategy works very well, even with simple train
samples which do not take the problem into account. However, for other problem
classes, we cannot expect such good behavior. Therefore, we now use adaptive train
samples. Consider the points of a sparse grid as train sample. After every step of
the greedy procedure, that is, after a new basis function has been added, we refine
the grid point associated with the train sample. The points of the refined grid are
then used as new train sample and so the sample gradually adapts to the problem.
Note that such an extension is a natural one in the context of sparse grids because
adaptivity requires the possibility to add points only in certain regions. Thus, a
similar approach would not be possible with an e.g. quasi-Monte Carlo method
without further ado.

We now compute an RB space for the TB8 thermal block with the parameter
domain D D Œ0:1; 10�8. The initial train sample contains 1,280 points of a sparse
grid of level 1 and dimension 8. The greedy procedure is started with space X�

1 D
spanfu.�/g. After every greedy step, one grid point gets refined. We compare two
refinement criteria. The first criteria refines the point for which the error estimator
�

s;rel
N yields the greatest (predicted) error. For the second criteria, we create the

sparse grid interpolant of �
s;rel
N and refine the point with the greatest absolute

hierarchical coefficient. The results are compared to the space constructed with a
random train sample train1121 of size 1121 by computing the maximum predicted
error over test6401 of size 6401, see Fig. 2. For our thermal block, we could
not improve the RB approximation space with this method. Furthermore, the two
refinement criteria do not develop a significant difference in the error behavior.
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Nevertheless, there are problems for which such greedy strategies yield better RB
approximation spaces than the non-adaptive greedy [7]. However, due to the curse
of dimensionality such strategies were restricted to parameter domains of dimension
2 or 3. As we have shown in the example above, with sparse grids we can easily cope
with parameter domains of higher dimensions.

4.2 Greedy Sampling Strategy with Sparse Grid Interpolant

We present another modification to the greedy strategy. As we have noted in
Sect. 3.3, we consider a train sample 	 as finite surrogate for D and hope to charac-
terize the error estimator � over D by just using the values f.�; �.�// I � 2 	g.
But if we use sparse grid points as train samples, we can construct the interpolant
of the error estimator � in a sparse grid space V

.1/
n . We search the interpolant for

maximizers and use the associated snapshots to span our RB space. The Sparse Grid
Interpolation Toolbox was employed to build sparse grid interpolants and to search
them for maximizers, cf. [9]. We interpolated �s;rel

N on a sparse grid of level3 4 and
searched for local maximizers with the spcompsearch method.

Because finding global maximizers of sparse grid interpolants is computationally
expensive, we want to use local maximizers. Therefore, we compare two methods
for constructing RB spaces for TB4. The first method starts a search for a maximizer
at every sparse grid point, the second method only at 10 different randomly picked
start points. The corresponding RB spaces are compared in Fig. 3 (left). The error
estimator �s;rel

N is computed over the grid points grid2769 of a four dimensional
sparse grid of level 4 with boundary points and a random set rand2769 of size
2769. For our model problem, the error behavior associated with the local search
starting at randomly picked points does not really differ from the one which starts
at all sparse grid points. This is true for both test samples.

Let us now compare the RB spaces constructed by the greedy procedure with a
train sample and with a sparse grid interpolant, respectively. We only use the method
where we start the search for local maximizers at 10 different randomly picked
start points. Figure 3 (right) shows the maximum of �s;rel

N over grid2769 and over
rand2769 for RB spaces constructed with a random train sample of size 2769 and
with an interpolant on a grid of level 4. We see no significant difference when we
measure the approximation quality on the sample rand2769, but considering the
sample grid2769, that in contrast to the uniform sample resolves the boundary of
the parameter domain, we observe that the greedy strategy leaves a significant larger
error in these samples than we get using the interpolant.

3In the notation of the SPT this is a level 3 grid.
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Fig. 3 Thermal block TB4. The error behavior for RB approximation space constructed by using
sparse grid interpolants with local search starting at randomly picked points and all sparse grid
points, respectively (left). Results for RB spaces constructed by greedy with ordinary train samples
and with sparse grid interpolant (right)

5 Interpolation of the Output Function

Consider our problem statement of (12) and (13). Although, in some sense, we need
u.�/ to compute our output of interest s.�/, the reduced basis method does not
explicitly form u.�/. Actually, if we want to evaluate u.�/ at any x 2 ˝ , the Online
stage of the computational procedure becomes dependent on N . This means, we are
only interested in the output function s W D ! IR. Instead of making the detour
round the RB approximation, we can directly approximate s by interpolation. For
higher parameter dimensions, this is not feasible with ordinary tensor product grids,
but with sparse grids, we can cope with higher dimensions to some extent.

We can state two advantages of the direct interpolation of the output function s

over the reduced basis method. First, we do not need to know anything about the
underlying governing equations.4 In fact, we only need a pool of precomputed truth
solutions which are used to construct the sparse grid interpolant. Second, because
we only need to evaluate a sparse grid function to compute the value of s at a given
parameter � 2 D, we save the Galerkin projection into the reduced basis space.
Hence, we do not need to develop and implement a solver to compute the projection.
The reduced basis method as presented in [11] needs such a solver which is a severe
limitation, especially for applications (crash test simulation, plasma physics, etc.)
building on systems of equations where the implementation of the solver for the
truth solutions is a challenging task on its own.

Note, that the Galerkin optimality of uN .�/ does not in any way preclude an
output interpolant that is better than the RB approximation. There are even examples
of polynomial interpolants which are distinctly better than the RB approximation,

4Of course we can tune the sparse grid interpolation if we know some properties of the underlying
governing equations. For instance, special refinement strategies or transformations might then be
applicable and might help to improve the accuracy.
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Fig. 4 Thermal block TB4. The sparse grid interpolants of level 5–8 compared to the output sN

for the FE solution (left). Interpolant of an adaptive sparse grid compared to the FE output sN

(right)

see [11, Sect. 3.5.3, p. 125]. However, these are only examples with one-dimensional
parameter domains.

5.1 Interpolation on Adaptive Sparse Grids

We first consider the thermal block TB4 with four parameters. We interpolate the
associated output function sN W D ! IR on sparse grids of levels 5–8 and compare
the interpolants s

.1/
n to sN for the points on the diagonal

˚
� D .�1; �2; �3; �4/ 2 Œ0:1; 10�4 W �1 D �2 D �3 D �4

�
;

see Fig. 4. This simple interpolation has severe problems between 0.1 and 2 where
it differs in parts completely from the desired values. Even for level 8 with about
35,000 points, the (absolute) output error js.1/

8 .�/�sN .�/j is still about 1. However,
the function seems to be only locally difficult to approximate, because starting from
4 the interpolants achieve better results.

One way to handle functions with local singularities is to employ adaptivity. We
start with a rather coarse grid and add only points where they are needed. As we have
already mentioned in Sect. 4.1, one of the most common refinement criteria in the
context of sparse grids is to refine those points associated to the basis functions with
large absolute hierarchical coefficients. We start with a sparse grid of level 2 with
136 grid points to which we apply refinement steps. In each step, we sort the grid
points by their absolute hierarchical coefficient and refine the first percent. After 12
steps, we arrive at a grid with approximately 38,000 points. The results are shown
in Fig. 4 (right). We clearly get better results with adaptivity. That is, our refinement
criterion finds the singularities and so makes sure that new points are not wasted.
Nevertheless, we still need about 38,000 grid points.
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We now want to compare the RB approximation to the sparse grid interpolant
with respect to the operations needed for one evaluation of the output in the
Online stage. For the RB approximation in an RB space of dimension N we need
roughly N 3 C QaN 2 operations, i.e., O.QaN 2/ operations to form the (parameter-
dependent) stiffness matrix and O.N 3/ operations to solve the system of linear
equations. To evaluate a sparse grid interpolant on a grid of level n and dimension
d we need O.opSG.n; d// operations, cf. Sect. 2. In the following, we do not use
the error estimator �

s;rel
N to predict the output error, but the maximum relative output

error. The maximum relative output error over 	 is defined as

max
�2	

jQs.�/ � sN .�/j
jsN .�/j ;

where Qs is either the RB approximation sN or the sparse grid interpolant s
.1/
n .

Consider now Fig. 5, where we compare the adaptive sparse grid interpolant to
the reduced basis approximation. Here, we estimate the operations for the evaluation
of the interpolant on an adaptive sparse grid with maximum level n by the operations
of the regular grid of level n. The RB spaces are constructed with a random train
sample of size 2769 and reach from dimension 4 to 16. The maximum relative output
error is computed over the random test samples randA and randB of size 2769.
In Fig. 5, we clearly see the superiority of the RB approximation even though we
employed adaptivity.

5.2 The Output Function on a Logarithmic Scale

Before we discuss the thermal blocks with higher parameter dimensions, we
consider the thermal block TB2 with only two parameters � D .�1; �2/ because
then we can plot the interpolant of the output function sN and its absolute
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(a) TB2 output function
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Fig. 6 In (a) interpolant of output function on sparse grid of level 10 and in (b) the corresponding
absolute hierarchical coefficients
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Fig. 7 In (a) interpolant of output function on sparse grid of level 10 on logarithmic scale and in
(b) the corresponding absolute hierarchical coefficients

hierarchical coefficients, see Fig. 6. The function sN is only difficult to approximate
near the corner .0:1; 0:1/, as we have already seen in Fig. 4. We also see, that the
hierarchical coefficients are concentrated near .0:1; 0:1/. This indicates, that we use
a wrong scale. Consider now Fig. 7 which again shows the interpolant of sN and its
hierarchical coefficients, but on a base 100 logarithmic scale. This change of scale
removes the spike at .0:1; 0:1/ completely. Furthermore, the hierarchical coefficients
are now distributed equally across the domain.

For the transformation, we have to specify Œ�min; �max�. For our thermal blocks
we always have �min D 0:1 and �max D 10. We then define the transformation,

t1 W Œ0; 1� ! Œ�min; �max�; � 7! �min

�
�max

�min

��

: (16)

To � 2 Œ0; 1�P ; P > 1 we apply t1 component-wise, that is, t.�/ D
.t1.�1/; : : : ; t1.�P //. The inverse of t is denoted as t�1. We then interpolate the
function OsN W Œ0; 1�P ! Œ0; 1�,

OsN .�/ D t�1
�
sN .t.�//

�
;

and can compute the output function with

sN .�/ D t
�OsN .t�1.�//

�
:
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Fig. 8 Error for interpolant of sN on logarithmic scale compared to the error of interpolant on an
adaptive sparse grid (left). Maximum relative output error of RB approximation and of interpolant
of transformed output OsN (right)

Figure 8 (left) shows the maximum relative output error for the interpolant of sN

on the adaptive sparse grid and for the interpolant of the transformed output function
OsN on a regular sparse grid. The error is measured with respect to the samples
randA and randB. We see that the transformation of (16) results in a tremendous
improvement.

Let us now compare the interpolant of OsN to the RB approximation, see Fig. 8
(right). The interpolants are computed on sparse grids from level 4 to 9, the
dimensions N of the RB spaces reach from 5 to 16. With the transformation t ,
the interpolants perform better than the RB approximations at the beginning. This
shows that for rough approximations the interpolants yield better results than the
RB method with respect to the number of operations needed for one evaluation in
the Online stage. However, we also see that the error of the interpolants decreases
slower than the error of the RB approximation. Thus, we can expect that the
RB approximation is a better approximation if we need a high-fidelity respond.
Furthermore, the construction of an interpolant is very expensive, that is, the Offline
costs are very high. For an interpolant on a grid with N points, we need to compute
N FE solutions. A regular sparse grid with boundary of level 8 and dimension 4
has about 35,000 points, a grid of level 9 already 84,481 points. However, the fast
construction of the RB space with the greedy strategy is only possible because of
the (inexpensive) a posteriori error estimator. Such an estimator is only available for
a limited class of equations and if it is not available, distinctly more costly sampling
strategies are necessary as well, cf. [11].

Let us now consider the thermal block TB8 with eight parameters and Qa D 8.
We again use the transformed output OsN and compute the interpolants on sparse
grids of level 1–5. Furthermore, we compute an interpolant on an adaptive sparse
grid, starting with level 1 and the hierarchical coefficients refinement criterion, see
Sect. 5.1. But now we refine only the first percent of the grid points. As is shown
in Fig. 9 (left), the adaptivity does not improve the error behavior at all. That again
means, we have chosen the right scale.

Finally, we compare in Fig. 9 (right) the RB approximation for TB8 to the
interpolant on the regular grid of the transformed output OsN . We show the
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Fig. 9 Interpolation of the transformed sN on regular sparse grids and on adaptive sparse grids
for the thermal block TB8 (left). Comparison of the interpolation of the transformed sN and the
RB approximation for the thermal block TB8 (right)

approximations in the RB spaces up to dimension 60. Again, the sparse grid
interpolant yields better results at the beginning and, thus, is better suited for rough
approximations. Note that in many applications in science and engineering rough
approximations are sufficient (e.g. visualization).

6 Conclusion

We addressed the employment of sparse grids in the reduced basis method, i.e.
discretizing the PDE in the spatial domain ˝ on sparse grids, using sparse grid
points as surrogate for the parameter domain D and interpolating the output of
interest on sparse grids.

In the parameter domain, we replaced the random, thus non-deterministic, train
samples with sparse grid points. The grid samples, in contrast to e.g. quasi-Monte
Carlo (low discrepancy sequences), permit adaptive refinement. Two extensions of
the greedy approach have been discussed: adapting the grid sample to the problem
at hand and using the sparse grid interpolant as surrogate of the a posteriori error
estimator � in D. Even though we could not distinctly improve the results for our
model problem, similar strategies have already been proven useful in a wider context
[7,13], [11, Sect. 3.4.3]. Furthermore, the RB method gets rapidly extended to other
problem classes [1, 2, 5, 6]. Our examples with sparse grids have shown that such
strategies are feasible for higher parameter dimensions.

The aim of the RB method is to evaluate the output function s W D ! IR.
In the main part of the paper, we took a closer look at the output function of
our model problem and, instead of making the detour round the RB method, we
directly interpolated s on a sparse grid. This means, we can respond to a new
parameter � 2 D by simply evaluating a sparse grid function. With this approach
we could overcome a severe limitation of the RB method: we do not need a Galerkin
projection into the reduced basis space anymore. Thus, we do not need to develop
and implement a solver to compute the projection. Especially for applications
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building on a system of highly complex equations usually only a solver for the truth
solution is available and it is not feasible to add another solver for the reduced basis.
With our examples we have shown that the interpolation of the output function s

on sparse grids yields competitive results compared to the RB approximation. For
rough approximations we could even beat the RB approximation with respect to the
number of operations needed for one evaluation in the Online stage. Such rough but
very fast evaluations are necessary in e.g. visualization applications.
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Spatially Adaptive Refinement

Dirk Pflüger

Abstract While sparse grids allow one to tackle problems in higher dimensionali-
ties than possible for standard grid-based discretizations, real-world applications
often come along with requirements or restrictions which enforce problem-
dependent adaptations of the standard sparse grid technique. Consider, for example,
interpolations where the function values at grid points are obtained via time-
consuming numerical simulations. Then, only very few grid points can be spent;
classical convergence might be out of reach. Another hurdle is that real-world
problems often do not meet the smoothness requirements of the sparse grid method.
Thus, the standard approach has to be fine-tuned to the problem at hand, especially
in higher-dimensional settings.

Therefore, a suitable choice of basis functions can be required, as well as
criteria for problem-adapted refinement. Fortunately, and in contrast to full grids,
the hierarchical basis formulation of the direct sparse grid approach conveniently
provides a reasonable criterion for spatially adaptive refinement practically for free.
This can serve as a starting point to develop suitable modifications.

We show several problems stemming from different fields of application and
demonstrate modifications of the standard sparse grid approach. They enable one
to cope with the properties and requirements of the corresponding problem and can
serve as examples for similar challenges.
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1 Introduction

Sparse grids allow us to cope with the curse of dimensionality, at least to some
extent. The term “sparse grids” has been coined for the solution of partial differential
equations [28], and sparse grids have meanwhile been applied to various problems,
see, for example, the survey in [4]. More recent work includes stochastic and non-
stochastic partial differential equations in various settings [3, 11, 25, 27], as well as
applications in economics [18, 22], regression [12, 15, 21], classification [6, 14, 21],
fuzzy modeling [19], and more.

For sufficiently smooth functions, sparse grids enable one to reduce the number
of grid points by orders of magnitude from O..2n/d / for full grids to only
O.2nnd�1/, while keeping a similar accuracy as in the full grid case. To obtain
these bounds, only a certain degree of smoothness is required (the mixed second
derivatives have to be bounded), but no other knowledge about the problem at hand.
Note, that the constants in the Landau-notation depend on the application.

To be able to deal with problems that do not meet the smoothness requirement, or
to further reduce the number of grid points for functions that exhibit a low effective
dimensionality or that contain regions of small and large variation, adaptivity can
be employed. To this end, the hierarchical basis directly provides a straightforward
indicator where to refine in general. Whereas this is typically very good to start
with, the success for real-world applications often depends on a suitable choice
of the basis, the criterion for adaptive refinement, and the selection of refinement
parameters. Therefore, available knowledge about the problem should be used
wherever possible.

To illustrate this, we picked a few applications which nicely demonstrate several
approaches for adaptive refinement, and we give hints what to look for and consider
when thinking about adapting to a problem at hand.

2 Sparse Grids

To briefly recall the most important properties and to clarify our notation, we
describe the basic principles of sparse grids in the following; see, e.g., [4, 21]
for further details. Sparse grids are based on a hierarchical (and thus inherently
incremental and adaptive) formulation of the one-dimensional basis which is then
extended to the d -dimensional setting via a tensor product approach.

We consider high-dimensional piecewise d -linear functions fN W Œ0; 1�d ! R

(which are defined on an equidistant mesh and scaled to the unit-hypercube) as a
weighted sum of N basis functions,

fN .x/ D
NX

iD1

˛i 'i .x/ : (1)
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Fig. 1 One-dimensional basis functions up to level 3 (left), and tableau of hierarchical increments
Wl up to level 3 in both dimensions (middle). Leaving out the grayed-out Wl, we obtain the sparse
grid of level 3 (right)

We therefore derive one-dimensional basis functions 'l;i , depending on a level l and
an index i , out of the reference hat function '.x/ WD max.1 � jxj; 0/ via translation
and scaling as 'l;i .x/ WD '.2lx � i/. The hierarchical basis for a certain level n with
mesh-width hn D 2�n is then

˚n WD ˚
'l;i .x/ W i D 1; : : : ; 2l � 1; i odd; 1 � l � n

�
; (2)

omitting even-indexed basis functions on each level, see Fig. 1 (left) for n D 3. If
we denote l and i as multi-indices of levels and indices for a certain basis function,
we can then write d -dimensional basis functions 'l;i as a product of the respective
one-dimensional ones,

'l;i.x/ WD
dY

kD1

'lk ;ik .xk/ ;

obtaining piecewise d -linear basis functions. They are centered at grid points xl;i D
.i12

l1; : : : ; id 2ld /, and jlj1 denotes the classical l1 norm for vectors, i.e. the sum of
the one-dimensional levels.

In higher-dimensional settings, we obtain hierarchical increments (function
spaces) Wl for which the grid points are the Cartesian product of the one-
dimensional ones on the respective one-dimensional levels. We denote the corre-
sponding basis ˚l, i.e. span.˚l/ D Wl. Figure 1 (middle) shows the grids of the
two-dimensional hierarchical increments Wl up to level 3 in each dimension. Note
that in each Wl, all basis functions have supports with piecewise disjoint interiors.

The hierarchical representation now allows one to select only those subspaces
that contribute most to the overall solution. This can be done by an a priori selection
(see [4] for details). We then obtain a sparse grid space such as
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V .1/
n WD

M

jlj1�nCd�1

Wl ;

which in this case is optimized with respect to both the L2-norm and the maximum-
norm. In the example in Fig. 1, we can neglect the gray Wl for n D 3, which leads
to the regular (non adaptive) sparse grid in Fig. 1 (right). To this end, the function f

under consideration has to be sufficiently smooth, i.e., the mixed second derivativeˇ̌
D2f

ˇ̌ WD
ˇ̌
ˇ @2d

@x2
1 ���@x2

d

f
ˇ̌
ˇ has to be bounded.

3 Adaptivity

A straightforward possibility to adapt to a problem at hand is to refine by adding
new subspaces, weakening the diagonal cut-off in the subspace scheme. Adding a
new subspace Wl in an incremental way requires that all backward neighbors, i.e.,
all subspaces Wl0 with l0 � l (componentwise comparison of multi-indices), have
already been included in the current set of subspaces. As this refinement treads all
grid points with respect to a single dimension in a uniform way, this is referred
to as dimensionally adaptive refinement. Note that this corresponds to the adaptive
refinement in the context of the combination technique [16].

To determine where to refine, one can consider all subspaces that can be added
next (for which all the backward neighbors exist) and add the one which reduces
the error most (based on a suitable error measure). Unfortunately, this is infeasible
in many applications, such as settings where function values are costly to obtain
or where PDEs have to be solved: too many grid points which will quite likely
never be used have to be examined. A frequently used alternative is to consider all
current subspaces that can still be refined. The one which contributes most to the
error is identified and refined by creating all the missing direct forward neighbors
(incrementing the level in one of the dimensions each). This approach typically
reduces the computational effort significantly.

When working in the direct, hierarchical sparse grid basis, the same approaches
can be applied. But, in contrast to the combination technique, single grid points
can be easily refined, and spatial (local) adaptivity can be employed. New basis
functions just extend the current basis, and no side-effects such as hanging nodes
have to be considered. In the d -dimensional hierarchical structure, a grid point has
2d children and up to d parents. The 2d children of a grid point xl;i are fxQl;Qi W
Qlk D lk C 1; Qik D ik ˙ 1; Qlt D lt ; Qit D it ; t ¤ k; k D 1; : : : ; d g. Refinable grid
points (or leaves) in the hierarchical structure are all those grid points for which
at least one child does not exist yet. New direct candidates are all grid points for
which all the parents are contained in the current grid, similar to the subspaces in
the dimensionally adaptive refinement.

Considering the refinement of single grid points, it is even more obvious that it
is infeasible to look at all new candidates: already in the one-dimensional case there
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Fig. 2 Starting with a regular grid of level 2 (left), we refine one grid point (emphasized) by
creating all children in the hierarchical tree of basis functions (middle), and we repeat this once
more. To keep the grid consistent, two missing parents have to be created (right)

are as many grid points on the next level as there are in the current grid—and they
all have to be considered. Solving a PDE, e.g., this would require to solve the PDE
N times for N new candidates to select the one with the lowest error. Therefore, the
standard strategy is to consider all refinable grid points of the current grid (for which
all information has already been obtained), and refine the most promising one(s) by
adding all missing children.

Note that for conventional algorithms working on sparse grids, all hierarchical
ancestors of each grid point have to exist. To keep a grid consistent, all missing
parents of new grid points have to be created recursively. This can result in
significantly more than 2d grid points to be created per refinement, see Fig. 2 for an
example.

The hierarchical basis, in contrast to the nodal basis, inherently provides
a simple, though effective criterion of where to refine to minimize the L2-
norm of the error. Consider a sparse grid interpolant fN 2 V

.1/
n , fN .x/ DP

jlj1�nCd�1

P
'l;i2˚l

˛l;i'l;i.x/, with surplusses (hierarchical coefficients) ˛l;i.

Recall, that the smoothness requirement which we impose at f is that
ˇ̌
D2f

ˇ̌
has to

be bounded. The surplusses can then be expressed via their integral representation as

˛l;i D
0

@
dY

j D1

�hj

2

1

A
Z

˝d

'l;i.x/ D2fdx ;

see [4] for details.
Two important lessons can be learned: First, both the product of the mesh-widths

hj and the size and shape of the basis function 'l;i depend only on l and not on the
index of the grid point. For each grid point on the same level (with constant jlj1),
the absolute value of the surplus depends mainly on jD2f j within the support of
the corresponding basis function. The more f varies on the support, the higher in
general the absolute value of the surplus. Thus, the absolute value of the hierarchical
coefficient can directly be used as a criterion for adaptive refinement, assuming a
similar level sum for all refinement candidates. The fact that the hierarchical basis
provides a cheap, simple criterion for refinement and does not necessitate to derive
error estimators depending on the problem at hand, is one of the main advantages of
the hierarchical approach. Note that, of course, there is no guarantee that this works
in every setting, and that each and every criterion of where to refine can be fooled.
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Second, D2f can be assumed to be locally constant in the case of convergence.
Then the contribution of a basis function decreases by one fourth when increasing
the level by one in one dimension. The surplus can thus be used to check for
convergence with respect to the discretization level or to detect unwanted noise in
the function values [21]. For the interpolation of the normalized product of one-
dimensional parabolas f .x/ WD 4d

Qd
kD1.1 � xk/xk , this decay of the surplusses

can be observed right from the second level. This is the reason why this function is
frequently used to test and illustrate sparse grid interpolation.

4 Problem-Awareness

Refining grid points in the hierarchical basis, an incremental method is obtained
which is equipped with a simple criterion and adapts locally to the problem at hand.
But experience shows that in real-world settings a mere surplus-based refinement
might not be sufficient to solve a problem with sufficient accuracy, and convergence
might even be out of reach. The reasons for this are manifold and typically caused by
the fact that the number of grid points is limited. For example, a problem with low
effective dimensionality is posed in a too high-dimensional setting and the number
of grid points grows too fast. Or the number of grid points that can be spent is
restricted because it is very expensive to obtain or store function evaluations: each
grid point might require an expensive simulation, or the memory requirements for
storing a whole 3d simulation result at each grid point might be too high. There,
the number of grid points that can be spent is severely limited. Furthermore, the
problem itself could impose additional requirements to the sparse grid function.

In all these cases, the standard adaptive sparse grid approach has to be adapted
to the problem at hand. In the following, we show some problems and strategies
to give a start even if no additional knowledge about the problem is available.
Ingredients are a suitable choice of the one-dimensional basis functions, threshold-
based refinement, coarsening, weighted adaptivity, and trading off broad against
steep refinement. But first, let us comment on the treatment of the boundary of the
sparse grid domain ˝ .

So far, we have only considered functions that are zero on the domain’s boundary
ı˝ . To allow for non-zero values on the boundary, usually additional grid points
located directly on ı˝ are introduced. The most common approach is to spend two
more degrees of freedom in the one-dimensional hierarchical scheme for the grid
on level 1 (which up to now only used '1;1), namely the basis functions with level
0 and indices 0 and 1. This leads in the d -dimensional case to 3d unknowns for the
initial grid and introduces an exponential dependency on the dimensionality that is
significant for practical computations. For a problem in 100 dimensions, we could
not even start computing the solution even if there was only one relevant dimension.

Therefore, the grid points on the boundary should be omitted wherever possible.
Instead, the basis functions adjacent to the boundary have to be modified. A good
choice is
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tions on level 0, dashed (left) and the modified basis functions (right)

'l;i .x/ WD

8
ˆ̂̂
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂̂
ˆ̂:

1 if l D 1 ^ i D 1 ;(
2 � 2l � x if x 2 �

0; 1

2l�1

�

0 else

)
if l > 1 ^ i D 1 ;

(
2l � x C 1 � i if x 2 �

1 � 1

2l�1 ; 1
�

0 else

)
if l > 1 ^ i D 2l � 1 ;

'
�
x � 2l � i

�
else

for the one-dimensional basis functions, extrapolating linearly towards the boundary
[6, 20, 21], see Fig. 3 (left). This allows to start with only O.d/ basis functions
(one center point and one pair of points for probing in each coordinate direction);
a suitable refinement will then create grid points where it is really necessary.
This approach can be similarly applied to other types of basis functions, such as
piecewise polynomial ones, B-splines or (pre-)wavelets, see [21] for details.

There is an additional advantage of starting with a constant basis function on the
first level. This allows for anchored ANOVA-style decompositions, representing a
d -dimensional function f as

f .x1 : : : xd / D ff0g C
X

i

ffig.xi / C
X

i<j

ffi;j g.xi ; xj / C : : : C ff1;:::;dg.x1 : : : xd / ;

anchored at the grid point x1;1 on the first level. Figure 3 (right) illustrates the
decomposition in terms of subspaces in two dimensions. If it can be identified
which ANOVA components are important for a certain problem, then refinement can
be restricted to create only grid points belonging to the respective subspaces. The
identification could be analytically, or even empirically by sampling the function
on a sparse grid with sufficiently high level, identifying the ANOVA components
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based on the sizes of their surplusses, and then coarsening the grid by omitting all
grid points belonging to unimportant ANOVA components.

5 Examples and Strategies

As several of our examples focus on the approximation of high-dimensional
functions based on noise-prone data sets, we start with a description of sparse-grid-
based data mining. The other examples do not require an extra introduction. Please
note, that our aim is not to cover the examples in detail and to full extent, but rather
to describe approaches to and strategies for adaptive refinement which have shown
to be of relevance in plenty of settings.

Two prominent and related tasks in data mining are classification and regression,
both of which aim to generalize from known data to predict a target property for
new, previously unknown data. Thus, we start with a set S of m data points xj 2 R

d

of which we know some target value yj 2 K in the d -dimensional feature space,

S D ˚
.xj ; yj / 2 R

d � K
�

j D1;:::;m
:

To be able to learn and generalize, we assume that we obtained S by a random and
noise-prone sampling of an unknown function f which we aim to reconstruct. This
function will then allow us to predict a target value at new locations x. As we are
dealing with finite data, we can scale in the following to the domain Œ0; 1�d .

For the task of binary classification, think of a bank discriminating potential
customers into creditworthy and non-creditworthy, or a production facility predict-
ing the faultiness of products based on standard measurements. Thus, we use two
distinct target values, K D f�1; C1g. Nevertheless, we learn a continuous function
f and then check whether the function value is negative or not. This way, the
absolute function value provides a measure of confidence in our prediction.

For the task of regression, arbitrary real values are allowed, K D R. An example,
which we will use later on, is the prediction of a certain physical property of galaxies
which is costly and difficult to obtain. Thus, learning f from the observations that
have already been obtained with a lot of effort allows us to predict this property for
new galaxies.

We restrict ourselves to reconstructions fN of f in some sparse grid space V
.1/

n .
To obtain a unique fN and to be able to deal with noise, we solve the regularized
least squares problem

fN
ŠD arg min

fN 2VN

0

@ 1

m

mX

j D1

�
yj � fN .xj /

�2 C �

NX

kD1

˛2
k

1

A ; (3)
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see [14, 21] and the references cited therein for further details. On the one hand, we
ensure closeness to our training data, minimizing the mean square error (MSE) on
it. On the other hand, we incorporate the smoothness assumption in data mining,
which states that close data points are very likely to have a similar function
value, by enforcing some degree of smoothness of fN and preventing oscillations.
Note that working in the hierarchical basis allows us to use an unconventional
regularization functional: in the piecewise linear hierarchical setting without grid
points on the boundary,

PN
kD1 ˛2

k corresponds to the squared Sobolev norm kf kH 1
mix

for normalized basis functions Q'l;i.x/ WD
p

2�jlj1�d 'l;i.x/ and is thus well-suited for
our choice of basis functions [21], i.e.,

kf k2

H 1
mix

WD k @d

@x1; : : : ; @xd

f k2
L2 D

NX

kD1

˛2
k :

The trade-off between error and smoothness can be influenced by a good choice
of the regularization operator �; for a given data set this can be achieved via
cross-validation [2], for example. Note that we follow a general approach: other
classification methods can be formulated the same way choosing different error and
smoothness terms [9].

Minimizing (3), we obtain a system of linear equations

�
1

m
BBT C �I

�
˛ D 1

m
By ; (4)

the solution of which is the coefficient vector ˛ of fN . The identity matrix I stems
from the smoothness term; the N �m and m�N matrices B and BT , bij D 'i .xj /,
and the vector y of the target values yi from the error term.

The main advantage of the mesh-based sparse grid approach is that the resulting
algorithms scale only linearly in the number of training data points—in contrast to
most classical, data-centered approaches which scale typically at least quadratically
or even worse. Thus, almost arbitrary amounts of data can be dealt with.

5.1 Straightforward Adaptive Refinement

The first example demonstrates that mere dimensional adaptivity, refining and
adding whole subspaces, can be insufficient: in contrast to what is known from the
solution of PDEs, spending too many grid points in wrong regions can lead to a
higher overall error, as this allows the function to adapt too well to the noise in the
training data (overfitting). The example is a two-dimensional artificial classification
task, taken from [23]. It consists of two data sets, one for training and one for testing,
and has been constructed to comprise 8 % of error. It shows typical characteristics
of real-world data sets, as it is neither linearly separable nor very complicated.
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Fig. 4 Ripley data set: 250 data points for training (left), 1,000 to test on (middle), and the
classification areas together with the corresponding sparse grid (right)

Figure 4 shows the two data sets as well as the best separation manifold obtained
by an adaptive sparse grid. Already eight refinement steps are enough to obtain an
excellent accuracy of 91:5 % on the test data—out of a maximum of 92 %.

It can be seen that the separation boundary is resolved better in the central,
critical region than in regions where very little information (data points) about the
underlying function is given. This is due to the adaptive refinement. Interestingly,
after only eight refinements, overfitting starts to take over and the accuracy
deteriorates. For this data set a mere dimension-adaptive refinement leads to a lower
accuracy: whereas more grid points towards the center of the feature space are
necessary to improve, spending the same discretization level on the whole horizontal
main axis of the grid leads to local overfitting towards the boundary and to higher
errors.

5.2 Criterion for Adaptive Refinement and Dimensional
Adaptivity

The second example is a classical, artificial 10-dimensional data set, the Friedman1
data set, obtained by a random sampling of an analytical function, enriched by
normally distributed noise [10]:

f .x1; : : : ; x10/ D 10 sin.�x1x2/ C 20.x3 � 0:5/2 C 10x4 C 5x5 C � : (5)

All ten variables x1; : : : ; x10 are in Œ0; 1�, thus we do not have to normalize this
data set. The function value depends only on the first five variables, the other
five variables serve as noise. The additional noise term � is normally distributed,
N .0; 1/. We generate data sets uniformly distributed in ˝ with 90,000 data points
for training and 10,000 each for validation and testing.

As we are dealing with large data sets, the choice of the regularization parameter
� is uncritical, and the focus can be directly put on minimizing the MSE to reduce
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Table 1 MSE for the Friedman1 data set for different approaches

Sparse grids

Data set Regular Adaptive Opticom Opticom-dim-adapt SVM MARS

Friedman1 0.990 0.976 1.340 1.035 1.148 1.205

the number of grid points further. We therefore modify our criterion for adaptive
refinement to target the contribution of a basis function to the squared error. At each
point xi of the training data, the local error can be computed as

ei D yi � fN .xi / D yi �
NX

j D1

'j .xi /˛j : (6)

The contribution of a certain basis function 'j to fN .xi / and thus to ei depends
both on its function value 'j .xi / and its coefficient ˛j . To preserve a feasible
computational complexity, we presume

j'j .xi /˛j e2
i j (7)

as a simplified measure for 'j ’s share in the squared local error e2
i . Accumulating

them for all xi results in the total contribution

cj WD
mX

iD1

ˇ̌
'j .xi /˛j e2

i

ˇ̌
(8)

of basis function 'j . Note that already the mere surplus-based criterion works very
well.

Slight additional improvements can be made in terms of the number of grid
points that are required, by selecting a suitable refinement strategy, identifying and
restricting to the relevant ANOVA terms, and choosing the right basis functions
(piecewise polynomials or B-splines); see [21]. Using a good choice, we obtain
excellent results, outperforming other techniques [12] and just being matched by
the dimensionally adaptive combination technique [13], see Table 1.

Of course, we are dealing with an idealistic setting here: the points to train on are
uniformly distributed on the whole domain, and we have plenty of information about
the underlying function due to the number of training data. Regular and adaptive
sparse grids match each other, apart from the number of grid points (and thus the
computational effort that has to be spent).

Furthermore, this example nicely shows that spatially adaptive refinement pro-
vides dimensional adaptivity for free. Let Pi;j W Œ0; 1�d ! Œ0; 1�2, .x1; : : : ; xd / 7!
.xi ; xj / denote the projections of grid points onto the coordinate planes. It can be
clearly seen in Fig. 5 that most grid points are spent in the joint dimensions x1 and
x2 as they correlate most. In contrast, no grid points but those on the second level
are wasted in the irrelevant dimensions x5; : : : ; x10: the grid points on the second
level are required to probe in these dimensions.
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Fig. 5 Grid projections for the first and last four dimensions each. Most correlation can be
observed for x1 and x2, whereas no additional grid points are spent in the irrelevant dimensions

5.3 Strategies for Adaptive Refinement

Our third example demonstrates different strategies for refinement. It is a real-world
data set from astrophysics, targeting the estimation of the redshift of galaxies. The
cosmological redshift of a galaxy is related to its distance from earth, see [21] for
details. Whereas spectroscopic measurements provide accurate data but are difficult
to obtain, estimates based on photometric data are cheap but usually less accurate,
leading to a higher amount of uncertainty in the data collected. This raises the
question whether it is possible to estimate the redshift of galaxies using photometric
measurements, and how well one can generalize from known data (both photometric
and spectroscopic).

The Sloan Digital Sky Survey data base in its release 5 [1] provides data for
more than 430,000 galaxies, out of which we take 60,000 for testing. This time, the
data is not uniformly distributed, but rather on the joint diagonal of the (normalized)
domain. Therefore, the use of a suitable strategy of how many grid points are to be
refined per refinement step is of importance.

This results in different numbers of grid points per refinement step, see Fig. 6.
Refining a certain ratio of (refinable) grid points leads to an exponential increase in
the grid size. On the other hand, refining a low, fixed number of grid points per step
results in almost a linear increase in the number of grid points. Note that we employ
the same surplus criterion for adaptive refinement as before.

The different strategies effect the behavior of the error. To examine this, we train
for different choices on a subset of 60,000 data points. Figure 7 shows the MSE on
the test data. It can be seen that the choice of the amount of grid points to refine
per step significantly impacts the performance. Refining too many grid points at
once, the problem cannot be explored well enough before overfitting starts. The four
strategies which are refining a certain percentage of grid points at once exhibit the
highest minimal error rates. On the other hand, refining too few grid points per step
results in an adaptivity which is too greedy. The best results are achieved refining
constantly 100 or 200 grid points per refinement step.
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Fig. 6 The growth of the number of grid points for different strategies of how many grid points
are to be refined per refinement step
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Fig. 7 MSE on the test data for different strategies of how many grid points are to be refined per
refinement step. It can be seen that obtaining a low error depends on a suitable choice

The choice of a good trade-off between greedy and broad refinement depends,
of course, on the data to train on. Working on huge amounts of data this can be
determined, as in the example above, for a smaller validation subset. If we train
on the whole data set, other methods can be outperformed, see Table 2 for the root
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Table 2 Comparison of the
root mean square error for
photometric redshift
estimation, obtained from
several studies on different
versions of the SDSS data set

Method �rms

CWW [8] 0.0666
Bruzual-Charlot [8] 0.0552
Interpolated spectra [8] 0.0451
1rst-nearest neighbors [8] 0.0365
ClassX [24] 0.0340
Polynomial fit [8] 0.0318
SVMs [26] 0.027
Kd-tree [8] 0.0254
Adaptive sparse grids 0.0220

mean square error (RMSE). This is mainly due to the fact that conventional, data-
centered methods have to restrict themselves to smaller subsets of the data. Note that
the whole data set can really be dealt with in reasonable time if the whole power of
current commodity computers is exploited; see [17] for the efficient parallelization
on a hybrid system with both multi cores and GPUs.

5.4 Choice of Basis Functions

The next example requires a special choice of basis functions. The task is to
determine the price of an early exercise option on d stocks Si . The holder has to
determine at any early exercise time whether to exercise the option or not. He or
she will exercise if the current payoff is higher than what can be expected if further
holding onto the option, so if

P.S.ti /; ti / � E ŒV .S.tiC1/; tiC1/ j S.ti /; ti � ; :

Typically, nested Monte Carlo (MC) simulations are performed to simulate
the option and to determine the expectation value for each simulation and each
time step. Fortunately, the computationally expensive nesting can be avoided by
a least squares Monte Carlo simulation [7], obtaining the expectation values for all
simulations at each time-step by solving a regression problem; see [21] for details.

This setting is challenging for sparse grids as the data, obtained by MC
simulations, is noisy, clustered, and only little information is available towards the
domain’s boundary, see Fig. 8 for a two-dimensional example. This does not fit well
with the local support of the basis functions, leading to wiggles at the boundary.
Furthermore, it is desirable in the context of option pricing to obtain functions which
are continuously differentiable and which have zero curvature (second derivatives)
at the boundary.

This task can successfully be solved using modified basis functions which adapt
to the problem very well. Here, B-splines of a certain degree p are employed,
see Fig. 9 (left). They are then modified towards the boundary (right) to avoid to
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Fig. 8 Data set obtained by MC simulations for a two-dimensional basket option

Fig. 9 B-spline construction (left) and modified B-splines of degree p D 3 (right)

spend unnecessary degrees of freedom where little or no information is available.
Additionally, the boundary modification ensures zero curvature at the boundary.
Furthermore, using B-splines of degree p guarantees p � 1 times continuously
differentiable functions. The disadvantage of this choice is that basis functions
within the same level overlap. Thus, sparse grid algorithms such as function
evaluations become much more expensive.

Figure 10 shows the regressed function for a basket of two stocks using a sparse
grid of level 6 and B-spline basis functions of degree 3 and 7. Whereas for p D 3

still some artifacts can be observed, the function for p D 7 is nearly symmetric (the
parameters for both stocks S1 and S2 are the same) and expresses the training data
very well. Note that it shows a reasonable behavior even in regions where there are
no training data points at all, due to the less local support of the basis functions.
For high degrees, only few typical sparse grid artifacts can be observed. In contrast,
often narrow bumps or dips occur for small degrees, which are caused by long basis
functions.



258 D. Pflüger
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Fig. 10 Regressed function for B-splines of degree 3 (left) and 7 (right)

If the dynamics of the underlying stocks do not exhibit too high variance, then
excellent numerical results can be obtained for up to 8-dimensional options; see
[21] for exact results and comparisons. Note that the choice of the basis fulfills
additionally the application’s requirements to have zero curvature at the boundary
and several times continuously differential functions.

5.5 Weighted/Guided Refinement

Finally, we point out how one might guide refinement, depending on the require-
ments of the application. We take an example from plasma physics, where sparse
grids come into play to speed up parameter scans. Several parameters of a
gyrokinetic model are to be optimized; consider the minimization of the overall
energy to run a fusion plant where the energy depends on the choice of parameters,
as an example. As a side-constraint, we require the particle transport in the fusion
plant to be zero,

� .!ion
n ; !elec.

t ; !ion
t ; tempelec.; : : :/ D 0 :

The optimization can be costly if an iterative method requires to evaluate the
function � multiple times to approximate gradients, each function evaluation
requiring a whole simulation run. The idea is thus to compute a surrogate of � ,
a multi-dimensional sparse grid interpolant, which can then replace the simulation
code during optimization. The construction of the surrogate can be done well in
advance in an offline stage and thus consume a higher computational effort than
a single run of the optimization algorithm. For illustration purposes, we restrict
ourselves in the following to the two-dimensional setting.

The function itself is rather smooth, with one continuous kink starting in the
middle of the domain and extending to the boundary in one direction, see Fig. 11
(left). Measuring the MSE and maximum error on 100,000 uniformly distributed
points in the scaled domain, we can observe that there is almost no difference
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Fig. 11 The underlying function (left), and both the MSE on the test data and the maximum error
measured for full grids, regular sparse grids and the standard refinement (right)
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Fig. 12 The sparse grid with standard refinement (left), and the region of interest around � D 0

(right)

between full grids and regular sparse grids, Fig. 11 (right). Here, we have been
employing sparse grids with grid points on the boundary.

If we additionally employ surplus-based adaptive refinement, we obtain a
significant improvement, and the error is converging faster (same figure for the first
500 grid points). This is already better, but not good enough. The grid in Fig. 12
(left) shows that adaptivity spends most grid points towards the kink. Reminding
that the optimization problem aims for � D 0, it is apparent that it is not the best
strategy to aim for a low error in the whole domain. Restricting our data set to
j� j � �, � D 0:001, it can be observed that the region of interest is in another part
of the domain, see Fig. 12 (right). The refinement should thus be guided to express
the region around � D 0.

This can be achieved by weighting the criterion for adaptive refinement. Rather
than a mere surplus-based refinement, we take
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Fig. 13 The MSE on the test data, extended by the weighted adaptivity (left), and the correspond-
ing sparse grid (right)

j˛l;ij exp .�cf .xl;i//

into consideration. This puts less emphasis on grid points with a function value
far away from � D 0. Figure 13 shows that the resulting grid is guided to the
region of interest. Furthermore, measuring the error only in the region j� j � �,
several orders of magnitude in convergence can be gained compared to the previous,
straightforward approach. Needing only around 5,000 grid points, the machine
accuracy is reached. Note that the function is only coarsely interpolated far away
from � D 0, but definitely well enough so that optimization algorithms can get
quickly to the region of interest.

We have successfully applied a similar guided refinement in computational
finance to compute the PDE solution of the Black-Scholes equation in option
pricing. There, the main focus lies on a a good solution at a certain point in the
d -dimensional space. Thus, the surplusses are multiplied with a Gaussian weight
depending on the distance to the point of interest. As a diffusive part leads to
increased smoothness in time, additionally a coarsening step is employed after each
time step, removing all grid points with a surplus lower than a certain threshold,
see [5] for further details.

6 Conclusions

Whereas sparse grids already enable to deal with higher-dimensional settings than
possible for classical mesh-based methods, adaptive refinement is often crucial. It
allows to tackle problems that do not meet the smoothness requirements of the
sparse grid approach and problems that require to spend as few grid points as
possible. This requires to adapt the standard approach to the problem at hand.
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We have shown criteria and strategies for adaptive refinement that have proved
to be useful in several occasions. They have been illustrated for different problems,
both real-world and artificial ones.

Whereas the hierarchical surplus of a grid point can be used as a cheap, free
and effective criterion for adaptive refinement, often more considerations have to be
spent to reduce the number of grid points even further, e.g.:

• The choice of basis functions has to be adapted in high dimensionalities
or where the problem imposes requirements at the sparse grid function itself.
Especially the boundary treatment plays an important role.

• The number or percentage of grid points that are to be refined at once determines
whether a greedy or a broad refinement occurs. This is especially critical in
settings where noise requires not to spend too many grid points in the wrong
place.

• If knowledge about the problem is available, weighted (or guided) refinement
can significantly improve the results. This allows to encourage refinement in
regions of interest. Similarly, refinement can be restricted to important ANOVA
components, and coarsening can be employed to get rid of superfluous grid
points.

Finally it has to be noted that counter examples can be found for each and every
criterion for adaptive refinement. While there is no one-size-fits-all strategy, the
simple surplus-based approach frequently gives a good start and can then be adapted
to the task at hand. In any case, knowledge about the problem should be incorporated
into the criteria and strategies for adaptivity wherever possible.
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6. H.-J. Bungartz, D. Pflüger, and S. Zimmer. Adaptive sparse grid techniques for data mining.

In H.G. Bock, E. Kostina, X.P. Hoang, and R. Rannacher, editors, Modelling, Simulation
and Optimization of Complex Processes, Proceedings of the High Performance Scientific
Computing 2006, Hanoi, Vietnam, pages 121–130. Springer, 2008.

7. J. F. Carrière. Valuation of early-exercise price of options using simulation and nonparametric
regression. Insurance: Mathematics and Economics, 19:19–30, 1996.

8. I. Csabai et al. The application of photometric redshifts to the SDSS Early Data Release.
Astron. J., 125:580–592, 2003.

9. T. Evgeniou, M. Pontil, and T. Poggio. Regularization networks and support vector machines.
In Advances in Computational Mathematics, pages 1–50. MIT Press, 2000.



262 D. Pflüger
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Asymptotic Expansion Around Principal
Components and the Complexity of Dimension
Adaptive Algorithms

Christoph Reisinger

Abstract In this short article, we describe how the correlation of typical diffusion
processes arising e.g. in financial modelling can be exploited—by means of
asymptotic analysis of principal components—to make Feynman-Kac PDEs of
high dimension computationally tractable. We explore the links to dimension
adaptive sparse grids (Gerstner and Griebel, Computing 71:65–87, 2003), anchored
ANOVA decompositions and dimension-wise integration (Griebel and Holtz,
J Complexity 26:455–489, 2010), and the embedding in infinite-dimensional
weighted spaces (Sloan and Woźniakowski, J Complexity 14:1–33, 1998). The
approach is shown to give sufficient accuracy for the valuation of index options
in practice. These numerical findings are backed up by a complexity analysis that
explains the independence of the computational effort of the dimension in relevant
parameter regimes.

1 Introduction

The motivation for this research comes from financial engineering. Often, the value
of financial derivatives is conveniently modelled by partial differential equations.
This can lead to highly efficient numerical finite difference and finite element
schemes in low to moderate dimensions, however it presents extreme numerical
challenges if the dimension is high. There are arguably two main origins: In the first
class of applications, the high-dimensionality arises because the financial derivative
depends on the whole path of a stock (see e.g. [2]); in the second class, the derivative
depends on the value of multiple stocks at a fixed future time. From the PDE
perspective, these cases are somewhat different and we focus on the latter category
here.
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Consider stocks S1, : : :, Sd , which are modelled in a standard Black-Scholes
setting as geometric Brownian motions with covariance matrix ˙ D .�ij �i �j /

1�i;j �d , where �i are the volatilities and �ij the correlations.
As a running example, consider further a basket

Pd
iD1 �i Si with weights �i � 0,

and a European put option on this basket with strike K and expiry T . The value of
this option satisfies the Black-Scholes equation

@V

@t
C 1

2

dX

i;j D1

�ij �i �j SiSj

@2V

@Si @Sj

C r

dX

iD1

Si

@V

@Si

� rV D 0; (1)

for all Si > 0, t 2 Œ0; T �, supplemented with a terminal condition

V.S; T / D P.S/ WD max

�

K �
Xd

iD1
�i Si ; 0

�

; (2)

where S D .S1; : : : ; Sd / 2 R
d and P is the payoff.

The Black-Scholes equation (1) has the special property that it can be trans-
formed to the (forward) heat equation

@u

@t
D 1

2

dX

iD1

�i

@2u

@x2
i

; (3)

for x 2 R
d , with appropriate initial data u.x; 0/ D eP .x/. This is a direct conse-

quence of the assumed log-normality of Si . Here, �i are the eigenvalues of the
covariance matrix of the underlying Brownian drivers and are found to decay rapidly
in typical applications (see Sect. 3). This opens the possibility of a perturbation
analysis.

The computational aspects of such an approach are discussed in [13]; meanwhile,
this has been developed further by Hilber et al. [9]. Here, we focus on the underlying
expansion itself, and discuss its position within recent work on fundamentally
similar ideas. Almost all of this work has been done in the context of high-
dimensional cubature problems, and we can relate these approaches to the present
context by noting that the solution to (3) can be written as

u.x; t/ D 1

td=2�d=2
Qd

iD1 �
1=2
i

Z

Rd

exp
�

�
dX

iD1

.xi � x0
i /

2=.2�i/
� QP .x0/ dx0: (4)

Principal component analysis provides a natural ordering of dimensions. Such an
ordering can also be found for options whose payoff depends on a Brownian path,
through a hierarchical (e.g. Brownian bridge) construction. In both of these settings,
the feasibility of the high-dimensional integration problem depends on the speed of
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decay of the high-dimensional contributions, as well as their regularity. A natural
way to quantify this is via weighted mixed Sobolev norms [15]. We will see later
that the �i can be directly mapped to those weights.

The upshot is that many applications in finance have a relatively low super-
position dimension [16], i.e. their solution can be accurately represented by the
sum of solutions to lower-dimensional problems. For integration problems, this
can be exploited via quasi-Monte Carlo methods [2, 16], dimension adaptive and
generalised sparse grids [3, 7, 8], dimension-wise integration based on anchored
ANOVA decomposition [4], or related ideas.

The rest of the article is structured as follows. In Sect. 2, we present results
of a simple dimension adaptive sparse grid strategy applied to PDEs of type (1)
and (3) to illustrate the dependence of the convergence speed on the choice of
coordinates. Section 3 analyses common properties of typical covariance matrices
in equity and interest rate markets, and derives an asymptotic expansion around
a principal component, which ultimately leads to an ANOVA-type decomposition.
Section 4 shows that for exponentially decaying weights of the higher order PCA
components, as observed for index options, the complexity can become independent
of the nominal dimension. Section 5 critiques the findings and outlines directions for
further research.

2 Dimension Adaptive Sparse Grids

In this section, we investigate by numerical experiments the role of the underlying
coordinate systems in computations.

2.1 Construction

We explain the construction for the two-dimensional case. It is based on a heuristic
algorithm for the approximation of a numerical solution in optimal complexity from
computations on suitably chosen Cartesian grids. The candidate set of Cartesian
grids is obtained by bisection from a coarse grid, say the unit square Œ0; 1�2, such
that the mesh widths in the two directions are .hi ; hj / D .2�i ; 2�j /, .i; j / 2 N

2
0. We

denote the corresponding numerical solution by U.i; j /, and have in mind pointwise
evaluations of a finite difference solution or other functionals thereof.

To assess the contribution of a particular U.i; j / to the overall solution, we study
the hierarchical surplus (see e.g. [1])

ıU.i; j / D U.i; j / � U.i � 1; j / � U.i; j � 1/ C U.i � 1; j � 1/

D ı�
1 ı�

2 U.i; j /;
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where ı�
1 U.i; j / D U.i; j / � U.i � 1; j / and ı�

2 U.i; j / D U.i; j / � U.i; j � 1/

for i; j > 0 are backward difference operators, and ı�
1 U.i; j / D U.i; j / if i D 0,

ı�
2 U.i; j / D U.i; j / if j D 0.

A numerical approximation on level n is defined by the choice of grids described
by an index set Mn � N

2
0 via

un WD
X

.i;j /2Mn

ıU.i; j /:

We require that Mn is convex in the sense that Mn D C.Mn/, where

C.Mn/ D ˚
.i; j / 2 N

2
0 W 9k � j; .i; k/ 2 Mn _ 9k � i; .k; j / 2 Mn

�
:

For a similar construction see [7]. For a convergent discretisation, we expect

un ! u for Mn " N
2
0;

where the last expression is to be understood in the sense Mn � MnC1 and
8.i; j / 2 N

2
0 9n W .i; j / 2 Mn. An error bound will be given by

ju � unj �
X

.i;j /62Mn

jıU.i; j /j:

The following construction of Mn is dimension adaptive (see [3, 7] for a similar
strategy). Start with M0 D f.0; 0/g. For given Mn, n � 0, consider candidate nodes

Cn D ˚
.i; j / 2 N

2
0 W .i; j / … Mn; .i � 1; j / 2 Mn _ .i; j � 1/ 2 Mn

�
:

Then refine

MnC1 D C .Mn [ f.i; j / 2 Cn W jıU.i; j /j � � cng/ ;

where
cn D max fjıU.i; j /j W .i; j / 2 Cng :

The idea is that we refine only in those directions where there is a significant
contribution from the refined grid. We pick � slightly smaller than the asymptotic
ratio of the surpluses between two refinement levels.

This draws on the theoretical properties of the used discretisation. We use below
second order finite difference and finite element schemes. From the analysis of the
sparse grid combination technique, see e.g. [11] or [14], we expect

ıU.i; j / � ch2
i h2

j : (5)
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Fig. 1 The black dots correspond to indices .i; j / included in Mn at various refinement step n

from n D 0, i.e. i D j D 0, top left box. For this example where none of the two directions is
dominant, the refinement is largely symmetric

Refining in one direction, i ! i C1 or j ! j C1, we expect the surplus to decrease
by a factor of 1=4. Hence we used � D 0:2 in the numerical computations below.

2.2 An Example

In the following subsections, we illustrate the behaviour of the above strategy on
the example of the Black-Scholes model for a put option on an equity basket
consisting of BMW and Daimler. This amounts to solving the PDE (1) for d D 2, for
parameters �1 D 0:438, �2 D 0:616, � D 0:89, r D 0:05. The terminal condition
at t D T D 1 is given by (2) with �1 D 0:384, �2 D 0:616, K D 0:25. We are
interested in the numerical solution evaluated at .S1; S2/ D .K; K/ at time t D 0.

We use a standard central difference scheme with fractional-step 	-timestepping.
The domain is truncated at sufficiently large values of S1 and S2 and then
transformed to the unit square, where appropriate asymptotically exact boundary
conditions are set.

Figure 1 illustrates the resulting adaptive refinement strategy. It shows that
the grid construction is very similar to that of a standard sparse grid, where
Mn D ˚

.i; j / 2 N
2
0 W i C j � n

�
, confirming experimentally the optimality of the

standard sparse grid [1, 17].
Figure 2 gives an indication of the efficiency of the method. Ideally, grids would

be included in decreasing order of importance. It is seen that for large enough n,
where the grid sizes are small enough for (5) to be a valid approximation, this is
largely the case.



268 C. Reisinger

100 1000 10000 100000.
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0.0001

0.001
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|Mn|

|u − un|

Fig. 2 Denoting by jMnj the number of all grid points of all grids in Mn, shown is the
approximation error for an increasing number of unknowns. The slope for large n is consistent
with asymptotic second order convergence

Fig. 3 Similar to Fig. 1, but now in eigenvector coordinates. Refinement is stronger in the direction
of the principal component

2.3 Principal Components

Sparse grid solutions, and indeed all approximations based on tensor product spaces,
are by construction dependent on the choice of an underlying coordinate system, if
the underlying problem is anisotropic. We now seek to exploit the fact that our
dimension adaptive method can use this to its advantage. To this end, transform
(1)–(3); then, in the above example, one finds �1 D 0:431, �2 D 0:024.

Repeating the above numerical test in transformed coordinates, leads to the
refinement strategy in Fig. 3. Reassuringly, the adaptive algorithm detects the
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Fig. 4 Left: The surplus U.i; j / for different grids .i; j /. Right: Cross-sections along the edges
(a) log2 jıU.i; 3/j, (b) log2 jıU.2; i/j

anisotropy of the operator and refines mostly in the direction where the variation
is largest.

Figure 4 provides a different angle on this behaviour. It shows the (logarithm
of the) hierarchical surplus for different grids, indexed by .i; j /. Revisiting the
derivation of the hierarchical surplus for a central finite difference scheme in
[14], explicitly taking into account the dependence of the truncation error on the
eigenvalues, leads to

ı�
1 U.i; j / � c1 �1h

2
i ; (6)

ı�
2 U.i; j / � c2 �2h

2
j ; (7)

ıU.i; j / � c0 �1�2 h2
i h

2
j : (8)

This is based on the simplifying assumption that the smoothness of the solution
in the two directions does not depend on �1 and �2, which will be a reasonable
assumption for moderate timescales.

The left plot appears to confirm that the surplus is asymptotically a function of
i Cj , as suggested by (8), as long as i; j > 2, i.e. excluding cases where the solution
is solely or predominantly determined by the boundary values.

The plot on the right, which takes cross-section in the first and second directions,
reveals the anisotropy of the problem. Close to the ‘edges’ of the grid table, i.e.
where j or i are small, the surplus will be similar to (6) or (7), respectively. This
determines the different ‘constant’ factors in the surplus in these directions, and can
explain the offset of the two curves in Fig. 4 (right). As we will discuss later, the
ratio of �1=�2, here approximately 20, is not the only relevant factor, but also the
initial data to the PDE.

An intriguing new phenomenon is observed when we go to three dimensions.
When we add Volkswagen to the basket from before, the eigenvalues are estimated
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as �1 D 0:653, �2 D 0:069, �3 D 0:023, and we solve the corresponding PDE (3)
in d D 3 dimensions.

At the finest computed level, 2,197 grids are involved. This compares in
complexity roughly to a regular three-dimensional sparse grid on level 20, which
consists of 2,023 grids. Out of these 2,197 grids, 469 grids of M are at the
‘boundary’ of the grid table described by

B D ˚
.i; j; k/ 2 N

3
0 W i � j � k D 0

�
;

i.e. for which at least one direction is unrefined, while 1,728 grids are in the ‘interior’
MnB. However, the contribution from the boundary elements to the solution is

X

.i;j;k/2B\M
jıU.i; j; k/j D 0:4369;

while X

.i;j;k/2MnB
jıU.i; j; k/j D 0:0035:

This suggests that the problem can be well approximated by sums of two-
dimensional approximations. We investigate this for general dimensions in the
following section.

3 PCA and Asymptotic Expansion

This section explores communalities of the eigensystem of important covariance
matrices, and their use for problem-adapted high-dimensional approximation.

A common feature to the examples in Fig. 5 is the presence of a dominant
eigenvalue, which is by a factor of 10 or more larger than the rest of the
spectrum. This motivates expanding the solution to (3) in these small parameters to
obtain approximations to the high-dimensional solution by solving low-dimensional
problems. Consider therefore u as a function of � D .�i /1<i�d 2 R

d�1, where

�i � �1; i > 1:

Assuming the dependence of u on � is sufficiently smooth, first order Taylor
expansion gives

u.�/ D u.0/ C
dX

iD2

�i

@u

@�i

.0/ C O.k�k2
2/: (9)

For special cases, the eigenvalue sensitivities can be calculated analytically.
An example is the value of a put option in the Black-Scholes model, where
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Fig. 5 Shown are the (logarithms of) normalised eigenvalues of three representative examples of
covariance matrices from financial modelling. Left: Estimated covariances �i �j �ij from historical
time series of the DAX30, i.e. d D 30, and a fitted curve (which will be discussed in Sect. 4).
Right: Two stylized forward rate models, both for d D 60: (a) constant correlation � D 0:8 for
all tenors, constant volatility; (b) humped-shaped volatility �i D .A C Bi/ exp.�Ci/ C D with
A D 0:1, B D 0:1, C D 1, D D 0:1, and exponentially decaying correlation �ij D exp.�˛ji �j j/,
˛ D 0:025. Eigenvalues are numbered in decreasing order

differentiation of the integral formula (4) gives easily computable closed-form
expressions similar to the standard one-factor Black-Scholes formula [12]. The
correction terms also satisfy simple PDEs, i.e. for

ufig WD @u

@�i

.0/; (10)

@

@t
ufig D 1

2
�1

@2

@x2
1

ufig C 1

2

@2u

@x2
i

.0/; (11)

where the last equation follows from application of (3) to (10).
More generally, the exact sensitivity can be replaced by a finite difference.

Writing, by slight abuse of notation, u.�i / for the solution to the problem where
all coefficients except �1 and �i are zero,

@u

@�i

.0/ D u.�i / � u.0/

�i

C O.�i /:

This coincides with the financial industry practice of parameter ‘bumping’. Inserting
in (9),

u.�/ D u.0/ C
dX

iD2

.u.�i / � u.0// C O.k�k2
2/ (12)

is a second order approximation in the small parameters �i � �2 � �1, i D 2; : : : ; d .
In a sense, this formula is even ‘better’ than the one using the exact derivatives,

as it captures functions of superposition dimension one exactly. We discuss this in
more detail below.
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Moreover, the lead term u.0/ requires the solution of only a one-dimensional
PDE in x1,

@u

@t
.0/ D 1

2
�1

@2u

@x2
1

.0/;

and the correction terms u.�i / the solution of d � 1 two-dimensional PDEs in x1

and xi ,
@u

@t
.�i / D 1

2
�1

@2u

@x2
1

.�i / C 1

2
�i

@2u

@x2
i

.�i /:

For the test example of the DAX given above, [13] report an error against a Monte
Carlo simulation benchmark of <0.06 % of the option value, with an absolute error
of 0:000073 at the strike K D 1, which is less than 1 basis point. Results for other
(and smaller) baskets are comparable, such that the approximation seems sufficient
for practical applications.

What is more, it is not difficult to extend this expansion to higher order, e.g. to
order two and using an approximation to the cross-derivatives in �i and �j ,

u.�/ D u.0/C
dX

iD2

.u.�i /�u.0//C
X

i¤j

.u.�i ; �j /�u.�i/�u.�j /Cu.0//CO.k�k3
2/;

where u.�i ; �j / is the solution where all coefficients except �1, �i and �j are set
zero. Hence, the additional correction terms are the solution of .d � 1/.d � 2/=2

three-dimensional PDEs.
Proceeding in this way to order d ,

u.�/ D u.0/ C
dX

iD2


i u C
X

i¤j


i
j u C : : : C 
2 : : : 
d u;

where 
i u D u.�i / � u.0/ etc. This is equivalent to an anchored ANOVA
decomposition [7]. The functions u.�i / have the interpretation

u.�i / D E.eP .XT //; (13)

dXk
t D

�
�k dW k

t k 2 f1; ig;
0 else;

(14)

Xk
0 D xk; (15)

where W is a standard Brownian motion. Similarly, u.�i ; �j / corresponds to a
process as per (14), but with diffusion in directions f1; i; j g, with the obvious
extension to higher order. Writing these in integral form,

u.�i / D 1

t�
p

�1�i

Z

R2

exp
��.x1 � x0

1/
2=�1

	
exp

��.xi � x0
i /

2=�i

	
eP .x0/ dx0

1 dx0
i ;

and similar for higher order terms, leads to dimension-wise quadrature as in [4].
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It should be noted that this choice of coordinates does not take into account the
initial data of the PDE. It is conceivable to construct a pathological example where
the approximation is arbitrarily bad, e.g. where the principal component is parallel
to a level curve of the initial data, and orthogonal to a direction of high curvature.

Basket options are a fortunate case in this respect. The direction of steepest
change of the basket value, which determines the payoff, is roughly aligned with
the principal component of the covariance matrix. This results from positive basket
weights, and the fact that the principal eigenvector of a positive matrix has positive
entries (guaranteed by the Perron-Frobenius Theorem).

4 A Simple and Some More Complex Complexity Results

Formula (12) suggests that the complexity is linear in the dimension d of the
problem, assuming the quadratic remainder term can be neglected, and that the effort
for the eigenvalue decomposition and transformation is negligible, which is the case
in practice.

We argue in this section that it is not necessary to include all d terms, by
exploiting the decay in �i further. The empirical evidence which underpins this
analysis is already seen in Fig. 5, where the ordered and normalised (�1 D 1)
eigenvalues of the covariance matrix are plotted together with a regression of the
set excluding the first one, which gives �n 	 0:108 � 0:861n�2 for n � 2. There
is clear evidence of exponential decay of the eigenvalues, following a big jump of
about 90 % of the first eigenvalue.

We therefore assume in the following that �i � ı � �i for some ı � 1 and � < 1,
but with � 	 1. In this parameter setting, it is justified to neglect the ı2 term (we
point to the fact that the residual error was negligible in the numerical case study),
but a potentially large number of first order terms gives significant contributions
if d is large. As in [15], and more recently [6, 10], we embed the problem in an
infinite-dimensional space as d ! 1.

All of this, combined with (9), motivates the following limiting case as basis for
a simple complexity analysis.

Assumption 4.1. Assume that

u.�; ı/ D u0 C ı

1X

iD1

�iui ; (16)

and there is an algorithm which finds ui with accuracy � in complexity

C � ��1=p;

i.e. p is the order of the method.
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We do not specify for this abstract result what the ui are, but clearly we have in
mind first order ANOVA terms. Then, in the above setting, we require the numerical
solution of two-dimensional heat equations, so if we use standard linear finite
elements and second order time-steping, p D 2=3.

Proposition 1. Under Assumption 4.1, there exists an algorithm, which finds u with
accuracy � in complexity

C � c � .�=ı/�1=p � .1 � �1=.1Cp//�.1Cp/=p;

where c does not depend on �, �, or ı.

Proof. The proof is constructive. Let �i the accuracy of ui , then we minimise the
sum of the costs �

�1=p
i under the constraint that the total error is ı

P1
iD0 �i �i � �.

A direct application of Lagrangian multipliers gives the result.

This extends straightforwardly to higher order in ı, i.e. if

u.�; ı/ D u0 C ı

1X

iD1

�i ui C : : : C ıq
X

i1¤:::¤iq

�i1 � : : : � �iq ui1;:::;iq ; (17)

and the complexity for solving for ui1;:::;iq is ��q=p , then the total complexity is of
order .�=ıq/�q=p , although the constant factors become less explicitly computable.

Ultimately, one would want to adaptively pick q to ensure the overall error is
below some desired �, see e.g. [4, 6, 10, 15]. An appropriate measure for the overall
complexity, in the PDE setting as for cubature, are weighted Sobolev norms.

The size and numerical approximation of ui1;:::;iq depends on the regularity of the
original problem, and, as [5] show, the lower-order ANOVA terms may have higher
regularity. We finish this section by outlining how such a result may be derived in the
setting of this article, where the correction terms in (17) are essentially determined
by the parameter sensitivities

ufi1;:::;img WD @mu

@�i1 : : : @�im

:

For the example of the basket option, these are explicitly computable from the
integral formula (4), which is carried out for the first order terms in [12].

We mention an alternative route, which is more generally applicable. Repeated
differentiation of (11) gives

@

@t
ufi1;:::;img D 1

2

X

j

�j

@2

@x2
j

ufi1;:::;img C 1

2

mX

kD1

@2

@x2
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ufi1;:::;imgnfikg;
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which allows the recursive application of standard regularity results for parabolic
PDEs. This will give bounds on the sensitivities (ANOVA terms) and corresponding
weights for the complexity analysis, and will be the subject of future research.

5 Conclusions and Extensions

The principal component analysis of multivariate diffusion problems not only
gives an ordering of the dimensions, but allows a formal Taylor expansion in
terms of the spectrum of the covariance matrix, which leads to a decomposition
equivalent to an anchored ANOVA decomposition of the solution. Model problems
from financial engineering considered in the literature show that already a first
order approximation, which corresponds to an approximation with superposition
dimension one, is sufficiently accurate for practical use.

The question arises if this strategy works equally well for models beyond the
normal (or log-normal) case. In models with non-constant volatilities and drift,
“freezing” the coefficients at the initial value of the process reduces the problem
to the present case. The additional approximation error will be acceptable for not
too long time horizons. Jump models will be the subject of future research, and the
methodology should be transferable in spirit. An arguably more challenging exten-
sion is to non-linear problems, e.g. free boundary problems arising in American
option valuation, but again the author does not foresee any fundamental difficulties.
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New Algorithms for Macromolecular Simulation.

50. M. Bücker, G. Corliss, P. Hovland, U. Naumann, B. Norris (eds.), Automatic Differentiation:
Applications, Theory, and Implementations.

51. A.M. Bruaset, A. Tveito (eds.), Numerical Solution of Partial Differential Equations on Parallel
Computers.

52. K.H. Hoffmann, A. Meyer (eds.), Parallel Algorithms and Cluster Computing.
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